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Abstract. In this paper we first develop various enhancements of the theory 
of spectral invariants of Hamiltonian Floer homology and of Entovi-Polterovich 
theory of spectral symplectic quasi-states and quasimorphisms by incorporat- 
ing bulk deformations, i.e., deformations by ambient cycles of symplectic man- 
ifolds, of the Floer homology and quantum cohomology. Essentially the same 
kind of construction is independently carried out by Usher |Us4) in a slightly 
less general context. Then we explore various applications of these enhance- 
ments to the symplectic topology, especially new construction of symplectic 
quasi-states, quasimorphisms and new Lagrangian intersection results on toric 
manifolds 

The most novel part of this paper is to use open-closed Gromov-Witten- 
Floer theory (operator q in |FOOOl| and its variant involving closed orbits 
of periodic Hamiltonian system) to connect spectral invariants (with bulk de- 
formation), symplectic quasi-states, quasimorphism to the Lagrangian Floer 
theory (with bulk deformation). 

We use this open-closed Gromov-Witten-Floer theory to produce new ex- 
amples. Especially using the calculation of Lagrangian Floer homology with 
bulk deformation in IF00021 IF0003] . we produce examples of compact 
toric manifolds (M, uj) which admits uncountably many independent quasi- 
morphisms Ham(M, ui) —¥ K. 

We also obtain a new intersection result of Lagrangian submanifold on 
52 X 52 discovered in IF0005| . 

Many of these applications were announced in |F0002||F0003IIF0005] . 
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1. Introduction 
Let (Af , w) be a compact symplectic manifold. 

We consider one-periodic nondegenerate Hamiltonians H : x M M., not 
necessarily normalized, and one-periodic family J = {Jt}tes^ of almost complex 
structures compatible with uj. To each given such pair (H, J), we can associate the 
Floer homology HF{H, J) by considering the perturbed Cauchy-Riemann equation 

^ + J.(^-Xh.h)^o, (1.1) 

where Ht{x) — H{t, x) and is the Hamiltonian vector field associated to Ht e 
C°°{M). The associated chain complex {CF{M,H),d(^H,j)) is generated by the 
pairs [y,w] where 7 is a loop satisfying 'j{t) — XHtij), w ■ — >■ M is a disc with 
w\dD^ — 7 a-iid [7,^] is the homotopy class relative to the boundary 7. This chain 
complex carries a natural downward filtration provided by the action functional 

Ah{[i,w]) = ~ j w*oj - ^ Hit, 7(<)) dt, (1.2) 

since (|1.1[) is the negative L^-gradient fiow of Ah with respect to the L^-metric on 
C{M) defined by 

Jo 

where (6(0, = ^(6 W)- 

The homology group of {CF{M, H), d{^H,j)), the Floer homology associated to 
the one-periodic Hamiltonian H, is known to be isomorphic to the ordinary homol- 
ogy of M with respect to an appropriate Novikov ring coefficients ([Fl]). 

The spectral invariants constructed by the second named author in |0h4) for the 
general non-exact case are defined as follows. (See |Vil[ lOhll ISc2j for the earlier 
related works for the exact case.) First take the mini-max value 

Vq{a) = maxlAHihi^Wi]) \ a ^'^ai['ji,Wi],ai e C\{0}}, (1.3) 
p{{H,J)-a) - infK(a) |a(ff,j)(«)=0,[a]-a}, (1.4) 

(where a E HF{H, J) ^ H{M)) and then prove that p{{H, J); a) does not depend 
on the choice of J. The spectral invariant p{H; a) is nothing but this common value 
of p{{H, J); a) for the nondegenerate Hamiltonian H. Via the C"-continuity of the 
function H 1— p{H]a), the function extends continuously to arbitrary continuous 
function H. 

Let denote by Ham(M, to) the group of Hamiltonian diffeomorphisms of M and 
by Ham(M, w) its universal cover. We denote by (I>h ■ t n- 0^ the Hamiltonian 
path (based at the identity) generated by the (time-dependent) Hamiltonian H 
and its time one map by iI^h = 4'h S Ham(M, w). Each Hamiltonian H gener- 
ates the Hamiltonian path (j)H which in turn determines an element -0// = [4'h\ G 
Ham(M, cli). Conversely, each smooth Hamiltonian path [0, 1] Ham(A/, a;) based 
at the identity is generated by a unique normalized Hamiltonian iJ, i.e., H satis- 
fying 

/ Htu:'' = 0. (1.5) 
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It is proved in |0h4| . |0h6| that p(H;a) for normalized Hamiltonians H depends 
only on the homotopy class ^ = ipH of the path (j)H and a, which we denote by 
p{ip;a). This homotopy invariance is proved for the rational {M,uj) in |0h4) and 
for the irrational case in |0h6j . [Uslj respectively. 

In a series of papers f EPll IEP21 IEP3) , Entov and Polterovich discovered remark- 
able applications of these spectral invariants to the theory of symplectic intersec- 
tions and to the study of IIam(M, w) by combining ideas from dynamical systems, 
function theory and quantum cohomology. We briefly summarize their construction 
now. 

Entov and Polterovich |EP2| use the action functional 

AH{h,w])^- fw*uj+ f H{t,j{t))dt 



instead of (jl.2p to define the spectral invariant p^^{H; 1). See Remark 14.171 They 
considered the function C,^^ : C°(M) — > M first defined by 

Cr W lim ^^^^Mil) (1.6) 

n— f oo Ji 

for C°° function H and then extended to C°(Af) by continuity. They proved in 
[EPll IEP2j that largely satisfies most of the properties of quasi-states intro- 
duced by Aarnes [Aa] and introduced the notion of partial symplectic quasi-state. 
In a more recent paper jEP3) . they generalized the construction by incorporating 
other idempotent elements e of QH* {M; A), i.e., those satisfying = e, and also 
formulated the notions of heavy and super-heavy subsets of symplectic manifolds. 
Consider the (small) quantum cohomology ring QH* {M; A), where the coefficient 
ring is A that is the field of fractions of the universal Novikov ring 



Ao= <^^a,r^ 



k 1=1 

"^-11 



ai £ C, Xi G R>o, lim Ai = oo 



(In fact, A = Aq[T^^].) When Entov-Polterovich's construction of partial symplec- 
tic quasi-states is carried out for an idempotent e e QH* {M; A), we denote the 
corresponding partial symplectic quasi-states by — Ce^ {H) : [M) — M. 

Entov and Polterovich also considered the function : IIam(M, w) — > R 

defined by 

^^^(V;) :=-voL(M) lim (IJ) 

Similarly as ^x^^ in (|1.7p . we associate to e the map : Ham(M, — > M by 

^f^(^) = -voL(A/) lim ^"""^^^"'"^^ (1.8) 

Whenever e is a unit of the direct factor of QH* {M; A), which is a field, p,f^ 
becomes a homogeneous quasimorphism. Namely it satisfies 

Mr(v^i) + A^r(v^2) -c< ^(v^i^^2) < A^r(v^i) + nni^2) + c, (1.9) 

for some constant C independent of tpi , 7/12 and 

pfPii^'"-) ^nfif^i^f), fornGZ. (1.10) 

These facts were proved by Entov-Polterovich [EPlj in case QH* (M; A) is semi- 
simple and M is monotone. The monotonicity assumption was somewhat improved 
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where 



by Ostrover [Os2j . It was observed by McDuff that instead of the semi-simphcity 
assumption one has only to assume that e is a unit of a factor of QH* {M; A) that 
is a field. In fact, Entov and Polterovich prove several other symplectic properties 
of nf^, and call them Calabi quasimorphisms. 

The relationship between /if ^ and C,f^ is as follows. Note that by definition we 
have p^^{tp; e) := p^^{Hj, e) for a (and so any) Hamiltonian H such that tp = 
where is the normalization of H which is given by 

1 

voL(M) J^j 

It follows from the action functional Ah and the mini-max values p^^{H; a) that 

Cal(iJ) = I dt I Htu'' (1.12) 

Jo JM 

is the Calabi invariant of H. (See Definition 113.21 ) We also note that if H is 
autonomous Hamiltonian, we have (j/^ — (pnH- Therefore applying (|l.lip to an 
autonomous Hamiltonian nH and its associated homotopy class -0" = and 
dividing by n, one obtains 

e) = ip^^(ni?; e) + —1— Cal(i?). 
n n vol^(iV4) 

By multiplying vol(^(M) to this equation and taking the limit, we obtain the fol- 
lowing identity 

/if ^(^) = - voUMXriH) + Cal(i/) = - voL(Af)Cf ^(^) (1.13) 

for any autonomous Hamiltonian H and its associated homotopy class ip. 

In Chapters 2 and 3 of this paper we modify the construction of spectral in- 
variants, partial quasi-states, and quasimorphisms by involving the elements from 
the big quantum cohomology ring in Gromov-Witten theory. For this purpose, we 
deform the Floer homology HF{H, J) by inserting an ambient (co)cycle b of even 
degree in the construction of boundary map, in exactly the same way as we did for 
the case of Lagrangian Floer theory in |F0001) 0. 

Remark 1.1. 

A similar construction has been also carried out by Usher [Us4| independently in a 
slightly less general context. 

We denote the corresponding deformed Floer homology by HF^ {H, J). Actu- 
ally HF^{H, J) as a A module is also isomorphic to the ordinary homology group 
H{M; A) of M. However it carries a filtration which contains certain new informa- 
tion. These constructions of spectral invariants and the associated spectral partial 



^Actually by considering the two Lagrangian submanifolds, the diagonal and the graph of 
time one map, the case of Hamiltonian difTeomorphism can be reduced to the case of Lagrangian 
submanifolds. 
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quasi-states and quasimorphisms with bulk can be generalized in a straightforward 
way except the following point: 

We note that for the construction of partial quasi-states and quasimorphism the 
following triangle inequality of spectral invariant plays an important role. 

pii^io^2,aUQb) < p(V'i,a) + P(V'2,&), (1-14) 

here Uq is the product of the small quantum cohomology ring QH*{M;A) and 
p is the spectral invariant as defined in |0h4| (without bulk deformation). Let us 
consider the spectral invariant with bulk, which we denote by p^iipi '^)- Then (I1.14p 
becomes 

p\^io^2,aU' b) < p\^i,a) + p'{ij2,b), (1.15) 
where u'' is the deformed cup product by b. (See Definition 15. II for its definition.) 
Thus in place of the small quantum cohomology ring QH* {M; A) the b-deformed 
quantum cohomology ring (which we denote by QH^{M; A)) plays an important 
role here. 

Whenever e G QH^{M; A) is an idempotent, we define 

C(i/) = - lim (1.16) 

n— >-oo n 

for the autonomous function H = H{x) e C°°{M) which in turn defines a partial 
symplectic quasi-state on C'^{M). See Definition 113.61 and Theorem 114. II Similarly 
we can define /i^ : Ham(M, uj) R. We wiU caU any such partial quasi-state or 
quasimorphism obtained from spectral invariants as a whole spectral partial quasi- 
state or spectral quasimorphism respectively. 

Remark 1.2. Note that we use the action functional Ah, not Ah, hence 

for the case b = in our convention. 

Then for any homotopy class ip G Ham(Af , uj) generated by an autonomous 
Hamiltonian H, we have the equality 

filiip) = Cal(i7) - voUM)C{H). (1.17) 

Theorem 1.3. Let Ae ^ A be a direct factor of QH^{M; A) and e its unit. Then 

p.1 : Bma{M, oj) ^ R 

is a homogeneous Calabi quasimorphism. 

Theorem 11.31 is proved in Section [TBI In particular, combined with the study of 
big quantum cohomology of toric manifolds |F0006| . this implies the following: 
(The proof is completed in Subsection 121.31 ) 

Corollary 1.4. For any compact toric manifold (Af, w), there exists a nontrivial 
homogeneous Calabi quasimorphism 

p.1 : Ha5i(Af,cj) R. 

We say that a quasimorphism is nontrivial if it is not bounded. Corollarv ll.4l is 
also proved independently by Usher }Us4j . 

It is in general very hard to calculate spectral invariants and partial quasi-states 
or quasimorphisms obtained therefrom. In Chapter 4 of this paper we provide a 
means of estimating them in certain cases. We recall the following definition 
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Definition 1.5 (Entov-Polterovich [EP3] ). Let ( : C°{M) ^ R he any partial 
quasi-state. A closed subset Y C X is called (-heavy if 

C(i?) < sup{i/(p) \peY} (1.18) 

for any H € C"(X). Y C X is called (-superheavy if 

((H) > inf{iJ(p) I p e r} (1.19) 

for any H e C°(X). 

Due to the different sign conventions in the definitions of the action functional 
and ({H) used in |EP3| and in this paper, this definition looks opposite to that 
of |EP3j . However, by Remark 11.21 this definition is indeed equivalent to that in 
|EP3] ■ Entov-Polterovich proved in [EPS Theorem 1.4 (i) that super heavyness 
implies heavyness for (e. (See Remark [18.21 ) The same can be proved for (^ by 
the same way. 

We can also define a similar notion including time dependent Hamiltonian. See 
Definition [1831 

Next we relate the theory of spectral invariants to the Lagrangian Floer theory. 
Let L be a relatively spin Lagrangian submanifold of M. In [FOOOl] we associated 
to L a set A^woak,dcf (i; A+), which we call the Maurer-Cartan moduli space. 

Remark 1.6. The Maurer-Cartan moduli space that appears in |F000l) uses 
the Novikov ring A+. A technical enhancement to its Aq- version was performed in 
[FOOOSl IFu3[ using the idea of Cho [Choj . We include it in this paper. In this 
introduction, however, we state only the A_|_-version for the simplicity of exposition. 

The Maurer-Cartan moduli space comes with a map 

TTbuik : 7Wwcak,dcf(i;A+) ^ 0ff2fc(M. A+). 

A; 

For each b e A^wcak,dcf (i; A+), the Floer cohomology HF*{{L,h), (L,b); Aq) de- 
formed by b is defined in [FOOOl] Definition 3.8.61. Moreover the open-closed 
map 

:^r*(M;Ao)^i?F*((L,b),(L,b);Ao) (1.20) 
is constructed in [FOOOl] Theorem 3.8.62. Utilizing this map i*,^^ we can locate 
/ig -superheavy Lagrangian submanifolds in several circumstances. 

Theorem 1.7. Consider a pair (b, h) with b £ A^wcak,dcf (-^; A+) and 7rbuik(b) = b. 
Let e he an idempotent of QH^{M; A) such that 

C.b(e)^Oei/F*((L,b),(L,b);A). 

Then L is (^ -heavy and ji^-heavy. 

If e is a unit of a field factor of QH'^{M; A) in addition, then L is (^-superheavy 
and -superheavy. 

Sec Definition 1 1 8 . 5 1 for the definitions of /i^-heavy and /ig -superheavy sets. The- 
orem [TTT] (Theorem [T8]8|) is proved in Section [T8l 

Remark 1.8. (1) Theorem 11.71 gives rise to a proof of a conjecture made in 

jF0002] Remark 1.7. 

(2) TheoremdHlis closely related to Theorem 1.20 [EP3] . 
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Theorem 11.71 also proves linear independence of some spectral Calabi quasimor- 
phisms in the following sense. 

Definition 1.9. Let 

: Ham( A/, w) ^ R 

be homogeneous Calabi-quasimorphisms for j = 1,...,A^. We say that they are 
linearly independent if there exists a subgroup = of Ham(Af , a;) such that the 
restriction of . . . , /ijv) : Ham(A/, uj) — )■ to this subgroup is an isomorphism 
to its lattice. A (possibly infinite) set of elements of Ham(A/, uj) is said to be linearly 
independent if any of its finite subset is linearly independent in the above sense. 
The case of Ham(Af , a;) can be defined in the same way. 

Corollary 1.10. Let Lj be mutually disjoint relatively spin Lagrangian submani- 
folds. a = l,...,N.) Let hj e i7^^™(Af;A+) andhj e Xwoak.dcf (^jS A+) with 
7rbuik(bj) = bj. Let ej be a unit of a field of factor of QH^. {M, A) such that 

*;m,b, fe) ^ e HF*{{L,,hj), (i„ b,); A), j = 1, . . . , ^. 
Then /iej (j — 1, • ■ • , -^j o,re linearly independent. 

This corollary follows from Theorem 11.71 mentioned above and |EP3| Theorem 
8.2. (See also Section [19] of this paper.) 

The study of toric manifolds |F0003] and deformations of some toric orbifolds 
[F0Q05) provids examples for which the hypothesis of Corollary 11.101 is satisfied. 
This study gives rise to the following theorem 

Theorem 1.11. Let M be one of the following three kinds of symplectic manifolds: 

(1) 5^ X S*^ with monotone toric symplectic structure, 

(2) Cubic surface, 

(3) k points blow up of CP^ with certain toric symplectic structure, where k > 
2. 

Then {M,uj) carries an uncountable set {fJ-a}ae% of quasimorphisms 

fia ■■ Ham(Af, cj) ^ R 

that are linearly independent. 

Remark 1.12. (1) In the case of {M,uj) — S"^ x S"^, we have quasimorphisms 
Ha '■ Ham(Af, oj) — )• R in place of fia '■ Ham(Af, uj) — )■ R. See Corollarv 123.61 

(2) We can explicitly specify the symplectic structure used in Theorem 11.111 
(3). See Sectional 

(3) We can also construct a similar example in higher dimension by the similar 
way. 

(4) Theorem II. Ill for x was announced in |F0005j Remark 7.1, and for 
the case of fc-points (k > 2) blow up of CF^ in |F0003| Remark 1.2 (3), 
respectively. 

(5) Biran-Entov-Polterovich constructed an uncountable family of linearly in- 
dependent Calabi quasimorphisms for the case of the group Ham(i?^"(l); u) 
of compactly supported Hamiltonian diffeomorphisms of balls with n > 2 
in |BEP) . Theorem 11.111 provides the first example of closed M with such 
property. 
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(6) For the case of M — CP"^, existence of infinitely many homogeneous Calabi 
quasimorphisms on Ham(M, uj) is stiU an open problem. 

(7) Theorem 11.111 implies that the second bounded cohomology of Ham(Af;w) 
is of infinite rank for (M, cj) appearing in Theorem II .111 In fact, the defect 
Defa defined by 

Defa(0, 1p) ■■= Ha{4') + Ma(V') " lJ-a{(t>'^) 

defines a bounded two-cocycle. It follows from the simplicity of the group 
Ham(M;a;) [Balj that the set of cohomology classes of {Defa} is linearly 
independent in the 2nd bounded cohomology group of IIam(Af, w). 

(8) In |F0009] , we will study a generalization of Theorem ll.lll to a Kahler sur- 
face M, which is a smoothing of a toric orbifold with yl„-type singularities. 
See Section [24] for the A2-case. 

(9) At the final stage of completing this paper, a paper [Borj appears in the 
arXiv which discusses a result related to Theorem II .111 (3) using jAMj . 

Another corollary of Theorem 11.71 combined with Theorem 1.4 (iii). Theorem 1.8 
|EP3| is the following intersection result of the exotic Lagrangian tori discovered in 
|FU005) . 

Theorem 1.13. Let T{u) C S'^{1) x S'^ll) for < u < 1/2 be the tori from 
[FOOOS) . Then we have 

4,{T{u)) n X Sl^) ^ 
for any symplectic diffeomorphism i/j of S^{1) x 5*^(1). 

Remark 1.14. Theorem ll.lBl was announced in the introduction of [FOOOSj . The 
proof is given in Subsection 123.21 

A brief outline of the content of the paper is now in order. The present paper 
consist of 6 chapters. Chapter 1 is a review. In Chapter 2, we first enhance the 
Hamiltonian Floer theory by involving its deformations by ambient cohomology 
classes, which we call bulk deformations. In this paper, we use de Rham (co)cycles 
instead of singular cycles as in IFOOOSl IF0006j . After this enhancement, we 
generalize construction of spectral invariants in [Oh4] involving bulk deformations 
and define spectral invariants with bulk. Chapter 3 then generalizes construction 
jEP2| lEPlj of symplectic partial quasi-states and Calabi quasimorphisms by re- 
placing the spectral invariants defined in [Oh4] by these spectral invariants with 
bulk. 

In the course of carrying out these enhancements, we also unify, clarify and 
enhance many known constructions in Hamiltonian Floer theory in the framework 
of Kuranishi structures and accompanied abstract perturbation theory originally 
established in [PO] and further enhanced in Appendix A.2 of }F0001j . |F0003| 
IF0006| IFu3) . These are needed particularly because many constructions related 
to the study of spectral invariants (with bulk) have to be done in the chain level, 
not just in homology. Examples of such enhancement include construction of pants 
product |Scl] and Piunikhin isomorphism whose construction was outlined in |Piul 
IRTi IPSS| . We give complete construction of both of these in general compact 
symplectic manifolds without assuming any conditions on (Af , uj) such as semi- 
positivity or rationality. 
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In Chapter 4, we connect the study of spectral invariants to the Lagrangian 
Floer theory developed in ' FOOOlj . The main construction in the study is based 
on open-closed Gromov-Witten theory developed in IFOOOlj Section 3.8, which 
induces a map from the quantum cohomology of the ambient symplectic manifolds 
to the Hochschild cohomology of Aoo algebra (or more generally that of Fukaya 
category of (M, w)). A part of this map was also defined in IFOOOlj and further 
studied in |F0006| Section 31. This part bor rows much from |F000l| IF0006] 
in its exposition. The main new ingredient is a construction of a map from Floer 
homology of periodic Hamiltonians to Floer cohomology of Lagrangian submani- 
fold, through which the map from quantum cohomology to Floer cohomology of 
Lagrangian submanifold factors fSubsection 118. 4( ). We also study its properties 
especially those related to the filtration. A similar construction was used by Albers 
|A1) and also by Entov-Polterovich |EP3) in the monotone context. 

In Chapter 5, we combine the results obtained in the previous chapters together 
with the results on the Lagrangian Floer theory of toric manifolds obtained in the 
series of our previous papers |F0002| IF0003[ lF0005[ lF0006j . give various new 
constructions of Calabi quasimorphisms and new Lagrangian intersections results on 
toric manifolds and other Kahlcr surfaces. These results are obtained by detecting 
the heavyness of Lagrangian submanifolds in the sense of Entov-Polterovich |EP3] 
in terms of spectral invariants, critical point theory of potential functions and also 
open-closed morphism between quantum cohomology to Hoschchild cohomology of 
Aoo-algebra of Lagrangian submanifolds. 

Finally in Chapter 6, we prove various technical results necessary to complete 
the constructions carried out in the previous parts. For example, we establish the 
isomorphism property of the Piunikhin map with bulk. We give the construction 
of Seidel homomorphism with bulk extending the results of [Se and generalize the 
McDufF-Tolman's representation of quantum cohomology ring of toric manifolds in 
terms of Seidel elements |MTj to that of big quantum cohomology ring. 

We feel that the existing literature on the Hamiltonian Floer theory, spectral 
invariants and their applications do not contain many details on the transversality 
issue in the generality used in the present paper: Most of the literature assume 
semi-positivity but do not use Kuranishi structure and virtual cycle techniques de- 
veloped in ^FO or do not give enough details of the latter virtual cycle techniques 
in their exposition. Moreover, various important lemmas and constructions related 
to Hamiltonian Floer theory and spectral invariants are scattered around here and 
there and sometimes with different conventions of Hamiltonian vector fields and the 
action functional in the literature. Because of these reasons, for readers's conve- 
nience and for the completeness' sake, we provide a fair amount of these details and 
proofs of those already in the literature in a unified and coherent fashion. We also 
provide those proofs in the most general context using the framework of Kuran- 
ishi structure and associated abstract perturbation theory, without imposing any 
restrictions on the ambient symplectic manifold (M, w). 



Notations and Conventions 

We follow the conventions of }0h4| I0h6| I0h7) for the definition of Hamiltonian 
vector fields and action functional and others appearing in the Hamiltonian Floer 
theory and in the construction of spectral invariants and Entov-Polterovich's Calabi 
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quasimorphisms. There are differences from e.g., those used in |EPH lEP2t IEP3] 
one way or the other. (See Remark 14.171 for the explaining the differences.) 

(1) The Hamiltonian vector field Xh is defined by dH = uj{Xh, •)• 

(2) The flow of Xh is denoted hy (pH ■ t 0// and its time-one map by 
jpH = 4'H & Ham(M,cj). 

(3) We denote by [0//] the path homotopy class of (f>H '■ [0, 1] — > Ham(M, uj) 
relative to the ends which we generally denote tpH — We denote by 
^ni^) ~ 4' Hip) tti^ solution associated to a fixed point p of tpn — (I>h- 

(4) H{t,x) = —H{l—t,x) is the time-reversal Hamiltonian generating 

(5) We denote by iJi#_ff2 the Hamiltonian generating the concatenation of the 
two Hamiltonian paths (pHi followed by 0^ . More explicitly, it is defined 



(Warning: This notation is different from those used in |0h41 lOhSl I0h6] 
where {Hx^H2)[t,x) — Hi{t, x)+H2{t, (0^i)^^(2^)) generating the product 
isotopy 1 1-^- (?!)^^(?!)^^.) 
(6) The action functional Ah ■ ^ci{M) K is defined by 



(7) iJcj = the set of w-compatible almost complex structures. 

(8) ju = ^{>Ju) = the set of S'^-family J of compatible almost complex struc- 
tures; J = {Jtjtes^- 

(9) VUu.) - Map([0, 1] X 51, X); (s,0 e [0, 1] x 5^ J^' e X. 

(10) /C = {x : R ^ [0, 1]} where x is a smooth function with x'(t) > 0, x{t) = 
for T < and x{t) = 1 for t > 1. We define X by X = 1 — X- 

(11) For given H G C°°([0, 1] x S*! x M,R), we define the K-family by 



by 




< t < 1/2 
1/2 < t < 1. 




(12) 



H^{r,t,x)^x{T)H{t,x). 
For J e V{juj) we take Jg = {Js,ut e S^} such that 



(1.21) 



Ji,t — Jt, Jo,t — Jqi Js,0 — Jq, 



(13) 




(1.22) 



(14) 



The Piunikhin chain map 



is associated to {H^,J^) in (11), (12). (See Section|6l). The map 



is associated to xi''') — x(l ~ ''')• (See Section!^) 
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(15) We denote the set of shuffles of I elements by 

Shuff(£) = {(Li,L2) I Li UL2 = {!,...,£}, Li nLa = 0}. (1.23) 

For (Li,L2) e Shuff(^) let #Lj be the order of this subset. Then #Li + 
#L2 = I. 

The set of tri'ple shuffles is the set of (Li,L2,L3) such that L1UL2UL3 — 
{1, . . . and that Li.L2,L3 are mutually disjoint. 

(16) The universal Novikov ring Aq and its filed A of fractions are defined by 



An 



Qi e C, A; G M>o, lim Xi = +00 > , 



e C, Xi e M, lim A; = cx) I 9^ Ao[T"^]. 



The maximal ideal of Aq is denoted by 



A+= Ij^a^T' 



Qi G C, Xi e ]R>o, lim Xi = +00 > . 



We define the valuation Vt on A by 

Ot "'^^'^ = I °» ^ ''^(O) = +00. 

We also use the following (downward) Novikov ring Aq and field A"^: 
Qi G C, Xi £ M<o, lim Xi = —00 > , 



00 



Qi eC,Xi e R, lim Xi = -00 \ = A-^[q]. 



The maximal ideal of Aq is denoted by 



A, < 



Ai = <^ E ^ 

U=i 

We define the valuation Vq on A"^ by 

Oq E sup{A, I Qi 7^ 0}, Og(0) = -00. 



Of course, Aq and A^ are isomorphic to Aq and A respectively by the 
isomorphism q 1— )■ T~^. Under the isomorphism we have X>q = — Ot- The 
downward universal Novikov rings seem to be more commonly used in the 
study of spectral invariant (e.g., |0h4) ) . while the upward versions A and 
Aq are used in Lagrangian Floer theory (e.g., |F0001) ). 
(17) Sometimes we regard the de Rham complex {U{M),d) as a chain complex 
and consider its homology. In that case we put 

flkiM) = f^'^™*^-'=(M), d = {-if^'s+id. 
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See Remark 3.5.8 [FOOOl) for this sign convention. When a cohomology 
class a S H^^™^~^{M) is represented by a differential form a and we 
regard a as an element of the chain complex (i7*(M),9), we denote the 
homology class by a" € Hf^{AI). 

(18) When we say that the boundary orientation of some moduli space is com- 
patible with the orientation of strata corresponding to bubbling off disks 
(with boundary marked points), the compatibility means in the sense of 
Proposition 8.3.3 in IFOOOlj . 

(19) Let V he a Z graded vector space over C. We put BkV = V (E) ■ ■ ■ <E) V 

k times 

and BV = BkV where BqV = C. Then BV has a structure of 

coassociative coalgebra with coproduct. We note that we have two kinds of 
coproduct structures on BV . One is the deconcatenation coproduct defined 

by 

fc 

Adecon(a;i «) • • • (8) Xfe) = ^(a;i <E ■ ■ ■ <E Xi) {xi+i (g) • • • (g) Xk). (1.24) 

i=a 

The other is the shufful coproduct defined by 
Ashuff(2:i (g • • • gi a;fc) 

= (-l)*(a;£i(i)«)---®a:^£i(fci))«)(a;£2(i)«)---«)a;^2(fe2))> ^^''^^^ 

(Li,L2)eShuff(fe) 

where = {£j{l), ij{kj)} with £^{1) < ■■■ < £j{kj) for j = 1, 2 and 

^ dega;£^(i) dega;£2(j). (1.26) 

It is easy to see that 

Adccon I ^ ^ X I — 



\k=0 
oo 



k\ 

\k=0 




(1.27) 



if deg X is even. We write — X^fclo ^^'^ ~ SfcLo HtT according as 

we use Adecon or Aghuff as coproduct structures. 
(20) The symmetric group 6^ of order fc! acts on BkV by 

cr • (xi (g) • • • «) a;fe) = (-l)*a;^(i) g) • • • (g x^(fe), 

where * = J2i<j-a(i)>cr{j) 'i^gXidegXj. We denote by EkV the quotient of 
BkV by the submodule generated by cr • x — x for cr e &k, x e BkV. We 
denote by [x] an element of EkV and put EV = ^kV. The shuffle 

coproduct structure on BV induces a coproduct structure on EV, which 
we also denote by Ashuff- It is given by 

Ashuff([a;i g) ■ ■ ■ g) Xk]) 

J2 (-l)*([a^^i(i)<^---®a^^i(fci)])^([a^^2(i)® ••■^2;^2(fc2)])- ^^-^^^ 

(Li,L2)eShuff(fc) 
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Here * is the same as (|1.26|) . Then EV becomes a coassociative and graded 
cocommutative coalgebra. 

In [FOOOl., LF0.002], |F0003| . we denote by EkV the &k-invariant 
subset of BkV and use the deconcatenation coproduct restricted to the 
subset. In |F0006| . we use EkV as the quotient space and the shuffle 
coproduct on it as we do in this paper. This paper follows the conventions 
used in |F0006) . 

(21) Let L be a relatively spin closed Lagrangian submanifold of a symplectic 
manifold (M, w). 

(a) For the case V = r2(L)[l], we always use the deconcatenation coprod- 
uct Adocon on B{n{L)[l]). 

(b) For the case V = f2(A/)[2], we always use the shuffle coproduct Ashuff 
on E{n{M)[2]). 

Here rj(L)[l] (resp. Vt{M)[2\) is the degree shift by +1 of Vt{L), i.e., 
(Sl{L)[l]Y = n'^+^{L) (resp. +2 of r2(M), i.e., {n{M)[2])'^ = 17'^+2(M).) 
Therefore, no confusion can occur even if we use the same notation A for 
the coproducts Adocon and Aghuff- 
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Part 1. Review of spectral invariants 



2. Hamiltonian Floer-Novikov complex 



Let Co{M) be the set of all the pairs [7, w] where 7 is a loop 7 : S*^ -> M and 
w : — >■ M a disc with w\gD2 — 7. We identify [7, w] and [7', w'] if 7 = 7' and w 
is homotopic to w' relative to the boundary 7. When a one-periodic Hamiltonian 
H : (M/Z) X M ^ M is given, we consider the perturbed functional Ah '■ ^o{M) 
R defined by 



For a Hamiltonian H : [0, 1] x M M, we denote its flow, a Hamiltonian isotopy, 
by (j)H ■ t I— > 0^ £ Hani(Af, oj). This gives a one-to-one correspondence between 
equivalence classes of H modulo the addition of a function on [0, 1] and Hamiltonian 
isotopies. We denote the time-one map by ipH '■— 4>\{- We put 



Each element p S Fix?/;// induces a map Zp — z^^ : S*^ — > Af by the correspondence 



where t E M/Z = S^. The loop Zp satisfies Hamilton's equation 

i — Xnit, x). 

Here Xh is the (time-dependent) Hamiltonian vector field given by Xnit^x) = 
Xut [x) where Xut is the Hamiltonian vector field generated by the function Ht : 
C°°{M) M. We denote by Pei{H) the set of one-periodic solutions of i = 
Xnitjx). Then (j2.2p provides a one-to-one correspondence between Fixipn and 
Per(iJ). The next lemma is well-known. 

Lemma 2.1. The set of critical points of Ah is given by 



Hereafter we assume that our Hamiltonian H is normalized in the sense of (jl.Sp 
unless otherwise stated explicitly. 

The Floer homology theory [FI] of periodic Hamiltonian system is the semi- 
infinite version of the Morse theory of the function Ah on an appropriate covering 
space of the space £o{M) of contractible loops. 

We say that H or its associated map ipn is non-degenerate if at p g Fix?/;//, the 
differential dpipH ■ TpM — >■ TpM does not have eigenvalue 1. The cardinality of 
Per(iJ) is finite if ipH is nondegenerate. 

We recall from Notations and Conventions (16) in Section [T] that we define a 
valuation on the (downward) universal Novikov field A"^ by 




(2.1) 



(2.2) 



Crit(^//) = {[j,w] I 7 e Per(iJ), w\od^ = 7}. 




(2.3) 



It satisfies the following properties: 



(1) iiqixy) = Vq{x)+\:>q{y), 

(2) Vq{x + y) <m&x{iiq{x),X>g{y)}, 

(3) Vq{x) — —00 if and only if a; = 0, 

(4) 0,(9) - 1, 
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(5) Vg{ax) = Vg{x) if a e C \ {0}. 

We consider the vector space CF{M\H]K^) with basis given by the critical 
point set Cr\i{AH) of Ah- 

Definition 2.2. We define an equivalence relation ^ on CF{M;H;A^) so that 
[7, w] ^ q'^[j', w'] if and only if 

7 = 7', / w'*uj = / w*uj - c. (2.4) 

The quotient of CF[M-. H] K^) modded out by this equivalence relation ^ is 
called the Floer complex of the periodic Hamiltonian H and denoted by CF{M ; H; A^). 

Here we do not assume the condition on the Conley-Zehnder indices and work 
with Z2-grading. 

In the literature on Hamiltonian Floer homology, additional requirement 

ci{w#w') = 

is imposed in the definition of Floer complex, denoted by CF{H). For the purpose 
of the current paper, the equivalence relation (|2.4p is enough and more favorable 
in that it makes the associated Novikov ring becomes a field. To differentiate the 
current definition from C'F{H), we denote the complex used in the present paper 
by CF{M, H) or CF(M, H; A^). 

Lemma 2.3. As a vector space, CF{M,H\K^) is isomorphic to the direct sum 

Moreover the following holds: We fix a lifting [7,^7] G Crit(^//) for each 7 € 
Pcr(iJ). Then any element x of CF{M, H; A'^) is uniquely written as a sum 

x= Xj[y,w^], withx^^h}. (2-5) 

7ePer(_f/) 

The proof is easy and omitted. 

Definition 2.4. (1) Let x be as in p.Sp . We define 

<Oq{x) = max{Ug(x^) + Ah{[i-,w^]) \ 7 ^ Per(i7)}. 

(2) We define a fihration F^CF{M, H; A^) on CF{M, H; A^) by 

F^CF{M, H; A^) = {x e CF(M, H; A^) | Vg{x) < A}. 
We have 

F^^CF{M,H;A^) C F^^CF{M,H; K^) 
if Ai < A2. We also have 

Pi F^CF{M, H; A^) = {0}, y F^CF{M, H; A^) = CF{M; H). 

X A 

(3) We define a metric dg on CF{M,H;A^) by 

d,(x,x') =e"'(^-^'^ (2.6) 
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([23|) . ([231) and Definiiton [231 imply that 

for a e A^, y e CF{M, H; A^). We also have 

q^'F^^CF{M,H;A^) C F^'+^''CF{M, H; A-^). 

Lemma 2.5. (1) Oq is independent of the choice of the lifting 7 i— > [7, 

(2) CF{M;H;A'^) is complete with respect to the metric dq. 

(3) The infinite sum 

[■y,w]€Crit Ah 

converges in CF{M\ H; A'^) with respect to the metric dq if 

{[j,w] e Crit Ah \ X)q{x[^,^^]) +^^([77^]) > -C, X[^^^^] ^ 0}. 
is finite for any C G M. 
The proof is easy and omitted. 

3. Floer boundary map 

In this section we define the boundary operator d{H,j) on CF{M; H; A^) so that 
it becomes a filtered complex. Suppose is a non-degenerate one-periodic Hamil- 
tonian function and a one-periodic J — {Jt}tes^ of compatible almost complex 
structures. The study of the following perturbed Cauchy-Riemann equation 

|H,.(|_x„,(.,).o ,3.) 

is the heart of the Hamiltonian Floer theory. Here and hereafter J in p.ip means 
Jf 

Remark 3.1. (1) In this paper, we never use perturbation of (a family of) 
compatible almost complex structures J to achieve transversality of the 
moduli space of the Floer equations p.ip but use abstract perturbations 
(multisections of the Kuranishi structure) to achieve necessary transversal- 
ity. 

(2) In Chapters 1-3 (and somewhere in the appendix) we use a i £ S*^ parametrized 
family of compatible almost complex structures {Jt}t- However we empha- 
size that we do not need to use a t Q parametrized family of compatible 
almost complex structures but can use a fixed compatible almost complex 
structure J, to prove all of our main results of this paper. (We need to use 
i-dependent J for the construction in Sections and 15(11 ) The i-dependent 
J is included only for the sake of consistency with the reference on spectral 
invariants. (Traditionally <-dependent J had been used to achieve transver- 
sality. As we mentioned in (1), we do not need this extra freedom in this 
paper since we use abstract perturbations.) 

The following definition is useful for the later discussions. 

Definition 3.2. Let 7, 7' S Per{H). We denote by 7r2(7,7') the set of homotopy 
classes of smooth maps u : [0, 1] x S"^ M relative to the boundary u{0,t) — j{t), 
u{l,t) = j'{t). We denote by [u] € 772(7,7') its homotopy class. 
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We define by ni (7) the set of relative homotopy classes of the maps w : 
M]w\qd^ = 7. For C e 712(7,7'), there is a natural map of (•)#C : ^12(7) — ?► 7r2(7') 
induced by the gluing map w i~> w^C. There is also the natural gluing map 

7^2(70,71) X 7r2(7l,72) -> 7r2(70,72), {ui,U2) Mi#U2. 

For each [7, w], [7', w'] G Crit(yl//), we will define a moduli space 

MiH,J; [j,w],[j\w']). 
We begin with the definition of the energy. 

Definition 3.3. (Energy) For a given smooth map u : R x 5^ — > M, we define the 
energy of u by 



1 



2 



du 



dr 



du 



at 



dt dr. 



Definition 3.4. We denote by M{H, J; [7, w], [7', w']) the set of aU maps w : M x 
5^ — M which satisfy the following conditions: 
(1) The map u satisfies the equation: 

j('^-X,Au))^0. (3.2) 



dr \dt 

(2) The energy E(^}j j-^[u) is finite. 

(3) The map u satisfies the following asymptotic boundary condition. 

lim u(T,t) — ^{t), lim u[T,t) = ^' [t). 

T— — CXD r— 5- + 00 

(4) The concatenation of w and u is homotopic to w' . 

It has an R-action of translations in r-direction. We denote the quotient space of 

o 

this R-action by M[H, J; [7, w], [7', w']). 

o 

When [7,w] = [7',^'], we set the space M{H,J; [7,^], [7,^]) to be the empty 
set by definition. 

Remark 3.5. The conditions (1) and (2) above make the convergence in (3) one 
of an exponential order, which in turn enables the statement (4) to make sense. 

Denote by ■ Crit(^/f) — > Z the Conlcy-Zchnder index [CZj . 

o 

Proposition 3.6. (1) The moduli space Ai{H, J;['-f,w],['y' ,w']) has a com- 
pactification M.{H, J; [7, w], [7', w']) that is Hausdorff. 

(2) The space A^(iJ, J; [7, w], [7', w']) has an orientable Kuranishi structure 
with corners. 

(3) The boundary of Ai{H, J; [7,10], [7',?!'']) in the sense of Kuranishi structure 
is described by 

dM{H,J; [^,w],[j',w']) 

= \JM{H, J; [7, w], [7",«^"]) X M{H, J; [7",^;"], [7', u;']), ^^'^^ 

where the union is taken over all [y,w"] G Crit(^^f). 

(4) There exists a map fj,H '■ Crit{AH) ^, Conley-Zehnder index, such that 
the (virtual) dimension satisfies the following equality l\3.4l - 

dim M{H, J; [j,wl [^',w']) = ^^([7',"'']) t^Hih,w]) - 1. (3.4) 
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(5) We can define orientations o/ A^(iJ, J; [7, w], [7', w']) so that (3) above is 
compatible with this orientation. 

This is proved in [FOj Chapter 4. More precisely, (1) is |FOj Theorem 19.12, 
(2), (3), (4) are [FO] Theorem 19.14 and (5) is [FO] Lemma 21.4. See [Fll lHSllOn] 
etc. for the earher works for the semi-positive cases. 

We use the Conley-Zehnder index fin of [7, w] to define a Z2 grading on the 
A^-vector space CF{M;H). Namely, the homological degree of [7,^] is defined to 
be n — /i/f([7, w]). We remark that if [w], [w'] € T^2{'y) we have 

fiH{h,w']) - AiH([7,H) = -2ci(Af) n [w#w'] 

where w^w' is a 2-sphere obtained by gluing w and w' along 7 where W is the w with 
opposite orientation. (See [FI] page 557.) In particular, it implies that the parity 
of ^jLh{[i,w]) depends only on 7 S Per(iJ) but not on its lifting [7,10] S Grit Ah 

7;/iff([7, «)^]) + ri is odd. (3 5) 

7;/iff ([7, w~^]) + n is even. 

Remark 3.7. We remark that the degree of Floer chain defined above is shifted 
by n from Conley-Zehnder index hh- By this shift, the degree will coincide with 
the degree of (quantum) cohomology group of M by the isomorphism in Theorem 
[XTUl See also Remark [S3] (2). 

We use Proposition 13.61 to define the Floer boundary map 

: CFk+i{M,H;A^) ^ CFk{M,H-A^) 

as follows. 

We construct a system of multisections s on M{H, J; [7, w], [7',io']) inductively 
over the symplectic area {w^w') O uj E M>o which are transversal to and com- 
patible with the identification made in Proposition 13.61 (3). Such an inductive 
construction is proven to be possible for the relative version of the construction of 
Kuranishi structures in jFOj Theorem 6.12 (that is, }F0001j Lemma A1.20). Now 
we define 

d^H,j)[l,w]^ J2 #M{H,J;[-f,w],[j',w']y [^',w']. (3.6) 
h'-w'] 

Here the sum is taken over all [7', w'] satisfying fiHill, w]) — iih{[i\ w']) = 1. The 
rational number ^M.{H,J;['j,w\,['y' tW'\Y is the virtual fundamental 0-chain of 
M.{H, J; [7, w], [7', w']) with respect to the multisection s. Namely it is the order 
of the zero set of s counted with sign and multiplicity. (See |FOj Definition 4.6 
or |F000l| Definition A1.28 for its precise definition.) Hereafter we omit s and 
simply write M{H, J; [7, w], [7',u'']) for the perturbed moduli space. 

By the Gromov-Floer compactness, the set of all [j',w'] G Grit Ah satisfying 

M{H,J;[j,w],[y,w'])^9, [w#w']n[L,]<A 

is finite, for any fixed A e M. Therefore Lemma [2751 (3) implies that the right hand 
side of (|3.6|) converges in dq-metric. We can prove 



9{H,J) o 9(^H,J) = 



(3.7) 
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by applying Proposition|321 (3) in the case when ^//([7, w]) — /x_ff([7', — 2. (See 
[FO] Lemma 20.2.) 



Lemma 3.8. For any A e M, 

diH,j) iF^CF{M, H; A^)) C F^CF{M, H; A^). 
Proof. Eue M{H, J; [7, w], [7', w']) then 

reRJtesi \dT' dtj 



[ [ uj(^,J^ + XHAu))dtdT 

dtdr- [ [ {dHt{u{T,t)))(^\ dtdr 



du ^ 



= / / ? dtdr- [ ([ ^{Ht{u{T,t))dt)dT 

= E^H,j){u)~ I Ht{i{t))dt+ f Ht{-i{t))dt. (3.8) 



Therefore 

fu*Lj+ [ Ht{i{t))dt - [ Ht{-f{t))dt = E^^H,J){u) > 0. 

Combined with w^u ^ w', this implies 

Ah{W, w']) = AhUi, w]) ~ E(Hj){u) < AhUi, w]) 
and hence Lemma [5T51 holds. □ 



Definition 3.9. The Floer homology with A^ coefficients is defined by 

I , Ker d(H j) 

Theorem 3.10. We may choose the orientation in Proposition \3.6\ (5) so that 
HFi,{H,J\K^) is isomorphic to the singular (co)homology H{AI;A^) with A"^ coef- 
ficients. 



This is proved in 'FOI Theorem 22.1. We will describe a construction of isomor- 
phism (which is different from the one in jFOI ) below because we need to specify 
the isomorphism to encode each spectral invariant by the corresponding quantum 
cohomology class. 

Definition 3.11. Consider a smooth function x : R — [0, 1] with the properties 

Xir) ^ \' (3.9) 
' [1 for T > 1 ^ ' 

X'(r) > 0. (3.10) 
We denote by K. the set of such elongation functions. 
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We note that K, is convex and so contractible. 

For given 5^-dependent family of almost complex structures J, we consider the 
2-parameter family { Js}sg[o,i] such that 

Jo,t — Jo, Ji,t = Jt (3-11) 

where Jq is a time- independent almost complex structure. We also assume 

Js,t = Jo, for (s,t)ea[0,l]2\({l}x [0,1]). 

For each nondegenerate H : x M — R we define (R x S'^)-family to {H^, J^) on 
M X by 

H^ir.t) ^ xir)Ht, J^iT,t) = J^^^y,. (3.12) 

Remark 3.12. It is very important that the family is t- independent for s = 0. 
See the proof of Proposition l6.11l 

o 

Definition 3.13. We denote by A4{H^, J^; *, [7;^]) the set of all maps m : M x 
5"^ M satisfying the following conditions: 

(1) The map u satisfies the equation: 

du ^ / du 



— -x{r)XHAu))=0. (3.13) 

Here and hereafter in (j3.13l) means J^,*. 

(2) The energy 

is finite. 

(3) The map u satisfies the following asymptotic boundary condition: 

lim u{t, t) — 7(i). 

T— >-+00 

(4) The homotopy class of [u] = [w] in 7r2(7). 

We note that since x{T)^Ht = and Jx{t) = Jo for t < — 1, which turns p.l3|) 
into the genuine Jp-holomorphic curve equation, the removable singularity theorem 
(due to Sacks-Uhlenbeck and Gromov, see e.g., [Si] Theorem 4.5.1) gives rise to a 
well-defined limit 

lim u{T,t) (3.14) 



r— > — 00 



which does not depend on t. Therefore the homotopy class condition required in 
(4) above makes sense. 

We denote this assignment of the limit by 

ev_o, :X(iJx,Jx;*,[7,«;])^M. (3.15) 

Here * stands for a point in M which is the limit at r = —00 of the element in 

o 

Proposition 3.14. (1) The moduli space MIH^, J^; [7, w]) has a compact- 
ification A^(iJ^, Jx',*, [l, w\) that is Hausdorff. 
(2) The space A^(-ff^, J;^; *, [7, it;]) has an orientahle Kuranishi structure with 
corners. 
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(3) The boundary of A4{H^, J-)^;*,['y,w]) is described by 

dM{H^,J^;*, [7,w]) 

II , , , , (3-16) 

= [jM{H^,J^;*,[y,^])^M{H,J;,[y,w'],[j,w]), 

where the union is taken over all [y,w'] G Crit(y^^f). 

(4) The (virtual) dimension satisfies the following equality l \3.17l . 

dimM{H^, J^; *, [7, w]) = a*h([7, w]) + n. (3-17) 

(5) We can define a system of orientations of M{H^, J^; *,[^,w]) so that (3) 
above is compatible with this orientation. 

(6) The map ev_oo becomes a weakly submersive map in the sense of |F000l] 
Definition Al.13. 

The proof is the same as that of Proposition [211] and is omitted. 
We take a system of muhisections s on J\4{H^, J^;*, [7, w]) for various [7, w] so 
that it is compatible at the boundary described in (|3.16p . 
Let h he a. differential k form on M. We define 

'PiH.,J.)ih) = E ( / e^-oo(.h)] b,w]. (3.18) 

(The symbol V stands for Piunikhin |Piu| .) Here the sum is taken over [j,w] 
with ^ij( [7,111]) = k — n. The integration over the zero set of the multisection 
of the Kuranishi structure is defined for example in |F0002 l Appendix C. By 
Gromov-Floer compactness we can prove that the right hand side is an element of 
CF{M,H;K^). 

The definition (|3.18p induces a map 

Here ® is the completion of the algebraic tensor product (over R) with respect to 
the norm X)q. 

Let (r2*(M), d) be the de Rham complex of M . We regard it as a chain complex 
(n*(M),9), where 

VLk{M) = 17'^™*^-'=(A/), d = {-if^'^+^d. (3.19) 
Lemma 3.15. 7^(i/^.,/^) defines a chain map 

V^H^j^) ■■ mM),d)§>A^ ^ {CF{M,H-k^),d(H,j)) 
from the de Rham complex to the Floer complex. 

Proof. We can prove V^h^j^) °d — d{H,j) °'P{h^,j^) by Stokes' theorem ( |F0002] 
Lemma C.9), Propositon l3.14l (3) and the definition. □ 

Lemma 3.16. V(^h^,j^) induces a chain homotopy equivalence. 

The proof is similar to the argument established in various similar situations. 
(One of the closest descriptions we can find in the literature is |F0003j Section 8 
Proposition 8.24, where a similar lemma is proved in the case of Lagrangian Floer 
theory.) We give a proof in the appendix for completeness' sake. 
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Remark 3.17. (1) Actually there is a problem of running-out as mentioned 
in fFOOQl] Section 7.2.3. In order to handle it we first work over Aq 
coefficients and stop the construction at some energy level. Then we take 
an inductive limit. The technical difficulty to perform this construction is 
much simpler than that of [ FOOOl] (Section 7.2), since we here need to 
take an inductive limit of chain complex (or DGA) which is much simpler 
than Aoo algebra in general (which is discussed in |F000l) Section 7.2). 
So we omit the detail. 

(2) Here we work over A"^ coefficients and so with Z2 grading given in (j3.5p . 
Under the assumption that minimal Chern number is 27V, we can define a 
Z2N grading. 

(3) Here we use C as the ground field. Up until now, we can work with Q in 
the same way. We prefer to use C since we will use de Rham theory later 
on to involve bulk deformations in our constructions. In addition, the de 
Rham theory is used for the Lagrangian Floer theory of toric manifolds in 
various calculations and applications developed in |F0002) etc. 

(4) We use de Rham cohomology of M to define 'P(^h^,j^)- There are several 
other ways of constructing this isomorphism. One uses singular (co)homology 
as in [FOOOl) Section 7.2 (especially Proposition 7.2.21) and references 
therein. This approach allows one to work with Q coefficients, which may 
have some additional applications. Other uses Morse homology as proposed 
in |RT[ IPSS] . The necessary analytic details of the latter approach has been 
established recently in [OZj . 

4. Spectral invariants 

The very motivating example of Floer- Novikov complex and its chain level theory 
was applied by the second named author in the Hamiltonian Floer theory [Oh4| 
I0h6j . Namely, a spectral number which we denote by p{H;a) is associated to 
a G H{M) and a Hamiltonian H, and is proved to be independent of various 
choices, especially of J in ^OMj. 

In this section we give a brief summary of this construction. Let iJ : 5^ x M — > R 
be a normalized time-dependent nondegenerate Hamiltonian. 

Definition 4.1. We put G{M,u}) = {a n [w] | a € 7r2(M)}. 
We define the action spectrum of H by 

Spec(i?) := {Ah{i,w) e M | [7,^] G Crit(ytH)}, 

i.e., the set of critical values of Ah ■ 'Co(M) — > M. 

The set G{M, w) is a countable subset of M which is a subgroup of the additive 
group of R as a group. It may or may not be discrete. 

Definition 4.2. Let G C R be a submonoid. We say that a subset G' C R is a 
G-set if 5 e G,.g' G G' implies g + g' £ G' . 

With this definition, Spec(i?) is G(Af, w)-set 

Lemma 4.3. If X £ Spec{H) and g £ G{M,uj) then \ ±g £ Spec(i?). 

If H is nondegererate, then the quotient space Spec{H)/G{M,Lo) with the above 
action is a finite set and 

#(Spec(i7)/G(M,cj)) < #Per(i7). 
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Proof. Let [7,^], [7,10'] G Crit(yl//). We glue w and w' along 7 and obtain w^w' . 
Its homology class in H2{M ; Z) is well defined. We have 

Ah{[i,M)-Ah{[i,w'])^ _ UJ. 

The lemma follows easily from this fact and the fact that Pei{H) is a finite set. □ 
The following definition is standard. 

Definition 4.4. We say that two one-periodic Hamiltonians H and H' are ho- 

motopic if (j>\^ = (j>\j, and if there exists {H^}se[o,i] ^ one parameter family of 
one periodic Hamiltonians such that H'^ — H, = H' and = (f>]js for all 
s e [0, 1]. In this case we denote H ^ H' and denote the set of equivalence classes 
by Ham(M,w). 

The following lemma was proven in |Sc21 [P] in the aspherical case and in jOh2j 
for the general case. We provide its proof in Section [TU] for reader's convenience. 

Proposition 4.5. Suppose that H, H' are normalized one periodic Hamiltonians. 
If H ^ H' , we have Spec{H) = Spec{H') as a subset o/R. 

This enables one to make the following definition 

Definition 4.6. We define the spectrum of V' G Ham(M, w) to be Spec('(/;) :— 
Spec(i7) for a (and so any) Hamiltonian H satisfying -0 = [4>h]- 

Here we denote the normalization of H by 

Definition 4.7. Let G be a subset of R, which is a monoid. We denote by A^(G) 
the set of all elements 

such that if Oi 7^ then — A; G G. We note that A^(G) forms a subring of A^ and 
A^(G) is a field if G is a subgroup of the (additive) group M. We write 

A^(Af) = A^(G(A/,a;)). 

Suppose that H is nondegenerate. We denote by CF{M, H) the set of infinite 
sums 

^ a[7,u,] [7, ^f] (4-1) 
[7,"']6Crit(^jf ) 

with a[^^w] S C such that for any G the set 

{[7,w] I a[^,„,] ^ 0, Ah{i,w) > -G} 

is finite. We denote by F^CF{M, H) the subset of CF{M, H) consisting of elements 
(HT|) such that Ah{[i,w\) < A. 

Lemma 4.8. (1) CF{M,H) is a vector space over A^{M) . 

(2) {[7,^7] I 7 e Per(i7)} is a basis ofCF{M,H) over A^(Af). 

(3) We have 

CF{M, H; A^) ^ CF{M, H) ^ahm) A^. 
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(4) The Floer boundary operator d(^H,j) preserves the submodule CF{M, H) C 
CF{M,H-A^). 

This is an easy consequence of Lemma 14.31 
Lemma 4.9. The chain map V^h-^,,!-^) in ^3.18} induces a A^{M)-linear map 

^(H,,J,),# : C{M;A\M)) ^ CF{M, H; A\M)) 
which are chain-homotopic to one another for different choices of x- 

This is immediate from definition of V(^h ,j ),#■ Therefore this together with 
Theorem 13.101 gives rise to an isomorphism 

: H,[M-A^{M)) - HF4M,H) (4.2) 

where the right hand side is the homology of {CF{M,H),d). This isomorphism 
does not depend on the choice of x's. 

The fihration F^CF{M, H; A^) induces a fihration F^CF{M, H) on CF{M, H) 
in an obvious way. 

Definition 4.10. (1) Let j: e HF{H, J) be any nonzero Floer homology class. 
We define its spectral invariant p{i) by 

p(y) = inf{A I X G F^CF{M, H; A^), di^Hj)X = 0, [x] = y}. 

(2) If a e H*{M; A^(M)) and iJ is a nondegenerate time dependent Hamilton- 
ian, we define the spectral invariant p{H; a) by 

p{H, J;a) ^ p{V(H^.,j^)A°'))^ 

where the right hand side is defined in (1) and is the Poincare dual of 
the cohomology class a. See Notations and Conventions (17). 

It is proved in |0h4[ I0h6j that p{H, J; a) is independent of J. The same can be 
proved in general under other choices involved in the definition such as the abstract 
perturbations in the framework of Kuranishi structure. So we omit J from notation 
and just denote it by p{H; a). 

We introduce the following standard invariants associated to the Hamiltonian 
H : [0,1] X M M. called the positive and negative parts of Hofer's norm E^{H) 

E+{H) := / muxHtdt (4.3) 

E-{H) := / -min Htdt (4.4) 
Jtes^ ^ 

for any Hamiltonian H. We have the Hofcr norm ||iJ|| = E^{H) + E^{H). We 
like to emphasize that H is not necessarily one-periodic time-dependent family. 

Lemma 4.11. We have 

-E+{H' -H) < p{H';a)- p{H;a) < E-{H' - H). 

This lemma enables one to extend, by continuity, the definition of p{H; a) to any 
Hamiltonian H : x M — > R which is not necessarily nondegenerate. Lemma [4. Ill 
is proved in a generalized form as Theorem 19. II 

The following homotopy invariance is also proved in |0h4| I0h6[ lUsl] . 
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Theorem 4.12 (Homotopy invariance). Suppose iJ, H' are normalized. If H ^ H' 
then p{H;a) = p(H']a). 

We will prove it in Section [10] for completeness. This homotopy invariance en- 
ables one to extend the definition of p{H; a) to non-periodic H : [0, 1] x Af — >■ M. 

Consider the set of smooth functions ( : [0, 1] — > [0, 1] satisfying ((0) — 0, 
C(l) — 1 and C is constant in a neighborhood of and 1. Note that this set is 
convex and so contractible. Let 7? : [0, 1] x M — )• M and C : [0, 1] — > [0, 1] be such a 
function. Denote 

H^{t,x)=C{t)H{C{t),x). 

We note that H'^ may be regarded as a map for x M since _ff = in a neigh- 
borhood of {0, 1} X M. Moreover the above mentioned convexity implies that 
fjCi ^ ffC2 Therefore p{H^^]a) = p{H^^;a) for any such Qi. We define the com- 
mon number to be p{H; a). This gives rise to the map 

p ; C°°([0,1] X Af,R) X {H,{M;A^{M)) \ {0}) ^ R. (4.5) 

Its basic properties are summarized in the next theorem. For 

a= ^ q3 ag, with Og e H{M;C) 

geG{M,u]) 

we define 

Oq{a) := max{g | Og ^ 0}. (4.6) 

Theorem 4.13. (Oh) Let {M,uj) be any closed symplectic manifold. Then the 
map p in <\4-5\) satisfies the following properties: Let H, H' G C°°([0, 1] x M, R) 
andQ^ae H*{M;A^{M)). 

(1) (Nondegenerate spectrality) p{H;a) G Spec(7J), ifipH is nondegenerate. 

(2) (Projective invariance) p{H; Xa) — p{H; a) for any ^ X G C 

(3) (Normalization shift) For any function c : [0,1] — > R, p{H + c{t);a) — 
p{H;a)-J^c{t)dt. 

(4) (Normalization) p(0; a) = 0^(0) where is the identity in Ham(M, w). 

(5) (Symplectic invariance) p{H o ri;r]*a) — p{(j);a) for any symplectic diffeo- 
morphism 77. In particular, if rj G SympQ(Af, w), then we have p{Hor]; a) = 
p{H-a). 

(6) (Triangle inequality) p{Hff^H'; aUgb) < p{H; a) + p{H'; b), where aUgb 
is a quantum cup product. 

(7) (C^-hamiltonian continuity) We have 

-E+{H' -H) < p{H';a)- p{H;a) < E^iH' - H). 

(8) (Additive triangle inequality) p{II; a + b) < max{p{II; a), p{H; b)}. 

We refer to |0M| for the precise meaning of the C°-hamiltonian continuity stated 
above. 

Theorem 14.131 is stated by the second named author |0h41 10h6) in the general 
context but without detailed account on the construction of virtual fundamental 
classes in the various moduli spaces entering in the proofs. In the present paper, 
we provide these details in the framework of Kuranishi structures [F0| . A purely 
algebraic treatment of the statement (1) is given by Usher (Uslj . 
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By considering the normalization Hit, x) of Hit, x), we can interpret piH; a) as 
the invariant of the associated Haniihonian path (pu by setting 

pi(j>H;a) piH-a). 

The invariance of H piH; a) under the equivalence relation H ^ H' enables 
one to push this down to Ham(M, w) which we denote p(^i/;a). We denote the 
resulting map by 

p : lS5i(M,w) X iH4M;A^iM)) \ {0}) ^ R. (4.7) 

Its basic properties are summarized in the next theorem, which are immediate 
translation of those stated in Theorem 14. 131 

Theorem 4.14. Let {M,uj) be any closed symplectic manifold. Then the map 
p in l\4. 7| ) has the following properties: Let tpycj) Cz Ham(M, cj) and ^ a € 
i?*(M7P(M)). 

(1) (Nondegenerate spectrality) p('0;a) € Spec('!/'), if tp nondegenerate. 

(2) (Projective invariance) p(0; Xa) = p{4>] a) for any 7^ A € C. 

(3) (Normalization) We have p(0; a) = Og(a) where is the identity in Ham(il/, uj). 

(4) (Symplectic invariance) pir] o p o r]^^]ri*a) — p[(j)\a) for any symplectic 
diffeomorphism rj. Ln particular, if rj ^ Sympg(Af, w), then we have pirj o 
(for]-^;a) = pi(f;a). 

(5) (Triangle inequality) pip o -0; a Uq b) < pip; a) + p(?/;; b), where a Uq b is a 
quantum cup product. 

(6) (C^-hamiltonian continuity) We have 

\piP;a) - piii;a)\ < max{||0 o + , \\P)o^-^\\_} 

where \\ ■ \\± is the positive and negative parts of Hofer's pseudo-norm on 
Ham(M,cj). 

(7) (Additive triangle inequality) pi<p; a + b) < max{pip; a), pip; b)}. 

Here we explain the meaning of the negative and positive parts of Hofer's norm 
For ip S Ham(M, w), we define 

UU^mHE^iH)\[q^H]^i^} (4.8) 

£2 

respectively, and the (strong) Hofer norm is defined by 

m^mi{\\H\\\[p\,]^i,}. (4.9) 

rl 

There is another norm, sometimes called the medium Hofer norm^ which is defined 

by 

||V'l|mod= 11^11+ + ||Vi- (4.10) 

Obviously we have 

|p(-0;a) - piid;a)\ < H'f/'llmcd < 11-011 

for all a E (5_ff*(M; A^(M)). Here id stands for the constant Hamiltonian isotopy 
at the identity. If a e i7*(M;C) C QH* iM; A^iM)), we find that 

\pi^;a)\ < U\Ud < M- 

See the introduction of 'Oh5 for the related discussion. 
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Remark 4.15. There is another important property, that is compatibihty with 
Poincare duality observed by Entov-Polterovich [EP1| in the case M is semi-positive 
and M is rational. Those assumptions are removed by Usher |Us3| . We will discuss 
some enhancement of this point later in Section [TSl 

We refer readers to the above references for the proof of Theorems 14.141 Later 
we will prove its enhancement including bulk deformations. Here are some remarks. 

Remark 4.16. We like to note that constructions of p{H; a) given in fOh4' can be 
carried over whether or not H is normalized. We need the normalization only to de- 
scend the spectral function H i-^ p{H; a) to the universal covering space Ham(M, ui) 
as in Theorem 14. 141 

Remark 4.17. In [EPll lEP2l IEP3j . Entov-Polterovich used different sign conven- 
tions from the ones |0h4) and the present paper. If we compare our convention 
with the one from |EP3| . the only difference lies in the definition of Hamiltonian 
vector field: our definition, which is the same as that of |0h4| . is given by 

dH = lo{Xh, •) 

while [EP3] takes 

dH^u:{;XH). 

Therefore by replacing H by —H, one has the same set of closed loops as the 
periodic solutions of the corresponding Hamiltonian vector fields. 

This also results in the difference in the definition of action functional: our 
definition, the same as the one in |0h4) . is given by 

Ah{[i.w]) = ~ I w*Lo^ I H{t,j{t))dt (4.11) 







while [EPT] and [EP3] takes 

' w*uj+ I H{t,-f{t))dt (4.12) 







as its definition. We denote the definition (|4.12p by Ah{[i,w]) for the purpose of 
comparison of the two below. 

Therefore under the change of H by —H, one has the same set of Grit Ah and 
Gv\t Ah with the same action integrals. Since both conventions use the same as- 
sociated almost Kahler metric a;(-, J-), the associated perturbed Cauchy-Riemann 
equations are exactly the same. 

In addition, Entov and Polterovich [EPl} IEP2] use the notation c(a, H) for the 
spectral numbers where a is the quantum homology class. Our p{H] a) is nothing 
but 

p{H]a) ^ cio";!!) = c{a^-H) (4.13) 

where is the homology class Poincare dual to the cohomology class a and H is 
the inverse Hamiltonian of H given by 

H{t,x) = ~H{t,c^'H{x)). (4.14) 

The second identity of (|4.13p follows from the fact that H ^ H. More precisely, H 
generates flow 



30 



KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, AND KAORU ONO 



which can be deformed to : t i— > (0^) ^ ■ In fact the following explicit formula 
provides such a deformation 

for < s < 1- (See the proof of |0h5| Lemma 5.2 for this formula.) 

With these understood, one can translate every statements in [EPll IEP2] into 
the ones in terms of our notations. 
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Part 2. Bulk deformations of Hamiltonian Floer homology and spectral 
invariants 

In this chapter, we deform Hamiltonian Floer homology by the element b S 
H^'"^"{M, Aq) in a way similar to the case of Lagrangian Floer theory in jFOOOl] 
Section 3.8. We will denote the resulting b-deformation by HF^ {H, Jq; A^). As a 
A^-module, it is isomorphic to the singular homology H^,{M■, A^) for any b. Recall 
that we regard the de Rham complex as a chain complex p.l9|) . 

Using the filtration we obtain a version of spectral invariants, the spectral invari- 
ants with bulk deformation, which contains various new information as we demon- 
strate later in Chapter 5. 

5. Big QUANTUM COHOMOLOGY RING: REVIEW 

In this section, we exclusively denote by Jq the time-independent almost complex 
structures. 

The theory of spectral invariants explained in Chapter 1 is closely related to the 
(small) quantum cohomology. The spectral invariant with bulk we are going to 
construct is closely related to the big quantum cohomology, which we review in this 
section. 

Let (M, uj) be a closed symplectic manifold and Jo a compatible (time indepen- 
dent) almost complex structure. For a E H2{M\'L) let Mf{a\ Jq) be the moduli 
space of stable maps from genus zero semi-stable Jo-holomorphic curves with £ 
marked points and of homology class a. There exists an evaluation map 

ev : Mfia;Jo) M^. 

The moduli space Mf{a; Jq) has a virtual fundamental cycle and hence defines a 
class 

ev4Mfia;Jo)] € H,{M';Q). 
(See [FO].) Here *^2n + 2ci(M)(a) +2i-6. Let hi,..., hi be closed differential 
forms on M such that 

^degh, ^2n + 2ci{M){a) + 21-6. (5.1) 
We define Gromov-Witten invariant by 

GWi{a:hi,...,hi)^[ ev* {hi x ■ ■ ■ x hi) e R. (5.2) 

JMfia-Jo) 

More precisely, we take multisection s of the Kuranishi structure of Aif{a;Jo) 
and the integration in (|5.2[) is taken on the zero set of this multisection. (See 
[F0002j Appendix C.) We can prove that (15. 2p is independent of the almost com- 
plex structure Jq. We put GWi{a : hi,..., hi) — unless (|5.ip is satisfied. We 
now define 

GWiihi,. ..,hi)^J2 <l'""'"GWia ■.hi,...,hi) &A^. (5.3) 

a 

By Stokes' theorem ( [F0002] Lemma C.9) we can prove that GWi{hi, . . . , hi) 
depends only on the de Rham cohomology class of hi and is independent of the 
closed forms hi representing de Rham cohomology class. 

By extending the definition (j5.3p linearly over to a A"^-module homomorphism, 
we obtain: 

GWi : H{M;A^Y® A^ . 
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Definition 5.1. Let b G iJ™™(M; A^). For each given pair c,c) G H*{M;A^), we 
define a product c u'' 5 G H{M; A^) by the following formula 

oo _^ 

(c U" 0, e)pD,, = 7^GWi+3{c, 0, e, b, . . . , b). (5.4) 

Here (•, •)pDm denotes the Poincare duality. We call u'' the deformed quantum cup 
product. 



Remark 5.2. We note that the right hand side of (|5.4p is an infinite sum. If 
b G i?™™(Af; Ai), it converges in g-adic topology so (|5.4p makes sense. Otherwise 
we proceed as follows. For the general element b G H™'^^{M;Aj^), we split 

b = bo + b2 + b+ (5.5) 

with bo G i?°(M;Ai), ba G H^{M;C), and b+ G (M ; Ai) ® H^''{M; A^) 

and define 

(c U" 0, e)pD,, = E E """^^'i ^ ^"^"gW^^+3(« : c, 0, e, b+, . . . , b+). (5.6) 

We can prove that (|5.6p converges in g-adic topology. (This can be proved in the 
same way as in |F0003| Section 9. See |F0006j Lemma 2.29.) 

Geometrically considering the element b G H^{M;Aq) corresponds to twisting 
the Hamiltonian Floer theory by a i?-field and is the analog to Cho's trick of 
considering nonunitary line bundles jFulj . |Choj . (We remark that this g-adic 
convergence of Gromov-Witten invariant had been known for a long time.) 

It is now well-established that u'' is associative and graded commutative and is 
independent of Jq. We thus obtain a Z2-graded commutative ring 

QH;{M;A^) ^ {H{M;A^),U^). 

As we will see later, for the purpose of construction of spectral invariants and of 
partial symplectic quasistates and quasimorphisms, it is important to use a smaller 
Novikov ring than A. We discuss this point now. 

Definition 5.3. Let G be a discrete submonoid of M. We say an element b G 
H{M; Aq) to be G-gapped if b can be written as 

b^J^I^'^a^ bg&H{M;C). 
geG 

For each b G H{AI:Aq) there exists a smallest discrete submonoid G such that 
b is G-gapped. We write this monoid as Go(b). Let Go(M, w) be the monoid 
generated by the set 

{a no; I Mf{a;Jo) ^ 0}. 
Then Go(M, w) is discrete by the Gromov compactness. Let Go(M, w,b) be the 
discrete monoid generated by Go(M, w) U Go(b). We define 

Ai(M,tj,b)= {E".?"^' e I A, G Go(M,c^,b)}. (5.7) 

The following is easy to check. 

Lemma 5.4. The bilinear map induces a ring structure on H{M; Aq(M, uj, b)). 
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We have thus obtained the associated quantum cohomology ring 

QH,iM;A^o{M,Lu,b)) = {H{M; A^^iM,Lu,b)),u'). (5.8) 
Remark 5.5. (1) Via the identification q — T~^, we can use 

Ao(Af,w,b) l^a.T-^' e A I A,; e Go{M,uj;b), A, -> ooj 

in place of A^(M,a;, b) in (|5^ . 
(2) Entov-Polterovich [EPll lEP2l IEP3| uses quantum homology, where the de- 
gree is shifted by 2n from the usual degree. The isomorphism in Theorem 
13.101 then preserves the degree when we use Conley-Zehnder index as the 
degree of Floer homology. 

Here we use usual degree of quantum cohomology and shift the degree of 
Floer homology by n from Conley-Zehnder index. 

In this convention, the (quantum) cup product is (Z2)-degree preserving. 
In 'quantum homology', the product of degree di and d2 classes has degree 
di+d2 — 2n. We prefer to choose our convention so that product is degree 
preserving. 

6. Hamiltonian Floer homology with bulk deformations 

In this section we modify the construction of Section |3] and include bulk defor- 
mations. 

Let [y,w], [7',iy'] € Ciii Ah- Below we will need to consider the moduli space 

of marked Floer trajectories Me{H, J;['-f,w],['y' ,w']) for each i = 0,1, The 

moduh space Mo{H, J; [7, w], [7', w']) coincides with M{H, J; [7, w], [7', w']) which 
is defined in Definition 13.41 and Proposition 13.61 

o 

Definition 6.1. We denote by A^£(_ff, J; [7, w], [7', w']) the set of all 

{u; , . . . , z^), where m is a map u : M. x ^ M which satisfies Conditions (1) - 
(4) of Definition 13.41 and z^ {i = 1,. . . ,£) are mutually distinct points of M x S^. 
It carries an R-action by translations in r-direction. We denote its quotient space 

o 

by Me{H, J; [j,w], [7', «;']). We define the evaluation map 

ev = (evi . . . , ev^) : Al^(i7, J; [7, w], [7', w']) ^ 

by 

ev{u; Zj^, . . . , z/) = {u{z^), . . . , u(z/)). 

We use the following notation in the next proposition. Denote the set of shuffles 
of £ elements by 

Shufr(^) {(Li,L2) I Li UL2 = {1,...,^}, Li nL2 = 0}. (6.1) 
For (Li,L2) e Shufr(^) let #L, be the order of this subset. Then #Li + #L2 = £. 

o 

Proposition 6.2. (1) The moduli space A^^(i7, J; [7, w], [7', w']) has a com- 
pactification A4i{H, J; [7, w], [7', w']) that is Hausdorjf. 
(2) The space A4e(H, J;['y,w],[y ,w']) has an orientable Kuranishi structure 
with corners. 
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(3) The boundary of A4i{H, J; [7, if], [7',U'']) is described by 

dMi{H, J; [j,w],[y,w']) = 

\jM#u{H,J; [j,w], W\w"]) X M#uiH,J; h",w"l h',w']), ^^'^^ 

where the union is taken over all [7",^"] G Crit(y^/f), and (Li,L2) G 
Shuff(^). 

(4) Let fj,H '■ CtH^Ah) — >■ Z 6e the Conley-Zehnder index. Then the (virtual) 
dimension satisfies the following equality l\6.3^ . 

dimMe{H,J; [-f,wl [j',w']) = ^^([7',^'']) - l^nih^w]) -1 + 21 (6.3) 

(5) We can define orientations of AifXH, J] [7,w], [7',?!'']) so that (3) above is 
compatible with this orientation. 

(6) The evaluation map ev extends to a map Aii{H,J; [7, tu], [7',^']) , 
which we denote also by ev. It is compatible with (3). Namely if we denote 

= {«i,---,i#Li}, IL2 = {ji, ■ ■ ■ 

with ii < ■ ■ ■ < i:^Li, ii < ■ ■ ■ < i#L2i then evk of the first factor (resp. 
the second factor) of the right hand side of (j 6. coincides with ev^j, (resp. 
evj^. ) of the left hand side of (j 6. 2\ . 

The proof of Proposition 16.21 is the same as that of Proposition 13.61 and so is 
omitted. We are ready to define the deformed boundary map ^^"^ . We start with 
defining the following operator: 

Definition 6.3. Let [7, [7',^'] G Crit^// and hi (i = 1, ...,£) be differential 
forms on M. We define n(//^j).£([7, w], [7', u''])(/ii, . . . G C by 

"(^{HjyAViMAi ■,w'\){hi,...,hi)= \ evlhiA---Aev*ghe. (6.4) 

JMe{HJ-['y,w],[j',w']) 

By definition (|6.4p is zero unless 

e 

^deg/i, ^ dimMt{H, J; [7,^;], [7',^']), 

i=l 

where the right hand side is as in (16. 3p . 

Remark 6.4. In order to define the integration in (|6.4p we need to take a multisec- 
tion of A4i{H, J; [7, w], [7', w']) that is transversal to 0. In our situation the integra- 
tion (16. 4p depends on this perturbation since Me{H, J; [7, w], [7', w']) has codimen- 
sion one boundary. We take a system of multisections of Mi{H, J; [7, w], [7', w']) so 
that it is compatible with the decomposition (|6.2p of the boundary 
dMt{H, J; [7,u;],[7',u;']). 

We hnearly extend the definition of n(^H,j)-i{[liW\, ['^' ,w']) to a A^-multihnear 
map {^1{M)®K^Y ~^ which we denote by the same symbol. 

Let h G ff™'="(Af; A^) and split b bo + 62 + b+ as in Take closed forms 

which represent bo, b2, b+ and write them by the same symbols. We then define 
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"(ff,j);£([7,w'], b',w']) e for [j,w], [Y,w'] e CntiAn) by 

^ expiw' n b2 - w n b2) . , , , . (6.5) 

= 2^ '(^{H,jyAViMAl ,w])(b+,...,b+). 



Lemma 6.5. The right hand side of (|6.5p is finite sums. 

Proof. Suppose MeiH, J;["f,w],[y ,w']) + and so J; [7, w], [7', w']) 7^ 0. 

By the energy identity, we obtain 

E{H,j){u) = Ah{['1,w]) - Ah{W,w']) < 00 

for any u E A4{H, J; [7, w], [7', w']). It follows from the Gromov-Floer compactness 
that the set of [7', w'] satisfying Aie{H, J; [7, w], [7', w']) 7^ is finite. In particular, 
the difference ([7', w']) — ^_f/([7, w])| is bounded. 

The summand corresponding to [7',w'] and £ in the right hand side of (|6.5p 
vanishes unless 2n£ < dim J; [7, w], [7', w']) — ^^([7, w]) — /x/j- ([7', w']) + 2i, 

i.e., 

ii2n-2)<fiH{b,w])-fiHib',w']). 

Therefore boundedness of /i^ ([7, w]) — /i/^ ([7', w']) also implies boundedness of the 
number of possible choices of £. This finishes the proof. □ 

Definition 6.6. We define the deformed Floer boundary map 
9{H.j) CF{M,H;A^) CF{M,H;A^) 

by 

5(Vj)([7,^])= E nl^^j^i[j,wlW,w'])W,w']. (6.6) 

h',w] 

We point out that the sum in (|6.6p may not be a finite sum. 

Lemma 6.7. The right hand side of (| 6. 6} converges in CF{M^H]K^) and d^j u) 
is continuous in q-adic topology. 

Proof. Let E be any real number and [7',^'] G Grit Ah- By Gromov-Floer com- 
pactness, the number of [7', w'] such that Aie{H, J; [7, w], [7', w']) is nonempty and 

AH{b,iv])-AHih',w'])<E 

is finite. The lemma now follows from the definition of convergence in CF{M, H; A^). 

□ 

Combining Proposition 16.21 (3) with Stokes' theorem, we can check 

diH.J) ° d^Hj) = 0. 

Definition 6.8. 

Ker J. 
HFl\M, H, J; A^) = -M. 

Now we take two parameter family {(_ff^, J^)}7-gR as in (I3.12p in the proof of 
Theorem IXTUl 



36 



KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, AND KAORU ONO 



Theorem 6.9. There exists a A'^ -module isomorphism 

• H^''-*{M; A^) = H,{M- A^) - HF^{M, H, J; A^) 
for all b. We call it the Piunikhin map with bulk. 

Proof. The proof, which we discuss below, is similar to the proof of Theorem 13.101 
We recall that we identify the de Rham complex with a chain complex by 

(M) ® A^ = n^''-* (M) (g) A^. 

In this section we only give the definition of the map V^^j j ) *• Section [55] we 
prove that it is indeed an isomorphism. 

o 

Definition 6.10. We denote by A4e{H^, J^; *, [7, w]) the set of all (m; , . . . , z/) 
of maps u : Mx 5^ M and i = 1, . . . ,£ such that u satisfies (l)-(4) of Definition 
13.131 and G M x 5*^ are mutually distinct. 

The assignment {u; z^ , . . . , z^) i— >• [u{z^), . . . , defines an evaluation map 

o 

ev = (evi . . . ,ev£) = Mi{H^,J^;*, M'^. 

o 

Proposition 6.11. (1) Aie{Hxy ^x't^tIIt''^]) ^ compactification, denoted 
by A4i{H^, J^; *, [7, w]), that is Hausdorjf. 

(2) The space Mi{H^, J^; *, [7, w]) has an orientable Kuranishi structure with 
corners. 

(3) The boundary of A4i{H^, J^;*,['y,w]) is described by 

dMi{Hx,Jx;*, b,w]) 

(6 7) 

where the union is taken over all ["f^w'] G Crit(^ff), and (Li,L2) G 
Shuff(^). 

(4) Let fiH ■ Crit(yl^f) 1, be the Conley-Zehnder index. Then the (virtual) 
dimension satisfies the following equality: 

A\uiMt{H^,Jx]*Al.M)^l^H{[l,w])+n + 2l. (6.8) 

(5) We can define orientations of Mi{H^,J^]*,['y,w]) so that (3) above is 
compatible with this orientation. 

(6) The map ev extends to a strongly continuous smooth map Mi{H^, J^; [7, w\) 

, which we denote also by ev. It is compatible with (3) in the same sense 
as Provosition \6.S\ (6). 

(7) The map ev_oo which sends {u; z^ , . . . , z^) to lim7._1._00 "(r, extends to 
a strongly continuous smooth map Aie{H-^, J^;*,['y,w]) — > AI , which we 
denote also by ev_ao- It is compatible with (3). 

Proof. The proof of Proposition 16 . 1 II is mostly the same as that of Proposition l3.6l 
We only need to see that in (|6.7p the boundary component such as 

X#Li(0, Jo; *, *; C) X M#l,{H^, J^; [7, w - C]) (6.9) 

does not appear. (Here the first factor of (|6.9p is a compactified moduli space of 
the Jg-holomorphic maps M x 5^ — M of homotopy class C G tt2{M).) 

In fact, the moduli space A^^Li(0, Jq; *, *; C) has an extra symmetry by the 
action of the domain M x S*^. (See Remark 13.121 ) So after taking a quotient 
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by this action, this component is of codimension 2. (See the proof of Lemma 

MM) □ 

Let [fjw] € Grit Ah and hi (i = !,...,£), and let h be differential forms on 
M. We take a system of multisections on A4i{H^, J^; *,['j,w]) such that it is 
compatible with (3). We use it to define (|6.10|) below. See Remark 16.41 We define 
n(ffx,Jx)(^;[7,w])(/ii,...,/i£) e C by 

n(H^..j^){h;[l,w]){hi, . . . ,he) 

* , *, *, (6.10) 

Mt(H^,J^;*.yi,w\) 

We note that ((67TO)) is zero by definition unless 

deg /i + ^ deg /ii = d:va\Mi{H-^, J^; *, [7, w]), 
1=1 

where the right hand side is as in (|6.10p . We extend ni^H^,j^){h; [7,^]) to a A^- 
multilinear map {n{M)^A^y and denote it by the same symbol. 

Let b e iJ™™(Af; A^). We decompose b — bo + b2 + b+ as in (|5.5p and regard bo, 
62, b+ as de Rham (co)homology classes by representing them by closed differential 
forms. We define an element n|'^ j j{h;['^,w]) G hy 

^(H^jjh; [7, w]) £ 'J^ELljpAn^HMih^ M)ih; &+,•.•, b+) (6.11) 

for each given [7, £ Crit(y^/f ) and a differential form h on M. We can prove that 
the sum in (|6.1ip converges in g-adic topology, in the same way as in Lemma 16.51 
We now define 

'PiH^jJh) KH^,jJh; h,w]) [j,w]. (6.12) 

hM 

We can prove that the right hand side is an element of CF{H, J; A^) in the same 
way as in Lemma 16.71 Thus we have defined 

Then the identity 

= (6-13) 
is a consequence of (|6.7p and Stokes' theorem. We can prove easily that Vj^j^ j ^ 
are chain homotopic to one another when x is varied in /C. We denote by 

'PiHM* ^* (^■^; ^ HF^{M, H, J; A^) (6.14) 
the map induced on homology. We will prove in Section[2n]that it is an isomorphism. 

□ 

7. Spectral invariants with bulk deformation 

We next modify the argument given in Section 2] and define spectral invariants 
with bulk. Let b G 7J™'^"(M; Ao). We consider discrete submonoids Gq{M,lu) and 
Go(M,a;, b) of M in Definition [Ol 



Definition 7.1. We denote by G{M,uj) and G{M,uj,b) the snhgroup of (R, +) 
generated by the monoids Gq{M,lu) and Go{M,uj, b), respectively. 
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We note that G{M,lu) and G{AI,uj,b) are not necessarily discrete. We also 
remark that G{M,uj, b) may not be even finitely generated. 

Let H he a time-dependent Hamiltonian on M. We defined Spec(_ff ) in Definition 

Definition 7.2. We define 

Spec{H; b) ^ Spcc(i7) + G{M, uj, b) 

= {Ai + As I Ai e Spec{H), A2 G G(M, cj, b)}. 

For a monoid G C M, the ring A(G) was defined in Definition 14.71 

Definition 7.3. Suppose H is nondegenerate. We put 

Ai(M)-A^(G(M,c.,b)) 

and 

CF{M,H; b) = GF{M,H) ®a,(m) At(M). 
Lemma 7.4. Suppose H is nondegenerate. 

(1) GF{M,H; b) is a vector space over the field Af;(M) wif/i a basis {[j,w^] \ 
7 e Per(iJ)}. 

(2) //ye CF{M,H; b) \ {0} t/ien D,(y) e Spec(ff; b). 

Proof. Statement (1) follows from the fact that ([7, w])—Ah{[j, w']) G G{M, uj, b) 
for 7 e Per(_ff), [7,^], [7,11;'] G Crit(^^f). Then statement (2) follows from state- 
ment (1). □ 

It is easy to see that the map d'^^ j-^ : GF{M,H;A^) CF{M,H;A^) pre- 
serves CF{M, H; b). Moreover the fihration of CF{M, H; A^(Af)) induces one on 
GF{M,H;Al{M)) by 

F^GF{M,H;AI{M)) = F^GF{M,H;A-^{M)) n GF{M,H]A\{M)). 

We denote the homology of (GF(M, iJ; b),d\jj j^) by HF^{M, H, J; A^(A/)). Then 
Lemma 17.41 implies 

HF^'iM, H, J; A^) - HF'iM, H, J; Ai{M)) A^. (7.1) 

Therefore Theorem 16.91 implies: 

Lemma 7.5. The map V^^j j ^ in (|6.14p induces an isomorphism 
H{M- AiiM)) - HF\M, H, J; Ai{M)). 

Definition 7.6. (1) Let j; e HF'' {M, H, J; A^). We define its spectral invari- 
ant by 

= inf{A | x e F^CF{M, H, J; A^), =0, [a;] = y G HF\M, H, J; A^)}. 

(2) If a e H*{M\ A^{M)) and iJ is a nondegenerate time-dependent Hamilton- 
ian, we define the spectral invariant with bulk p°{H] a) by 

where a!> is the homology class dual to a (see (|4.13|) ) and the right hand 
side is as in (1), and we regard 

^(ff,„/,),*(a^) e HF\M,H, J;Ai{M)) C HF{M,H, J;A^). 
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By the same procedure exercised for the spectral invariant p{H] a), we can prove 
that p^{V^^ J ^ ^(a^)) do not depend on the choices of J and x or of other choices 

involved in the construction of virtual fundamental cycles, and hence p^{H]a) is 
well-defined. 

Theorem 7.7 (Homotopy invariance). (1) The spectral invariant p^{H\a) is 
independent of the almost complex structure and other choices involved in 
the definition. 

(2) The spectral invariant p^^{H\a) depends only on the homology class of b 
and is independent of the choices of differential forms which represent it. 

(3) Suppose (f>\j = and the paths 4>h o-nd ipH' are homotopic relative to the 
ends. Then 

p\H-a)^p\H'-a). 

Theorem l7.7l (ll is proved in SectionEl Theorem l7.7l (3) is proved in Section [TOl 
Theorem 17.71 f2) is proved in Section [?7l 

Theorem 17.71 implies that the function H ^ p^ (iJ ; a) descends to the universal 
covering space Ham(M,a;). We denote by p^{ipH--,a) = p''{H;a) if i/jh = G 
Hamnd(Af, w) associated to H as before. 

We have thus defined a map 

p^ : BmnndiM,Lu) x {H* [M ; k\{M)) \ {0}) -> R. (7.2) 
It still satisfies the conclusions of Theorem 14. 141 Namely we have: 

Theorem 7.8. Let {M,oj) he any closed symplectic manifold. Then the map p^ in 
fTJI ) extends to 

p^ : lS5i(M,tj) X (H*(M; A^(Af)) \ {0}) ^ M. (7.3) 

It has the following properties. Let ip,(j) Cz Ham(Af , lu) and 

(1) (Nondegenerate spectrality) Ifip is non- degenerate, then p{ip', ci) £ Spec(_ff; b). 

(2) (Projective invariance) p^{(j); Xa) = p^{(l); a) for any 7^ A € C. 

(3) (Normalization) We have p^ (0; a) = Og(a) where is the identity in Ham(M, u) 
and Vq{a) is as in l \4.6^ . 

(4) (Symplectic invariance) p"^ ^{rio(f)or}~^;rfa) = p^((j)\a) for any symplectic 
diffeomorphism rj. In particular, if r] G SympQ(M, w), then we have p'^irjo 
(j)o-q-'^;a) ^ p^{(j);a). 

(5) (Triangle inequality) p^{(j) o -0; a u'' &) < /?''(</'; a) + p'^{ip; b), where a u'' 6 is 
the b- deformed quantum cup product. 

(6) (C'^-Hamiltonian continuity) We have 

\p'{^; a) - p'ii^; a)\ < max{||0o + , ||^o 

where |1 • |!± is the positive and negative parts of Hofer's pseudo-norm on 
Ham(M, cj). In particular, the function pa ■ ip p^{ipTa) is continuous 
with respect to the quotient topology under the equivalence relation ^ on 
the space of Hamiltonian paths {ipH \ H £ C°°(S'^ x A/, R)}. 

(7) (Additive triangle inequality) p''(i/'; a + b) < max{p''(?/'; a), p'-^ip- b)}. 

The proofs of Theorems 17.71 and 17.81 occupv the rest of this chapter. Most of the 
proofs are minor changes of the proofs of Theorem 14. 141 in |0h4| lOhG) and of |Usl) . 
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8. Proof of the spectrality axiom 

In this section we prove Theorem 17.81 (1). To include the case when (M, cj) is 
not rational we use some algebraic results exploited by Usher [Uslj . We reprove a 
similar result in Subsection 18.11 using the universal Novikov ring. 



8.1. Usher's spectrality lemma. Let G be a subgroup of R. (We do not assume 
that G is discrete.) We define 



oo 



oo 



A-(G)= <^E«»'?' 



It follows that A^(G) is a field of fraction of Ao(G) 



Ui e C, Ai e M, Xi e G, lim A^ = — oo > , 
Ui e C,Ai e ]R<o, A^ e G, lim A^ = — oo > , 
a; e C, Ai e Ili<o, Xi e G, lim Xi = — oo > . 



Let G be a finite dimensional C vector space. We put 

G = G«)A^, G(G) = G® A^(G) c G. 

Let Bi (i = 1, . . . , N) be a C-basis of G and A" for z = 1, . . . , be real numbers. 
We define : G ^ M by 

Og (^Yl ^^^^ ^ sup{o,(a;i) + a" I i = 1, . . . , N}, 

i.e., t)q(ei) = A° for i = 1, . . . , A^. It defines a norm with respect to which G and 
G(G) are complete. Then we define a G-set 

AT 

G' = |J{A,; + A| AeG}. (8.1) 

i=l 

It follows from the definition of Oq{x) that if x G G(G) then Oq(x) £ G'. We put 
F^G = {a; e G I Vg{x) < A}, i^^G(G) = F^C D C{G). 

Suppose that G is Z2-graded, i.e., C — (B and each of the element of our 
— — 1 

basis Ci lies in either G or G . Let a C-linear map 

be given for each g £ G. Assuming that {g \ dg ^ 0} C\ M>£; is a finite set for any 
i? e R, we put 

9 = ^ gf^g : G ^ G. 
sec 

It induces a linear map G(G) — > G(G), which we also denote by d. If d satisfies 
dd = 0, (G,5) and (G(G),9) define chain complexes. Denote by H{C), H{C{G)) 
their homologies respectively, and denote by H{C{G)) H{G) the natural homo- 
morphism induced by A^(G) '-s- A^. 

Definition 8.1. For j: e H{G), we define the level 

p(y) = inf{0,(2;) | x G G(G), dx = 0, [a;] = y}. 
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Now the following theorem is proved by Usher jUslj . Here we give its proof for 
completeness' sake exploiting the algebraic material developed in Subsection 6.3 of 
IFUOOl) . 

Proposition 8.2. (Usher) e G" for any y e lm{H{C{G)) H{C)). 

Proof. We first need to slightly modify the discussion in |F000l| Subsection 6.3 
since the energy level of the basis is not zero but is A° here. 
We say 

ei ^ Cj if and only if A° - A" G G. 

By re-choosing the basis {ei}i<i<Ar into the form {q^'ei}i<i<Ar with /i^ e G if 
necessary, we may assume, without loss of generality, that A" — A° if ^ ej . We 
assume this in the rest of this subsection. 
For each A G G', define 

/(A) = {i I A-A° e G, \<i<N}. 

We denote by /i(A) the difference A — A° for i € ^(A). By the definition of ~ and 
the hypothesis we put above, the value /i(A) is independent of i. We take the direct 
sum 

G(A) = Ce,. 

iei{\) 

Let X £ C{G) be a nonzero element and denote A — Vq{x). Then there exists a 
unique a{x) G G(A) such that 

We call <j{x) the symbol of x. 

Definition 8.3 (Compare [FOOOlj Section 6.3.1). Let V C G(G) be a A^(G) 
vector subspace. A basis {eJ | i = 1, . . . , N'} of V is said to be a standard basis if 
the symbols {cr(e^) | z = 1, . . . , N'} are linearly independent over C. 

If {e[ \ i — 1, . . . , N'} is a standard basis, then we have 

Og aic'^j = max{o,(a,) + X>q{e',) | i = 1, . . . , N'}. (8.2) 

Lemma 8.4. Any V C G(G) /las standard basis. Moreover if Vi C V2 C C are 

A"^(G) vector subspaces, then any standard basis ofVi can be extended to one 0/ V2. 

Proof. The proof is similar to the proof of |F000l| Lemma 6.3.2 and Lemma 
6.3.2bis. We give the detail below since we considered A in place of A^(G) in 
IFOOOlj . 

Let xi, . . . ,Xk be a standard basis of Vi . We prove the following by induction 
on £. 

Sublemma 8.5. For £< dim V2 — dim X^i , there exists yi, ... ,yi such that the set 
{(t(xi), . . . , a{xk)^ o'(yi), . . . , a{ye)} is linearly independent over C. 

Proof. The proof is by induction on £. Suppose we have yi, . . . ,yi as in the sub- 
lemma and dim V2 — dim Vi > £ + 1. We will find yi+i. 

Pick zi,...,z„j e_C such that {cr(xi), cr(xfc), (7(2/1), ... cr(2/£), cr(zi), ... , 
a{zm)} is a basis of G as a C- vector space. In particular, {xi, . . . , z^, yi, . . . , 
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} is a basis of C as a A^(G')-vector space. We define A : C{G) ^ C{G) a 
A"^(G')-linear isomorphism by 

for i = 1, . . . ,k, j — !,...,£, h = 1, . . . ,m. Note that A preserves fihration and 
a o A = a. We take y' e V2 that is Hnearly independent to {xi, . . . , Xk, yi, . . . , yg} 
over A^{G). We write 



Aiy') = J2q^--'y„ 



n=l 

where y'^ g C(A„). Note Vq{q'^^-'^"'>y'^) — A„. Moreover, we may assume that 
A„ > Xn+i and hm„_>oo A„ = -00. 

By assumption there exists n such that 

k e 
yU0Ca(a:,)®0Ca(y,). (8.3) 
i=i j=i 

Let no be the smallest number satisfying (|8.3I) . Put 

00 

n=no 

Clearly, a-{y") is linearly independent to <j{xi), . . . , cr(a:fc), cr(yi), . . . , cr{yi). Hence 
yi+i = A'^^^y") has the required property. □ 

Lemma [5^ follows from Sublcmma 18.51 easilv. □ 

We now consider d : C{G) — > G{G) and its matrix with respect to a basis of 
C(G). Choose a basis {e^ | i = 1, . . . , 6} U {e'/ | i = 1, . . . , /i} U {e^' | i = 1, . . . , 6} 
such that {e- I i = 1, ...,&} is a standard basis of Im9, {e- | i = 1, . . . , 6} U {e" | 
i — 1,. . . ,h} is a standard basis of Ker9 and {e- | i — 1, ...,&} U {e" | i — 
1, . . . , /i} U {e'l' I i = 1, . . . , &} is a standard basis of C. (We also assume that 
e^, e", e"' are either in or in C^.) Such a basis exists by Lemma WM 

Lemma 8.6. If a E H{C{G),d), there exists a unique Ui £ A'^{G) sueh that 
X^iLi ^i^i represents a. Moreover 

inf{Og(a;) | x G Kerc* , a [x]} = 0, flje"^ . (8.4) 

The proof is easy and so omitted. 

We note that by the definition (|8TT|) of G" 



\i=i / 

Proposition 18.21 is proved. □ 
Remark 8.7. From the above discussion we have proved 

inf{o,(x) I X e C{G),dx = 0, [a;] = y} = inf{o,(a;) \ x e G,dx = 0, [x] = y} 
for y e Im(ff (C(G')) ^ H{G)) at the same time. 
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8.2. Proof of nondegenerate spectrality. In this subsection we apply Proposi- 
tion 18.21 to prove the foUowing theorem. 

Theorem 8.8. If H is nondegenerate, then p^{H;a) E Spcc(iJ; b). 

Proof. We put G = G{M,u}, b). Let C be the C vector space whose basis is given 
by {[7] I 7 S Per(i/)}. Then we have 

C{G)'^CF{M,H;b), C CF{M, H; A^). 

In fact, an isomorphism / : C(G) = CF{M, H; b) can be defined by 

im^h,w,], (8.5) 

where we take and fix a bounding disc for each 7. 
For each member = [7^] of the basis of C, we put 

A° =^h([7»,u'7J)- 

Then 

G' = Spec{H; b) 

and the map / preserves filtration. Theorem 18.81 now follows from Proposition 
[Q □ 

9. Proof of C"-IIamiltonian continuity 

In this section we prove the following: 

Theorem 9.1. Let H, H' : x M M. be smooth functions such that tpn and 
TpH' o,re nondegenerate. Let a G H{M;A) and b G H™'^"{M] Aq). Then we have 

-E+[H' -H) < p"{H'-a)- p"{H-a) <E-{H' -H). (9.1) 

Theorem 19.11 together with Theorem 17.71 implies Theorem 17.81 f6). (See the end 
of Section [ini) We will also prove the following theorem at the same time in this 
section. 

Theorem 9.2. The value {H, J; a) is independent of the choices of J and the 
abstract perturbations of the moduli space we use during the construction of the 
number p^ {H, J; a) . 

Theorem [O is Theorem 0(1)- 

Proof. The proofs of Theorems 19. 1[ 19.21 are mostly the same as one presented in 
[Oh4l[Oh5[[Oh6] . Let H, H' be in Theorems [11] and J, J' G We interpolate 
them by the family in V{juj) = Map([0, 

(F'^J"), 0<s<l 

where { J''}o<s<i with = J, = J' and 

F" ■.^H + s{H' - H): X M R. (9.2) 

(Note J" 7^ Js where is as in (|XTT|) .) Let x : K ^ [0, 1] be as in Definition [XTT] 
and elongate the family to the (R x S'^)-family (F^, J^) by 

F^T,t,x)^F^^^\t,x), Jf = Jf^^\ 
Using this family, we construct a chain map 

: {CF{M;H;A^),dl^^j^) ^ (C^^(M; iJ'; A^), S^V.j'))- (9-3) 
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To simplify the notation, we denote V^p^ by V^p^ jx) when no confusion 

can occur. Let [7, w] G Crit(^fl-), [7',^'] G CTit{AH')- 

o 

Definition 9.3. We denote by Aie{F^ , J^; [71^], W,w']) the set of all maps u : 
R X ^ M which satisfy the following conditions: 

(1) The map u satisfies the equation: 

du / du 

(2) The energy 



J''[^-Xp4u)) =0. (9.4) 





du 


2 


du 




dr 


+ 


'dt 



Xpx {u] 



dtdr 



is finite. 

(3) The map u satisfies the following asymptotic boundary condition: 

lini u(T,t)—j{t), lim u(T,t) = j' (t). 

r— ^ — 00 r— ^4-00 

(4) The homotopy class of w^u is [w'] , where # is the obvious concatenation. 

(5) are mutually distinct points in R x S*^. 

The assignment (u; , . . . , z^) {u{z^), . . . , defines an evaluation map 

ev = (evi . . . , ev,) = MiiF^, J\ [7, w], [7', w']) ^ M'. 

o 

Proposition 9.4. (1) The moduli space A4i{F^, J^; [7, w], [7', w']) has a com- 
pactification Mi{F^, J^; [7, w], [7', w']) that is Hausdorff. 

(2) The space Mi^F^, J^; [7, w], [7',U'']) has an orientable Kuranishi structure 
with comers. 

(3) The boundary ofAAi{F^,J^]['y,w]^[^',w']) is described by 
dMi{F^,J^;[l,wU-i',w']) 

= Ux#L,(i?, J; [7, w], [7"; w"]) X >^#L,(i^^ J'^; [7", w"], [7', w']) (9.5) 
u U-^#L,(^^^ J'^; [7, ^i'], [7"'; yo'"]) X X#L.(i/'; J'; [7"'; w"% [7', ^i^']) 

where the first union is taken over all (7", w") G Crit(y^ij), and (Li,L2) G 
Shufl[(€) and the second union is taken over all (7"',w"') G CTit{AH') , and 
(Li,L2) G Shuff(^). 

(4) Let jiH ■ Crit(^ff) — !■ Z, fiH' ■ Crit(yl/f') — > Z, be the Conley-Zehnder 
indices. Then the (virtual) dimension satisfies the following equality: 

Me{F^, J^; [7, w], [7', w']) = fiwiW, w']) - A^ffCb, w]) + 2^- (9-6) 

(5) We can define orientations of Aii{F^, J^; [1,^]^ ['y',w']) so that (3) above 
is compatible with this orientation. 

(6) ev extends to a weakly submersive map Aie{F^ , J^; [y,w], [j',w']) — > Af'^, 
which we denote also by ev. It is compatible with (3). 



The proof of Proposition 19.41 is the same as that of Proposition 13.61 and so is 
omitted. 
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Definition 9.5. Let [7, w] £ Crit{AH), [7',w'] € Crit{AH') and let hi {i = 1, . . . ,£) 
be differential forms on M. We define n^px^jx);[y,n]],[-f',w']ihi, . . . , hi) € C by 

n(Fx,jx)-[j.^u],lY.w']{lT'i,...,hi) = evlhi A--- Aevghe. (9.7) 

J Mt(Fx^Jx-[j^io].[-y'^w']) 

By definition (|9.7p is zero if 

e 

^deg/i, ^ dim Me{F^,J^; h,w], [7', «;']), 
1=1 

where the right hand side is as in (I9.6p . We extend (|9.7p to 
by A"^ linearity. 

Note that we need to make appropriate choice of compatible system of multisec- 
tions in order to define integration in (|9.7p . See Remark 16.41 We sometimes omit 
this remark from now on. 

Let b e 7?'="^"(M; A^). We split b = bo + + b+ as in We take closed 

forms which represent bo, b2, b+ and regard them as differential forms. Define 
"(Fx,jx)([7,H Jt'.'A'']) e A^ by the sum 

b n 1 r ' exp(/(z<;')*b2 - / w* bs) 
"(>x,jx)([7,w]j7 -iw ]) = 2^ 

^=0 ■ (9.8) 

t^(FX,JX);[7,u,],[7',„,'] ( b+, . . . , 
I 

We can prove that the sum in (|9.8p converges in g-adic topology, in the same 
way as in Lemma 16.51 We now define 

VlFx,jx)i\lM)= E ry\Fx,jx){[lMAi,w'])[i,w']- (9.9) 

We can also prove that the right hand side is an element of CF{H', J';A^) in 
the same way as in Lemma 15771 Thus we have defined (19. 3p . Then 

^(Fx,jx) O d'^Hj^ = d^H.j,^ O V^pxjx) (9.10) 

is a consequence of (|9.5p and Stokes' theorem. 

Now we would like to study the relationship between the Piunikhin maps P^^ j ^ 
as we vary {H, J) and the elongation function x G ^ given in Definition 13.111 Let 
X G /C and consider the three maps V^^ j y T^^h', j' ) "^{fx jx)- 

Proposition 9.6. V\^p,, j^-j oV^^ j ^ is chain homotopic to V^fj, j,y 

Proof. Let J^, be as in ([5T1|) and {F'.J") as in For 5 G [l,oo), r e M, 

we define Gs{T,t,x) as follows. 

^ , , , ix{r + 2S)Ht{x) T<0, S>1 
G5(r,M) = |^,(.-25)(^) r>0, 5>L 

We also define Js{T,t,x) by 

T / . ^ /'^x(T+2S),t T<0, S>1 
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We extend Gs to S* e [0, 1] by the following formula. 

Gs(t, t, x)^{l^ S)x{T)H'{t, x) + SGi{t, t, x). 

Note that Gs may not be smooth on S" at S" = 1, r G [—10, 10]. We modify it on a 
small neighborhood of this set so that Gs becomes a smooth family. We denote it 
by the same symbol Gs by an abuse of notation. 

We extend Jg to 5 G [0, 1] so that the following holds. 

(1) At 5 = 0, Js{T,t) coincides with f 

(2) Js is t independent for r < — 10. (It may be S dependent there.) 
We denote the family obtained above by 

{G, J) = {(Gs, Js)}sm>o- 
Now for each S G M>o, we consider 

^ + Js[^-Xgs{u))=0 (9.11) 

o 

and define its moduli space A4i{Gs, Js',*, [l, w]) defined in Definition 16. 101 We put 

Me{para;*,[-/',w'])= [j {S} x Mi{Gs, Js;*,[l' ,w']). (9.12) 

sm>o 

o 

Lemma 9.7. (1) The moduli space Ai({para\ *, [7',?/;']) has a compactification 
Aii(para;*, [j',w']) that is HausdorjJ. 

(2) The space Mi{para] *, ["/'jw']) has an orientable Kuranishi structure with 
corners. 

(3) The boundary 0/ A^^ (para; [7', w']) is described by the following three 
types of components. 

\jM#i^Apara-*,[i',w''])xM#i^,{H\J'-[i\w''Ui,w']) (9.13) 
where the union is taken over all (Li,L2) G Shuff(£), [7",?/;"] G Giit{AH')- 

[]m#u{h^,Jx-^*,[i,w])^M #u {F'' ,J'';h,w], [7' , w'] ) (9.14) 

where the union is taken over all (Li,L2) G Shuff(€), [7, i«] G Crit(ylif). 

Mi{H'^,J'^;*,h',w']). (9.15) 

(4) Then the (virtual) dimension satisfies the following equality: 

Mtipara; *, [7', w']) = ^J-H'ih', w']) + n + l + 2£. (9.16) 

(5) We can define orientations 0/ A^^(i?^, J;^; *, [7', w']) so that (3) above is 
compatible with this orientation. 

(6) ev extends to a weakly submersive map A4i{H-^, J^; *, [7', w']) — >■ M^, which 
we denote also by ev. It is compatible with (3). 

ev_oo : M^i{Hx, Jx', [l' , ^']) ^ ^ '^'^'^ extended also. 

Proof. The proof is mostly the same as the proof of Proposition 13.61 We only 
mention how the boundary components are as in (3). 

(|9.13p appears when there is a bubble to r — > 00. The bubble to r — > —00 is of 
codimension 2 by equivalence. (See the proof of Lemma [26.91 ) 

(|9.14p and (|9.15p corresponds to 5 — ?> 00 and 5 = respectively. □ 
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We use this parameterized moduli space in the same way as in the definition of 
V^fj J J and define a degree one map 

J) : n{M)ig)A^ CF{M,H';A^). 

Lemma [9.71 together with Stokes' theorem and a cobordism argument to derive 
the equality 

9iH'.j') ° + ° d = o V^H^^j^^ ~ PlH,^^j.y (9.17) 

ProDoition 19.61 follows from (|9.17p . □ 

Next we prove the following bound for the action change. 
Lemma 9.8. // A^^(i^^, J'^; [7, w], [7', w']) is non-empty, 

Aw{W,w'])-Ah{[iM) < E-{H' -H). 

o 

Proof. Let u £ M^iF^, J^;['-f,w],['y' ,w']). By the same computation as in the 
proof of Lemma 13. 8[ we obtain 

AH'i[l\w'])~AH{[l,w]) - -E^hM^)- f I x{r){H' -H)ou{T,t) dtdT 

< / - mm{H't{x) - Ht{x)) dt ^ E- {H' ^ H) 
Jo 

where the inequality follows since x' ^ J x'd^ = 1- D 

Now we are in the position to complete the proof of Theorem 19.11 By Lemma 
19.81 we have 

P(Vx;jx) {F^CF{M,H;A^)) C F^+^' CF{M,H' ; K^). (9.18) 

Let p = p°{H]a) and e > 0. We take x e FP+^CF{M, H] k^) which represents 
Then the element Vlp^ j^^{x) e FP+'-^' -"'>CF{M,G; A^) rep- 
resents the Floer homology class V^p^- jx)'P(h^ Jx)^"'^^ ~ ^(H' ./' j^*^^)' (Proposition 
19. 6p . Therefore p'^{H'; a) < p + e + E^{H' — H). Since e is an arbitrary positive 
number, we have 

p\H'-a)<p\H;a)+E-{H'-H). 
By exchanging the role of H' and H we have 

p\H- a) < p\H'- a) + E+{H' - H). 
The proof of Theorem [nH] is complete. □ 



We note that Theorem 19.21 follows from the above argument applied to the case 
H = H' hut J ^ J'. □ 
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10. Proof of homotopy invariance 

In this section we prove Theorem 17.71 (3) and Theorem 14.121 Let i?^, s G [0, 1] 

be a one parameter family of normahzed periodic Hamiltonians : S*^ x Af — s- R 
such that: 

(j)]js = ijj, (l)%s = id for all s e [0, 1]. (10.1) 
We assume without loss of generality that H^{t,x) = on a neighborhood of 
{[0]} X M C S'l X M. 

We first define an isomorphism 

/, : GTit{AH») CritiAH^). (10.2) 
Let 7 e Per(^^o). Put p — 7(0) and 7^ — z^' defined by 

By (IT03|) . z^'{l) = 7(1) = ^j{p) for aU s e [0,1]. Moreover, we have z^' e 

PeiiAH-)- We note that z^" = 7. 

Next let [7, w] S Crit(y^//o) be a lifting of 7. By concatenating w with [J^rKs 
to obtain Wg : — > M such that Ws\od^ — 7s- We now define 

h{[^,w])^[j,,w,]. (10.3) 

The following is proved in |Sc2] . Proposition 3.1 for the symplectically aspherical 
case and in jOh2] in general. The following proof is borrowed from |0h2| 

Proposition 10.1. Suppose that each is normalized and satisfies (jlO.ip . Then 
we have 

AH^ilsiii^w])) ^ Anoih-.w]) 

for all s G [0,1]. 

Proof. To prove the equality, it is enough to prove 

^AH^iIsih,w]))=0 (10.4) 
as 

for ah s e [0, Ij. 

Note that Aho{Io{[i,w])) = -^/^o ([7, w]). Denote H H{s,t,x) := H''{t,x) and 
denote by if = K{s^ t, x) the normalized Hamiltonian generating the vector field 

^o(0*,.)-^=:^K 
as 

in s-dircction. We compute 

^^^.(/.([7,H)) = {dAH^{is{bM))) {j;is{bM)) f ^{s,t,is(t))dt. 



-A„.{Is{b,w]))^- —{s,t,j,{t))dt. (10.5) 



Using that Is ([7,10]) e Crit^/^s, this reduces to 
By p^?T]) . we have 

Xk{s,1,x) = = Xk{s,0,x) 
which implies dKg^i = 0. Therefore Kg i = c(s) where c : [0, 1] — > M is a function 
of s alone. Then by the normalization condition, we obtain 

Kss = 0= K,^o- (10.6) 
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Lemma 10.2. 



-g^{s,tA'Hs{p)) = - {K{s,tA'Hs{^)ip))) ■ (10.7) 

Proof. The following is proved 

dK dH ^ 

in [Bal] Proposition 1. 1.1 for normalized family H". By rewriting this into 

and recalling the definition 

{K, H} = u{Xk, Xh) = dKiXn) 

of the Poisson bracket (in our convention), it is easy to check that this condition 
is equivalent to (|10.7I) . Here the exterior differential and the Poisson bracket are 
taken over M for each fixed {s,t). □ 

Therefore we obtain 

dH OH 



1 d 



= K(s,l,<i>\j.{p))~K{s,Q,<iPH^{p)) 
- i^(s,l,^(p))-if(s,0,p) = 

where the last equality comes from ()10.6p . Substituting this into (jlO.Sp . we have 
finished the proof. □ 

The following corollary is immediate. 

Corollary 10.3. Spec(i7") = Spcc(i/''). Moreover Spec{H°; b) Spcc(i7^; b). 

The following lemma is proved for arbitrary (M, cj) by the second named author 
in |0h3| . (The corresponding theorem in the aspherical case was proved in [Sc2j 
generalizing a similar theorem in [HZ].) 

Lemma 10.4. The set Spec(iJ) has measure zero for any periodic Hamiltonian H . 

This, together with Lemma ri0.4l and the fact that the set G{M, ui, b) is countable, 
implies 

Corollary 10.5. Spec(_ff; b) has measure zero for any periodic Hamiltonian H and 
b. 

Proof of Theorem [7^7] (3). By Theorem [7?71 (1) which is proved in Section [HI the 
number p°{H'^] a) is independent of the choices of J and perturbation. By Theorem 
19.11 the function s i— )■ p^{H''\a) is continuous. Moreover p^{HP\a) is contained in 
a set Spec(i?'';b) that is independent of s and has Lebesgue measure 0. (This 
independence follows from Corollarv 110.31 ) Therefore s i— > p^\H'^\a) must be a 
constant function, as required. □ 

Theorem 14. 121 is a special case of Theorem 1 7. 71 for & = 0. 
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(11.3) 



11. Proof of the triangle inequality 

In this section we prove Theorem l7.8l (5). The proof is divided into several steps. 

11.1. Pants products. In this subsection, we define a product structure of Floer 
cohomology of periodic Hamiltonian system. It is called the pants product. Let 
Ji = {Ji,t}, J2 — {^^2.*} be S'^-parametrized families of compatible almost complex 
structures on M. We assume that 

Ji,t — J2,t — Jqj if i is in a neig hborhood of [1] e 5*^ (11.1) 

Here Jq is a certain compatible almost complex structure on M . We remark that we 
have already proved J-independence of the spectral invariant. So we may assume 
the above condition without loss of generality. (Actually we may also choose Ji^t — 
J2,t — Jo without loss of generality. See Remark [33] (2).) 

We next take time-dependent Hamiltonians Hi,H2. After making the associated 
Hamiltonian isotopy constant neat t — 0, 1, we may assume 

Hi^t = H2,t = 0, if t is in a neighborhood of [1] G . (11.2) 
The pants product is defined by a chain map 

m^' : CF{M, iJi, Ji; A^) (g) CF{M, H^, J2; A^) 

->CF(M,i?i#i/2, Ji#J2;A^) 
where 

(i/i#H2)(t,.)^|'^^('^'^) '^'/'^ (11.4) 

and 

/ r „ r ^ iji(2t,x) t < 1/2, 

(^^#^^)(*'^)=|j2(2;-M) t>i/2. ^''-'^ 

Remark 11.1. Our definition of Hi^H2 is different from those used in |Sc21IOh4] . 
But the same definition is found in |ASc2) . 

It is easy to see that 

In the symplectically aspherical case, the detail of the construction (|11.3p is writ- 
ten in |Sclj . Its generalization to arbitrary symplectic manifold is rather immediate 
with the virtual fundamental chain technique in the framework of Kuranishi struc- 
ture ^FOj . We treat this construction for the general case here together with its 
generalization including bulk deformations. 

Let E = 5*^ \ {3 points}. We choose a function /i : E — > M with the following 
properties: 

Condition 11.2. (1) It is proper. 

(2) It is a Morse function with a unique critical point zq such that h{zQ) = i. 

(3) For s < i, the preimage /i~^(t) is a disjoint union of two S'^'s, and for 
T > i, /i~^(t) is one S^. 

We fix a Riemannian metric on E such that E is isometric to the three copies 
of X [0, 00) outside a compact set. Let V'vft ^^^^ parameter subgroup 
associated to the gradient vector field of h. We put 

6 = {z e E I lim ipyhi^) = zo, or lim ijj^hiz) = zq} 
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i.e., the union of stable and unstable manifolds of zq. Take a diffeomorphism 

ip:Rx ((0, 1/2) U (1/2, 1)) ^ E \ e 

such that h{ip(T, t)) — t and put a complex structure js on E with respect to which 
if is conformal. Such a complex structure can be chosen by first pushing forward 
the standard one on R x ((0, 1/2) U (1/2, 1)) C C and extending it to whole E. This 
choice of ip and js also provides the cylindrical ends near each puncture of E. 
We define a smooth function H"^ : E x M — M by: 

H^{^{T,t),x)^{H^#H2){t,x) (11.6) 

on E \ 6 and extending to 6 by 0. This is consistent with the assumption (|11.2p . 
We define a E-parametrized family J"^ of almost complex structures by 

Note that the right hand side is Jq in a neighborhood of 6. So we can extend it to 
6. 

For T < ^, we take the identification 

/.-i(r) -([0, 1/2]/ ([1/2,1]/^), 

where 0^1/2 and 1/2 ^ 1. Consider the natural diffeomorphisms 

^1 : ([0,1/2]/^)^ ([0,1]/^); tK^2t 

^2 : ([1/2,1]/^)^ ([0,1]/ ^);iK^2t-l. 

Then we have the identity 

{Hi#H2)dt = (p*{H,dt), 1^1,2. (11.7) 

This can be easily seen from the definition of Hi^H2. 

Hereafter in this section, we assume that Hi, H2, iJi#-ff2 are all nondegenerate. 
Let [71, wi] e Crit(^/i-J, [72,^2] G Crit(y4,_H-2 ) and [73,^3] e Crit(y4,_H-i#ff2)- 

o 

Definition 11.3. We denote by A^^(if''', J'''; [71; wi], [72; W2], [73, ^3]) the set of 
all pairs {u; , . . . , z^) of maps u : AI and z^ £ E are marked points, which 
satisfy the following conditions: 

(1) The map u = u o ip satisfies the equation: 

jH^-xm^))-^. (11.8) 



dr \dt 

(2) The energy 





du 


2 


du 






+ 


'dt 



2 

dt dr 



is finite. 

(3) It satisfies the following three asymptotic boundary conditions. 

lim u{(p{T,t)) = 7(t). 

r— f +00 



lim u{ip{T,t)) 



7i(2t) t<l/2, 
j2(2t-l) t>l/2. 

(4) The homotopy class of {wi U W2)#w is [w] in 7r2(73). Here {wi U W2)#u is 
the obvious concatenation of wi, W2 and u. 

(5) z^, . . . , are mutually distinct. 
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We denote by 

o 

ev = (evi, . . . ,evf) : A^^(iJ'^, J*^; [71, wi], [72, W2], [7, ^ 
the evaluation map which associates to (u; ^ . . . , z^) the point {u{z^)^ . . . , u{z^)). 

Remark 11.4. One can write the equation (jll.81) in a more invariant fashion into 
the coordinate independent form 

{du + PhAu))^'''^'^ =0 

where PHf is a m* (TM)-valued one form on E and the (0, l)-part is taken with 
respect to js(y) on T^E and J'^{u{y)) on Tu(y)M at each y € E. In terms of (p, the 
puh-back ifi* {Ph-p ) can be written as 

ip*iPH.)=XH,dt, 2, 3 

on the ends of E near the punctures. 

Now we have the following proposition that provides basic properties of the 

o 

moduh space Mi>{Hf,Jf] [71, wi], [l2,W2], [l^.w^])- 

o 

Proposition 11.5. (1) J"^; [71, wi], [72, W2], [73, u'3]) has a compacti- 

fication MeiPf^ , J"^, [7i,u'i], [72,102], [73,^3]) that is Hausdorff. 

(2) The space A^^(i?''', J'''; [71, wi], [72, W2], [73, W3]) has an orientable Kuran- 
ishi structure with corners. 

(3) The feottridar?/ o/A^£(iJ''', J'^; [71, wi], [72, 102], [73, 1^3]) is described by union 
of the following three types of direct products. 

M^uiHuJi; hi,wi], h[,w[]) X X#L.(i?'", J'^; h'i,w[], [^2,W2], [73,^^3]) (11-9) 

where the union is taken over all [j'ljw'i] € Crit(_ffi), and (Li,L2) G 
Shuff(^). 

M#u{H2, J2; [72, [72, ^2]) X M#i.,{H^, J'^; [ii,w{\, [7^, [73, w^^]) (11.10) 

where the union is taken over all [72,^3] G Crit(iJ2), and (Li,L2) G 
Shuff(£). 

■^#Li(^f'^,J'^;[7l,Wl],[72;Wl],[73,W^3]) 
xM#u{HlifH2,Jl#J2;W3,w',],[^3,W3]) 

where the union is taken over all [73,1^3] G Crit(iJi^iJ2), o-nd (Li,L2) G 
Shuff(^). 

(4) Let fiH : Crit(yl/f) — > Z 6e the Conley-Zehnder index. Then the (virtual) 
dimension satisfies the following equality: 

dYmMi{H'^ ,J'^] [71,^^1], [72,ti'2], [73,^3]) 

= MHi#-ff2([73,'!«3]) - MHi([7i,w'i]) - Ai//2 ([72,^2]) +2i-n. 

(5) We can define orientations of A4i{H'^,J'^; [71, wi], [72,^2], [73,1(73]) so that 
(3) above is compatible with this orienation. 

(6) The map ev extends to a strongly continuous smooth map 

MeiH^^J"^; [7i,«^i], [72,t«2], [73,^^3]) ^ M', 
which we denote also by ev. It is compatible with (3). 
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The proof of Proposition 111.51 is the same as that of Proposition 13.61 and so is 
omitted. Let b e i/""="(M; A^). We spht b = bo + &2 + b+ as in We define 

^H'p,j-p;ibi^'^i]' [72,^2], [73,^3]) G A;^ by 

^H'P,J-P;ihl^'^l]' [72,^2], h3,W3]) 

E°° exp(b2 n W3 — b2 n W2 — b2 n wi) 
£\ (11.13) 

\ evib+ A • • • A ev^b+. 

J Alf (ff f , ; [71 , [72 ,11)2] , [73 ,^3]) 

We define a system of multisections on various MeiH"^, J'^; [71, wi], [72, ^2], [73, W3]) 
which is compatible with the identification of their boundaries in Proposition 111. 5l 
(3) and use it to define the integration in the right hand side. 

Definition 11.6. We put 

m2{['yi,wi] (S) [72,^2]) 

"ffv>,J^;([7l,W'l]j72,W2],[73,W3])[73,W3]. (^'l^) 

[73 , W3 ] e Grit (^H- J 2 ) 

We can prove that the right hand side of (111.14^ converges in CF{{Hi^H2, J2); A^) 
in the same way as the proof of Lemma [6.71 We have thus defined (jll.3p . 

Lemma 11.7. 

Proof. This is a consequence of Proposition 111.51 (3) and Stokes' theorem. In 
fact, pXgi) . (Ill.lOp . (|ll.lip correspond to m^' o d^^^^ ^2' ° ^(^2 .J2) ^^'^ 

c>(HM,.h#j,) ° respectively. □ 
Thus we have 

m^^ : HF{{Hi,Ji);A^)(g)HF{M,H2,J2;A-^) 

(11.15) 

HF{M,H,#H2,Ji#J2;A^). 
The next proposition shows that it respects the filtration. 

Proposition 11.8. For all Ai, A2 G M, 

m^' {F^'CF{M, Hi, Ji; A^) (g) F^^CF{M, iJz, J2; A^)) 
C F^'+^^CF{M,Hi#H2,Ji#J2;A^). 

Proof. 

Lemma 11.9. // A^£(i?'^, J*^; [71, wi], [72, ^2], [73, ^3]) is nonempty, then 
■AHd[li,Wi]) + Ah2{[12,W2]) > ^Hi#H2 ([73,^3]). 

O 

Proof Let (u; z+, . . . , z+) G A^£(i/'^, J*^; [71, wi], [72, ^2], [73, w'3]) and tq < 0. We 
identify 

We denote the restriction of u to Sl by and the restriction of u to by 7^° . 
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(11. If 



We concatenate wi with Ur<ro7i" to obtain w]"" which bounds 7]"°. We define 
W2' in the same way. 

In the same way as Lemma 13.81 we derive 

Next let To > 0. We denote the restriction of u to /i^^(to) by 7'^°. We concatenate 
wi U W2 and the restriction of u to {z e E | h{z) < tq} to obtain w'^" . In the same 
way as Lemma 13.81 we also derive 

AH,#HA[Y\w^»])>AH,#HAl^,w:i\). (11.17) 

It follows easily from definition that 

\iu,{AHA[ll\<])+AHM\<])) = \iu,AH,#HA[Y\w^°]). (11.18) 

To->-0 -ro->-0 

Lemma nH follows easily from (|11.16p . (|11.17p . (|11.18p . □ 

Proposition 111.81 follows immediately from Lemma [11. 91 □ 

11.2. Multiplicative property of Piunikhin isomorphism. In this subsection, 
we prove that the Piunikhin isomorphism interpolates the quantum product Ub of 
QH and the b-deformed pants product of HF. 

Let X : R — )■ [0, 1] be as in Definition 13.111 For each 5* e R, we define 

i/|(z, x) = xiKz) + S)H'^{z, x) 

where H"^ is as in (|11.6p . Similarly we define a family Jgiz) so that 

j|(^(T,t)) = J'^(^-*)((^(T + 5,t)). 

Due to the condition Jf = Jq near t = 0, this definition smoothly extend to whole 
E. 

With this preparation, we prove the following: 
Theorem 11.10. For ai,a2 G H{M;A^), we have 

"l2'(^((Hl)x,(Jl)x):*('*l):^((H2)x,(./2)x),*(«2)) = V(^(H^#H2)^,{Ji#J2)^)A°-i 02). 

Proof. Let [71,^1] G Crit(yl/fJ, [72,^2] G Cmt{AH2) and [73, 1^3] G Grit{AHtH.H2)- 

o 

Definition 11.11. We denote by A4i{Hg, Jg \ [7, w\) the set of all pairs (u; Zj^, . . . 
of maps u : E — >■ Af and zf G E, which satisfy the following conditions: 
(1) The map Ti := uo ip satisfies 



du 



(2) The energy 



E, 



i5 + 4(|-^-l(^))=o. 



(11.19) 





du 


2 


du 






+ 

TV 


'dt 



dt dr 



is finite. 

(3) It satisfies the following asymptotic boundary condition. 

lim u{(p{T,t)) = 7(t). 

r— >4-oo 

(4) The homotopy class of u is congruent to [w] modulo ~. 
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(5) , . . . , z'^ arc mutually distinct. 

We note that (|11.19p and the finiteness of energy imply that there exist pi,p2 G 
M such that 

lim u{^{r,t)) = h (11.20) 

T^-oo I p2 t > 1/2. 

Therefore the homotopy class of u in 7r2(7) is defined. 
We define the evaluation map 

o 

ev_oo = (ev_ooa,ev_oo,2) : Me{H'^ , J'^;**,[j,w]) ^ 
by ev_oo(u) — (pi,P2) where pi,p2 are as in (|11.20p . and 

ev = (evi, . . . , ev,) : Mi{H^., J|; [7, w]) M' 

by ev(u;zj*",...,z+) = {u{z^), . . . ,u{z+)). 
We put 

Me{para;H'^,J'^;**,[j,w])= [J {S} x MfXH^ J^;**,[j,w]). (11.21) 
The evaluation maps ev_oo and ev are defined on it in an obvious way. 

o 

Proposition 11.12. (1) The moduli space Mi{para; H'-f , J''^;**,['y,w]) has a 
compactification Mi(para; , J'f; **, [7, w]) that is Hausdorjf. 

(2) The space Mi{para; H'^ , Jf; **,['y,w]) has an orientable Kuranishi struc- 
ture with corners. 

(3) The boundary of Ai i{j>ara] H"^ , J^]**,['y,w\) is described by the union of 
following three types of direct or fiber products: 

M^uipara; i?^, J'^; **, [7', w']) x M^uiHin, JM\ [7', w% [7, w]) (11.22) 

where the union is taken over all ['y' ^w'] G Gi\t{Hijj^H2) and (Li,L2) G 
Shufr(^). 

The second one is 

■^3V#Li(«;^0) CV3 Xcv_ X#L.((i/l#i/2)x,(^l#^2)x;*,[7>'])- (11-23) 

Here M.'^^^i^^ {a\ Jq) is as in Section[5[ The union is taken over all (Li, L2) G 
Shuff(£) and a, w' such that the obvious concatenation a^w' is homotopic 
to w the fiber product is taken over M . 
The third type is 

(7W#Li((-ffi)x,(>/i)x;*.[7i,«^i]) X Al#L2((^2)x,(>/2)x;*, [72,^2])) 

where the union is taken over all (Li,L2,L3) the triple shuffle o/{l, . . . 
and [7i,u)i] G Crit(^jyJ, [72,^2] € Cy\X,{Ah2)- 

(4) Let fiH ■ Crit(^j:/) — Z 6e the Conley-Zehnder index. Then the (virtual) 
dimension satisfies the following equality: 

dimMe{para;H'^,J'^;** [-f,w]) = fiH,#H2{[l,w]) + 2{. + 1 + n. (11.25) 

(5) We can define orientations of Meipara; , J^; **, [7, w]) so that (3) above 
is compatible with this orientation. 
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(6) The map ev extends to a strongly continuous smooth map 

Miipara; H"^ , J*^; [7, w]) M\ 

which we denote also by ev. It is compatible with (3). 

(7) The map ev„oo extends also to a strongly continuous smooth map 

Miipara;H'^,J'f;**, [y,w]) M^, 

which we denote by ev_oo- It is compatible with (3). 

Proof. The proof is the same as other similar statements appearing in this and 
several other previous papers, such as |F0[ IFOOOlj . So it suffices to see how the 
boundary of our moduli space appears as in (3). 

For each fixed S the boundary of Mi{Hg, Jl"; **, [7, w]) is described by (|11.22p . 
with para being replaced by S. We note that there is a 'splitting end' where 'bubble' 
occurs at T — >■ 00. 

The case S* — > — 00 is described by (|11.23p . We can prove it as follows. We 
recall that \mis^-oo{Hs , Jg) = (Q, Jo) where Jo is time-independent. We also 
remark that the moduli space A4f_^f {a; Jq) is identified with the moduli space of 
{u; , . . . , z^) such that u = uo (p satisfies the equation: 

and Ju*uj < 00, [u] ^ a. Therefore the 'bubble' which slides to t — > — cxi is 
described by Mf^g{a; Jo). 

The other potential 'splitting end' where 'bubble' occurs at t — > —00 has codi- 
mension two and do not appear here. (This is because of symmetry on such a 
bubble.) 

Finally the case S — > +00 is described by (|11.24p . □ 

To use Ai{{para; , J'''; w]) to define an appropriate chain homotopy 

we need to find a perturbation (multisection) on it which is compatible with the 
description of its boundary given in Proposition 111.121 (3). Since (|11.23p involves 
fiber product we need to find a perturbation so that ev3 is a submersion on the 
perturbed moduli space. We need to use a family of multisections for this purpose. 
The detail of it is given in |F0003) Section 12, etc. 

We regard Aif_^({a] Jo) as the compactified moduli space of the pair {u; , . . . , z^) 
satisfying (|11.26p etc. Then we have a family of perturbation s = {s"} parametrized 
by tn e W where W is certain parameter space that is a manifold equipped with a 
compact support probability measure with smooth kernel. We use it in the way de- 
scribed in [F0003| Section 12 to define a smooth correspondence. Here we use the 
evaluation maps at 1, 2, 4, ...,£ + 3 marked points as an 'input' and the evaluation 
map at the 3rd marked point as an 'output'. It gives a map 

Corr(X!5V^(a; Jo)) : n{Mf^^+^'> ^ n{M). 

Namely 

CorT{Mf+g{a\ Jo))(/ii, /i2, ^3, • • ■ , hi+2) 
= ev3!(evi X ev2 X ev4 X • • • X ev£+3)*(/ii, /12, /13, ■ • ■ , hi+2), 
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where evs; is the integration along fiber of the perturbed moduli space Aifj^^(a; JqY 
by the map evs : Ml\f{a; Jq)^ — M. We extend Corr(A^3'j_^(Q;; Jq)) to 

ConiMf+fW, Jo)) : (17(M)§A^)^(2+«) ^ f](M)§A^ 

by A"^-multilinearity. 

Let b e 7?''™"(M; A;^) and split b = bo + b2 + b+ as in ((5?5|) . We take closed forms 
which represent bo, b2, b+ and regard them as differential forms. Let ai , 02 G Q{M). 
We put 

exp(b2 n a) 



-CoTr{Mf+g{a; Jo))(ai, 03, b+, . . . , b^ 



e 

We then define 

fltt32(ai,a2) =5I«""""0"'2;a(ai,a2). (11.27) 

a 

We can easily prove that the right hand side of (I11.27P converges in J7(Af)(g)A^. Us- 
ing the fact that Gromov-Witten invariant is well-defined in the homology lebel (this 
follows from the fact that A^g^f (a; Jq) has a Kuranishi structure without bound- 
ary), we can easily show that QXV2 induces a product map U'^ in the cohomology 
level. 

We now go back to the study of the moduli space Me{para] H'^, J*^; **, [7, w]). 
We will define a family of multisections on it by an induction over the energy. We 
note that we have already defined (a family of) multisections of the moduli spaces 
which appear in the right hand of Proposition 111.1^ (3). The fiber product in 
(|11.23l) is transversal to our family of multisections since we take the perturbation 
of the first factor so that ev3 is a submersion on the perturbed moduli space. Other 
products appearing in (lll.22p and (|11.24l) are direct products so the perturbation 
of each of the factors immediately induce one on the product. Thus we have defined 
a family of multisections on the boundary. It is compatible at the corners by the 
inductive construction of multisections. Therefore we can extend it to the whole 
Me{para; H'^ , J"^; [7, w]) by the general theory of Kuranishi structure. We use 
it to define integration on these moduli spaces below. 

We now put 

Eexp(b2 na) f \ . */r . . r ^ 
-J, evl^(ai,a2)Aev*(b+A---Ab+). 

Definition 11.13. 



We can prove that the right hand side converges in CF{M, Hi^H2, Ji# J2; A^) 
in the same way as the proof of convergence of the right hand side of p.6p . 



Lemma 11.14. We have 

^ cb , c,b 
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Proof. Using Proposition 1 1 1 . 1 2l the lemma follows from Stokes' formula |F0003) 
Lemma 12.13 and composition formula |F0003) Lemma 12.15. □ 

Theorem 111.101 follows immediately from Lemma 111.141 □ 

11.3. Wrap-up of the proof of triangle inequality. Now we prove: 

Theorem 11.15. We assume that Hi, H2, Hi=fl=H2 are nondegenerate. Then J or 
any ai, 02 G H{M\ K^) we have: 

Proof. Let e > and pi = p{Hi;a,;b). Let x, g FP^+^CF{M,H,,Ji) such that 
dlH^,J,)i^i) = and [x,] = 7'(V.),,(J.)J,*(«') e HF(M,H,,Ji) {i = 1,2). 
By Proposition 1 1 1 . 81 we have 

By Theorem 1 1 1 . 1 01 we have 

[mfixi,X2)] = U'^ 02). 

Therefore by definition 

p{Hi#H2]ai U*" 02; fa) < Pi + P2 + 2e. 
Since e > is arbitrary, Theorem 111.151 follows . □ 

12. Proofs of other axioms 
We are now ready to complete the proof of Theorem 17.81 

Note that the proof of Theorem 17. 71 (1). (3) has been completed in Section [TOl and 
hence the invariant p'°{(j);a) is well-defined for G Hamnd(-^^; i^)- 

For general ipH S Ham(M; u), not necessarily nondegenerate, we take nondegen- 
erate Hi which converges to H in C°-sense and take the limit limi_j.oo P^CV'-f/;! a)- 
This limit exists and is independent of Hi by Theorem l9.ll We define this limit to 
be a) and have thus defined p^{4>; a) in general. We prove that it satisfies (1) 
- (7) of Theorem El 

Statement (1) is Theorem 18.81 

Statement (2) is immediate from definition. 

Now let us prove (3). In a way similar to the proof of Lemma 19.81 we prove the 
following: 

Lemma 12.1. // A^^ (i?^, J^; [7, w]) is nonempty, then Ah{[1iw\) < E^{H). 
Therefore if Og(a) < A then 

VlH^,j^){a') e F^+\\"^\\-CF{M,H,J). 

It follows that 

p\H-a) <X + E-{H). 

We apply this inequality to a a sequence Hi of Hamiltonians converging to 
such that are nondegenerate. By taking the limit, we have 

p'(Q;a)<A. 
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Since this holds for any A > fq{a), p^(0;a) < Og(a). We refer to Proposition 126 . lOl 
in Section for the proof of opposite inequality 



Statement (4) is immediate from construction. 

Statement (5) is Theorem 111.151 in the nondegenerate case. The general case 
then follows by an obvious limit argument. 

Statement (6) immediately follows from Theorem 19. II 

Statement (7) is obvious from construction. We have thus completed the proof 
of Theorem 17.81 except the opposite inequality (|12.1[) which is deferred to Section 



p\0-a) > Oq{a). 



(12.1) 



m 



□ 
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Part 3. Quasi-states and quasimorphisms via spectral invariants with 
bulk 

In this chapter, we show that Entov-Poherovich's theory can be enhanced by 
involving spectral invariants with bulk, which we have developed in Chapter 2. 
The generalization is rather straightforward requiring only a small amount of new 
ideas. So a large portion of this part is actually a review of the works by Entov- 
Poherovich and Usher [EPl, EP2, EP3, Os2, Usl. lUsS] . (It seems, however, that 
the proof of Theorem 115.11 below is not written in detail to the level of generality 
that we provide here.) 

13. Partial symplectic quasi-states 

We start by recalling the definition of Calabi homomorphism. Let H : [0,l]x M 
be a time dependent Hamiltonian and the t parameter family of Hamiltonian 
diffeomorphisms induced by it. We note that we do not assume that H is normal- 
ized. For an open proper subset U d M we define 

IIam[/(M, = {^H e IIam(M,a;) | suppiff C U for any t} . (13.1) 

We denote the universal covering space of IIam[/(M, cj) by Ham[/(M, w). Each 
time dependent Hamiltonian H supported in U determines an element ipn — 4>\i ^ 
Ham(7(M, w), together with its lifting ipn — [4>h]u € Ham[/(M, w). Here [■]u is 
the path homotopy class of (j)H in Hamc/(M, w). We recall the following lemma 
due to |Caj . whose proof we omit. (See for example }Ba2j Theorem 4.2.7, [MS] 
p.328-p.329.) 

Lemma 13.1. If snpp Ht C U for all t, then the integral 

f dt I Ht w" 

Jo JM 

depends only on ipn G Hamt/(M, w). 

Definition 13.2. We define the homomorphism Calfy : Ham(7(M, cj) — > R by 

Galuii^H) ^ f dt f i/tw", 

Jo JM 

which is called Calabi homomorphism. 
This is well-defined by Lemma [13. II 

We next recall the notion of partial symplectic quasi-states introduced by Entov- 
Polterovich |EP2j . We say that a subset J7 of M is displaceable if there exists 
(/) e Ham(M, w) such that (/>([/) n U = 0. 

Definition 13.3 ([EP2], [EP3] ). A partial symplectic quasi-states is defined to be 
a function C, : C*'(M) — > R that satisfies the following properties: 

(1) (Lipschitz continuity) |C(Fi) - ((^3)! < - i^^alb"- 

(2) (Semi-homogeneity) ({\F) = XC{F) for any F e C°{M) and A e M>o. 

(3) (Monotonicity) C{Fi) < ((-^2) for Fi < F2. 

(4) (Normalization) C(l) = 1- 

(5) (Partial additivity) If two Fi, F2 G C°°(Af) satisfy {Fi,i^2} = and 
suppF2 is displaceable, then ^(i^i + F2) = ({Fi). 

(6) (Symplectic invariance) CiP) = C{P ° "0) for ^ny -0 S Sympg(Af, w). 
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(7) (Vanishing) C{P) — Oi provided suppF is displaceable. 

(8) (Triangle inequality) If {^1,^2} = 0, ({Fi + F2) > C{Fi) + C{F2). 

The triangle inequality property is required in the definition in jEP3) . though it 
is not in [EP2 . The triangle inequality (8) is different from the one in |EP3| and 
are adapted to our convention. Namely, for a partial symplectic quasi-state (^^ 
in the sense of Entov-Polterovich, ({H) ~ —(^^{—H) gives a partial symplectic 
quasi-state in the sense of Definition 113.31 We would like to point out that the 
above vanishing property (7) is actually an immediate consequence of the axiom, 
partial additivity (5). 

The upshot of Entov-Polterovich's discovery is that the spectral invariant func- 
tion H n- p{H; 1) naturally gives rise to an example of partial symplectic quasi- 
states, which we denote by Ci. In fact, this spectral partial quasi-states is the only 
known example of such partial symplectic quasi-states so far. We call any such 
partial symplectic quasi-states constructed out of spectral invariants and its bulk- 
deformed ones as a whole spectral partial quasi-states. The main result of the next 
section is to generalize Entov-Polterovich's construction of spectral partial (sym- 
plectic) quasi-states by involving the spectral invariants with bulk. 

Recall that the Lie algebra of IIam(M, lu) or IIam(Af, ui) can be identified with 
C°°(M)/R = C°°(M)o, the set of normalized autonomous Hamiltonian functions. 
The functional — Ci I c=°(m) is defined on the central extension C°°{M) of this 
Lie algebra. 

In fact, Ci can be regarded as a 'linearization' of another nonlinear functional 
defined on Ham(Af, u) which is the functional /i : IIam(A/, w) M described in 
[EP2j section 7. This becomes a genuine quasimorphism under a suitable algebraic 
condition such as semisimplicity of the quantum cohomology ring of the underlying 
symplectic manifold (Af, cj). Entov-Polterovich did not name this functional /i. We 
propose to use the name Entov-Polterovich pre- quasimorphism, for the function fi 
which has the properties established in ^EP2j section 7. We recall that the Hofer 
norm for (j) G Ham(Af, w) is defined by 

ll^ll =inf{||i/|| I =?}. (13.2) 

Following [EP2] . we define another norm called the fragmentation norm. 

Definition 13.4. We say \\(t>\\u < to if and only there exists -tjji G Ham(Af,a;), 
G IIam[/(A'/, uj) for i = 1, . . . , to such that 

m 
i=l 

The following fragmentation lemma of Banyaga |Bal) shows that the norm \\4>\\u 
is always finite. 

Lemma 13.5 (Banyaga). Let Ui C M he open sets for i = 1, . . . , N , U — [J^ Ui, 
and (j) e IIamt/(Af, w). Then there exists 4>j such that G Ham^/.^^.j (Af, oj) for 
some i{j) G {1, . . . , N} and 

(f) = (f)l.. . (I)N. 

Proof. We give a self contained proof below for the sake of completeness and for 
readers' convenience. By an obvious induction argument it suffices to consider the 
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case N = 2, namely U = UiU U2- Let 4) = E lla.mu {M , uj) . Wc may assume 
without loss of generality that (f> = tpn and < e, where e is a positive 

number depending only on Ui, U2 and U to be determined later. (This is because 
any element of Ham[/(M, w) is a product of finitely many such (^'s.) 

Wc take a pair of open subsets U" C U{ so that U" C U{ C Ui, u" C U{ C 
U[ C Ui and C/f suppiJ. 

Let 77 : M — »^ [0, 1] be a smooth cut-off function such that suppr/ C Ui and that 
T] = 1 on U{. and put ^1 = V'rjff- It is easy to see that if e is sufficiently small then 
(f)i = (f) on Ui, where <f> € Ham(7(M, w) is the projection of <f). Moreover we may 
assume that (t)i{x) = x for x ^ t/" U 1/2- 

Therefore the support of (1)2 = (j)i^(t> is on U2 and the support of (/>i is on Ui. 
Using the fact that they are C^-close to the identity, it follows that ^1(^2 = 4'- D 

Definition 13.6. We call a map fi : Ham(M,a;) ^ M an Entov-Polterovich pre- 
quasimorphism on Ham(M,a;), if the following conditions are satisfied for tpjcj) € 
Ham(M, w). 

(1) (Lipschitz continuity) \fJ,{ip) — where || || is the Hofer 
norm and C is a constant independent of V") 

(2) (Semi-homogeneity) /u((?i>") = nii{(j)) for any n G Z>o. 

(3) (Controlled quasi-additivity) If f/ C M is displaceable, then there exists a 
constant K depending only on U such that 

|m(V^^) - M(^) - M(^)| < Kminimu, Mu)- 

(Symplectic invariance) = iJ,{tp 0^0 V'~^) for all (p e Ham(M, uj) and 

ip e Sympo(M, w). 

(Calabi Property) If f/ C M is displaceable, then the restriction of fi to 
Hami7(M,a;) coincides with Calabi homomorphism Calf/. 



14. Construction by spectral invariant with bulk 

In this section we describe construction of an example of Entov-Polterovich pre- 
quasimorphism out of spectral invariants with bulk. Let b € QH{M;Aq) and 
e ^ e H{M; A^) satisfying 

eU''e = e. (14.1) 

An obvious example of such e is e = 1 € QH{M; Aq). For given tpH € Ham(M, w), 
we consider the limit 

/Xe^V^H)=vol„(M) lim P^ii^")'"'^) ^ (14.2) 

n^-l-oo n 

Recall the relationship 

p\ipH;e) := p\H;e) = p\H;e) + Cal(g) 

VOl<^(M) 

for any Hamiltonian H. In particular, the right hand side does not depend on H 
as long as [iI>h] remains the same element of Ham(M,a;). 
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In particular, if _ff is a time- independent Hamiltonian and so ipnH — {ipn)^, 
— [i^nn], then (|14.2p becomes 

^voL(M) lim ^ '-l + CaliH). (14.3) 

n— i.+oo n 

We define a (nonlinear) functional Ce • C^iM) — > R by 

e(i/) = -lim^^Mi£) (14.4) 

for H G C°°{M) and then extending to C°(M) by continuity. Then for any 
generated by autonomous (smooth) Hamiltonian H, whether it is normalized or 
not, we obtain the relationship 

= -CiH) + ^ Cam. (14.5) 

If H is normalized, Cal(i7) = hence /i^(?Aff) = - voL(Af)C? (ff). 

Theorem 14.1. (1) The limit (TJ^ and (TJ^ exist. 

(2) /ig becomes a Entov-Polterovich pre- quasimorphism on lla.m{M,u!). 

(3) Ce becomes a partial symplectic quasi-state on M . 

Remark 14.2. (1) In case b — 0, Theorem ll4.1l is proved by Entov-Poltcrovich 
[EP2] . 

(2) Actually in |EP2| several additional assumptions are imposed on (M, w). 
Those assumptions are now removed by Usher |Usl[ lUsSj . 

(3) See also [Us4j for works related to the theme of the present paper. 

Proof. We mostly follow the arguments presented in pp. 86-88 of |EP2| for the proof. 
We begin with the following: 

Proposition 14.3. Let U C M be an open set and (p : M M a Hamiltonian 
diffeomorphism such that (j){U) (111 = $, and (p £ Ham(M) its lift. Let ip G 
Bmnu{M,u}) and a G H{M;A^), b G i7™™(M; A^). Then 

p\^i.,a)=p\^;a) + ^^^. (14.6) 

Proof. The main idea of the proof of the proposition is due to Ostrover lOsl'. It 
was used by Entor-Polterovich for the proof of ^EP2) Lemma 7.2, which we follow 
here. 

Let H : [0, 1] x Af — ^ R be a Hamiltonian such that supp Ht is compact and 

contained in U for any t and that ip = [</)//]. 

Let F : [0, 1] x Af R be a normalized Hamiltonian such that [(pp] = 4>- 

By the assumption on and -0, we find that the fixed point set Fix((^ o cjf^) 

is independent of t. We note (p^n^p = cp o ipH^, where H'^ is the Hamiltonian 

generating the flow 1 1— >■ 0|J defined by 

H'{t,x) = sH{st,x) 

and # is the concatenation defined as in (|11.6I) . Then by the same way as (|10.3p . 
we obtain a one-one correspondence 

Ls : Crit(^H«#F) -> Crit(^if.#F). 
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Namely we put Is{['y,w]) — [Y,'w''], where 7^(t) = ipH'^Fi^i^))^ = w^v" 
with v''{s,t) = 7°'''(f). For any fixed point p oi <j) — <j>p, we have p ^ U. Hence 
(j)H=#F{p) ^ J7 for 1 < t < 1/2, which imphes the following 

Lemma 14.4. For any [7,w] G Crit(y^^o^^), the number AH^i^F{Is{[l,w])) is 
independent if u. 

We consider the normalization of 

Hf{t,x)^H'{t,x) Attt f HtLu''. 

voL(M) Jjyi 

Then Lemma 114.41 implies 

. ,, s Cal[/(iJ) 

Therefore 

s CaluiH) 



Spec(0 o [(j)H-]; fa) = Spec(0; fa) 



voL(M) 



The function s i-)- p^{(j) o ] ; a) — ^ voi'^(Mf ^ continuous and takes values in 

Spec((^; fa), which is a set of measure (see CoroUarv 110.51 ) Therefore it must be 
constant. This finishes the proof of Proposition ll4.3l □ 

Let e and fa be as in (jl4.ip . 

Definition 14.5. Let A be any displaceable closed subset of M . We define the 
p^-spectral displacement energy e{A;e;b) by 

c(A;e;fa) = inf{/9''(^;e) + p''(0"^e) I <^e Hai5i(Af,w), 0(A)nA = 0}. (14.7) 

Lemma 14.6. Let U G M be an open set which is Hamiltonian displaceable and 
G Ham(7(M,w). Then 

0,(6) < p'i^; e) + p\^-';e) < 2e(C7; e; fa). (14.8) 
Proof. The following proof is the same as that of [ EP2] Lemma 7.2. (fTL6l) implies 

p(^r^a;fa) = P^(0;a)-^J;^. (14.9) 

Theorem [m (3), (5) and (flAT|) imply 

0,(e) = p(0; e; fa) < p'{^-';e) + p'ii^; e) 

which proves the first inequality of (114. 8p . 
We also have 



p\^;e) <p\^^;e) + p' ■,e) 
p'{xir'-e)<p'{^i^-^-e) + p\r^-e). 



(14.10) 
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By (flTel) . (flAQi and (|14.10|) we have 

< ; e) + p' e) + ; e) 

<2p''(^;e) + 2p^(r';e). 
Since this holds for all 4> displacing C/, it follows the second inequality of (|14.8p . □ 

Lemma 14.7. Suppose U is displaceable and (p € Hani(Af, w), ^ e Hamj/(A'/, w). 

p\^; e) + p'-CVJ; e) - 2e(C7; e; b) < p^iH; e) < P^^; e) + p\^; e). 

Proof. The second inequality follows from Theorem 17.81 (5) and ()14.ip . The first 
inequality follows from 

p\4>i>;e)>p\^;e)-p\i^-^-e) 

>p\^-e) + p\i^-e)-2t{A-e-b), 

where the first inequality follows from Theorem[7]Hl(5) and the second follows from 
Lemma [TMl □ 

Corollary 14.8. Let 0i, . . . , ^m, "0 G Ham(Af, uj). If \\4'i\\u = 1 for i — 1, . . . ,m, 

then 

m 

\p'{^i ■ ■ ■ ^mi>; e) - 5Z /^'(^M e) - ^"(0^; e)| < 2me(I7; e; h). (14.11) 



i=l 



Proof. By the hypothesis — 1, we can write 0i = 0^ 4''i4'i with i/)^ S 

Ham(7(A/, w), (fn G Ham(M, a;). 

The case m = 1 follows from Lemma 114.71 which we apply to 4ii{U) in place of 
U. (We note that z(U; e; b) = e((/),(C7); e; b).) 

Suppose the corollary is proved for m — 1. Applying the induction hypothesis to 
the case to = 2, we have 

\p\^i--- e) - p'(^i; e) - p^^s • • • e)| < 2e([7; e; b) 
by Lemma ll4.7l On the other hand, by the induction hypothesis we have 

771 

\p\4>2 ■ ■ ■ ^mi; e) -J2p'i^^■,e) - p\t, e)l < 2(to - l)e(I7; e; b). 

i=2 

The inequality (|14.1ip follows. □ 

We now prove the convergence of (|14.2I) . Let (p G Ham(7(M, w). We have (pi 
such that 1 10,; 1 1 (7 = 1 and (p — <pi - ■ ■ (p^. fLemma 113.51 ) We use Corollary 114.81 by 
putting ip — Q to obtain 

m 

|p''(0";e)-n^p''(0,;e)| < 2TOne(I7; e; b). (14.12) 

i=l 

We put 

a„ = p^{(p^; e) + 2mnz{U ; e; b) + nm\ swp{p^ {(pi] e) \ i = 1, . . . , to}|. 
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(|14.12p implies that a„ > 0. Theorem 17.81 f5) imphes a„ + a„/ > a„+„'. We recah 
the fohowing: 

Lemma 14.9. //a„ > and a„ + a„' > a„+„', then hm„_).oo a„/n converges. 

Proof. The following proof is taken from Problem 98 of p 17 (PS) . Since a2"/2" 
is nonincreasing, a — liminf„_>.oo a„/n is a finite number. Let e > 0. We take 
any hq such that |a„„/no| < a + e. If n' = nofc + r with r = 1, . . . ,n — 1, then 
0-71' = finofc+r — kona + a^. Therefore 

On' ^ fc^^O _|_ Or 

n' ~ no fcno + r n' 
Hence if n' is sufficiently large, we have a — e < a„' /n' < a + 2e as required. □ 

We have thus proved that the limit 

voL(M) hm 

n^+oo n 

exists. 

The limit /ie('0) satisfies Definition 113.61 (2) by construction. Definition 113.61 (1) 
then follows from Theorem 17.81 (6). Definition 113.61 f4) follows from Theorem 17.81 
(4). 

We next prove the properties required in Definition 113.61 (3). 
Lemma 14.10. We have 
lMe(?V^)-/^eW-MeWI <2e(t/;e;b)voL(A/)min(2|l^|l[;-l,2|l7A^ (14.13) 

Proof. We may assume without loss of generality that \\(f>\\u < IIV"!!;/- The proof is 
by induction on m = ||0||(7. 

We first consider the case m = 1. Since \\ip^(j)ij;~^\\ij — 1, Corollarv 114.81 and 

and p" {i^^i^-^ ; e) = p^{4>;e) (Theorem O (4)) imply 

\p\{Ht; e) - kp\4>\ e) - p^V^; e)l < 2kt(U; e; b). 
We use Corollarv 114.81 again to derive 

\p''{^'';e)-kp\^;e)\<2kt{U;e;b). 

Therefore 

Ip'm)"; e) - p\^'';e) - p^V^^ e)| < 4fce(C7; e; b). 
The case m = 1 of the lemma follows. ^ ^ ^ 

We assume that the lemma is proved for m — 1. We write (j) = 4>i(j)2 with 
||</>i||;7 = "1 ~ 1 and 1 1 02 lie/ = 1. Then by the induction hypothesis 

\pil{H) - /^e'(^i) - ^^l&2n < 2c(I7;e; b) voL(M)(2(m - 1) - 1). 
The case m — 1 gives 

\^^l{^2i^) - /ie'(?2) - < 2e(C7; e; b) voL(M) 

and 

iMe'(^) -Me'(0i) -Me(^2)| < 2e(C7; e; b) voL ( ) . 
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(|14.1ip follows in the case of </>. □ 
Lemma 114.101 implies 

iMe - Aie(?) - Me Wl < 4e(C7; e; b) voL(Af) min(||0||y, (14.14) 
Thus we have proved the property of Definition 113.61 (3). 

Remark 14.11. We may take K = Az{U; e; b) vol^iiM) for the constant in Defini- 
tion [HI] (3). 

We next prove Definition ll3.6l f5'). Let U C M be a displaceable open subset and 
(f e Hamc/(M,a;). Let ^ G Ham(M, w) such that tJj{U) n C7 = 0. By Proposition 
114.31 applied to (/)"■ we have 

Using this equality and Lemma 114.61 obtain 
nC'A\u{4') 



p''(0";e) 



VOL (A/) 



- \p\cp--e)+p\i;;e:)-p\U--e)\ 
< 2e(C7;e;b) < oo. 

Calij(0) 
vol„(M) 



Then dividing this inequality by and letting n — >■ (X), we obtain p^{4>) 



Calt/(0). The proof of Theorem ll4.1l f2) is complete. 

We next turn to the proof of Theorem[T13](3), i.e., the functional (e : C°{M) -> 
R is a partial symplectic quasi-state. For this purpose, we have only to consider 
autonomous smooth Hamiltonian i^'s in the rest of the proof. Let F be a time 
independent Hamiltonian and take its normalization 



F^F — — / Fw". (14.15) 

voL(A/)A, ^ ' 

Then 

p\nF;e)+ ( nFuj'' = p^inF;e) ^ p\i>";e) (14.16) 
Jm 

for ^ = [c/jf]- Dividing this equation by n, we obtain 

p'inF-e) , 1 f p''(V^";e) 

r UJ — . 



n voL(M) Jjvj 

Therefore convergence of (|14.4p follows from the convergence of (|14.2I) . Thus C^{F) 
is defined for F e C°°{M). 

Definition 113.31 (1) is a consequence of Theorem 17.81 (6). We can extend Ce 
C"{M) by the F e C°°(M) case of Definition [US] (1). The property of Definition 
11331 (1) in the case F € C°{M) then follows for this extended Ce- 

Since V'ij/m = i'H holds for autonomous Hamiltonian H, we can prove the 
property of Definition [133] (2) in the case A S Q>o by using Dcfinition ll3.61 (2) and 
(|14.16p . Then the case A e M>o follows from Definition [Hj] (1). 

Definition 113.31 (4) is immediate from (|14.16p . 

The property of Definition 113.31 (6) is a consequence of Theorem 17.81 (4). 
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Let US prove the property of Definition 113.31 (71. Suppose U is displaceable and 
the support of time independent Hamiltonian F is in U. We define U' as in (|14.15|) . 
We take e Ham(M,w) such that 4>{U) nU = 0. By Proposition ll4.3[ we have: 

(Here we use the fact that Calu is a homomorphism.) 
By (|14.1ip we also have 

\p'{^rF;e) ~ p\4>\ e) - p\rF;e)\ < 2c{U; e; b). 

Substituting (jl4.17p into this inequahty, and then dividing by n and taking the 
hmit, we obtain 

j.^ pH^F-.e) ^ CaW(V^i^) ^ 1 / p^n^ 



n^Qo n voL(M) voL(M) Jjv/ 

On the other hand, we have 



n—>-c>o Ji n—^oo 



and hence 



We next prove the property of Definition [US] (3). Let Fi < F2. We put H = Fi 
and H' = F2 and apply the argument of the proof of Theorem 19.21 and obtain a 
chain map 

Using Fi < F2 and Lemma l9^ we have 



^(Vx;,/x),#(-F^C^^(M;i^i;A^)) C F^CF{M; F2; A^)). 

Let X £ F^CF{M;Fi;A^) such that [x] = ['^('(Fi)x,(Ji)x),#(^)] 1^ ^ Pl-P^i; e)l < 
e. Then by Proposition |921 we have ['P^p,cjx),i^{x)] = ['P('(F2)^,(J2)^),#(s)] ^^'^ 
^(Fx,jx),#(a;) e F^CF{M;F2]A^)). Therefore p^{F2]e) < p''{Fi]e) +1 It implies 
Ct{Fi) < Ce(F2), as required. 

Next we prove the property of Definition 1 1 3 . 31 f 5 ) . By the assumption {Fi, F2} = 
we have 

Therefore by Definition 113.61 (3) we have 

\p\{^F,^F2r;e)-p'{{^FX;e)-p\ G^F, T;e)\ 

- |p^(^Fj"(V^Fj^e) -p''((^Fj";e) - p''((^Fj";e)| < if||(^Fj"||a = if. 
Here J7 is a displaceable open set containing the support of F2. Therefore we have 

pI {^F, i^F2 ) = Me ( V^Fi ) + Me (^^^2 ) = Me (V^Fi ) + Cal[/ {F2 ) . 

(We use Definition 113.61 (5) in the second equality.) 

Ce'(^^l+^^2)-Ce'(^^l) 
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is now a consequence of (|14.4|) . The triangle inequality for follows the triangle 
inequality for the spectral invariant p'', since Ce(-^) — '^P^iP'i^)- The proof of 
Theorem 114. II is now complete. □ 

15. POINCARE DUALITY AND SPECTRAL INVARIANT 

15.1. Statement of the result. Let tt : C be the projection to C C A^. 

Let 

(•,•) : n[M) ® n{M) ^ c 

be the Poincare duality pairing 



(^1,^2) = 




We extend the pairing to 

(•, •) : {n{M)®K^) ® {Vl{M)®K^) A^ 
so that it becomes A^-bilinear. We put 

n(a,6) = 7r((a,6)) 
which induces a C-bilinear pairing 

n : H{M- A^) ® H{M; A^) ^ C. 
The main result of this section is: 

Theorem 15.1. Let a e H{M;A^), b G H{M;A-^) and G Ham(M,w). Then we 
have 

p\^-a) = -ini{p\r'\b) I n(a,6) ^0}. (15.1) 



Remark 15.2. For the case b = 0, this theorem is due to Entov-Polterovich under 
the monotonicity assumption. (See |EPlj Lemma 2.2.) The assumptions on M 
which [EPlj imposed is removed and Theorem 115.11 itself is proved by Usher in 
[Ui4] . 

15.2. Algebraic preliminary. In this section we prove some algebraic lemmas 
used in the proof of Theorem 115.11 A similar discussion was given by Usher in 
[Ui3] . 

We work in the situation of Subsections 18.11 We put G = K in this subsection. 
Namely C{G) — C{G') — C. Note in this case we may take the basis such that 
tig(ei) — 0. Let 9 : C — > C be a boundary operator. We choose the standard basis 
e\, e", e'l' as in Subsection l8.ll Let D be another finite dimensional A^ vector space. 
We assume that there exists a A"^ bilinear pairing 

(•,•): C X £1 A^ 

that is perfect. (Namely it induces an isomorphism C D* to the dual space D* 
of D.) Let {e* | i = 1, . . . , N} be the dual basis of {e^ | i = 1, . . . , N}. We use it to 
define the filtration F'^D in the same way as F^C. (We assume Og(e*) = 0.) 
It is easy to see that if a; e F^^C, y € F^^D then 

{x,y) e F^^+^''A^. (15.2) 

We define 9* : £) — > D by 

{x,d*y) = {dx,y). 
It is easy to see that d* o d* ^ and d*{F^D) C F^D. 
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Definition 15.3. We call {D,d*) the filtered dual complex of {C,d). 

We take a dual basis to {e^ | i = 1, . . . , 6}U{e-' | z = 1, . . . , h}U{e'-' | i = 1, . . . , &}. 
Namely we take {e'„ | i = 1, . . . , 6} U {e'/J i = 1, . . . , /i} U {e'J^ | i = 1, . . . , 6} such 
that 

«,e-) = l, (er,e:j = l, (er,<,) = l 

and all the other pairings among the basis are zero. It is easy to see that {e'^j | i — 
1, ...,&} is a basis of Imd* and {e'^j | i = 1, . . . , 6} U {e"j \ i = 1, . . . , h} is a basis 
of Ker d* . 

In the same way as in (|8.4p we have 

inf{t),(2:) I a; G Ker 9*, a = [x]} = 0, ^^a^e'^j (15.3) 

for a £ H{D-d*). We define 0,(0) for a G H{D;d*) by the left hand side. 

The pairing (•, •) induces a perfect pairing between H{C;d) and H{D;d*), 
which we also denote by (•, •). By (g^) and ([T53)) we have: 

Lemma 15.4. 

0,(a) = sup{0,((a, b))\b€ H{F°D; d*)} (15.4) 

forae H{C;d). 

15.3. Duality betvifeen Floer homologies. Let _ff be a one periodic time depen- 
dent Hamiltonian on M . We assume that i/jh is non-degenerate. We consider the 
chain complex {CF{M,H;A^),d^^ j^) which is defined in ScctionlHl 
Let {-filial,..., N} ^ Per(i? j. We put 

We note that Ci is independent of m;. {e^ | 1, . . . , N} is a basis of CF{AI, H; A^). 
It is easy to see that the filtration of CF{M, H; A^) defined as in Subsection 18.11 
coincides with the filtration defined in Definition 12.41 
We define H by 

H{t,x) = -H{l-t,x). (15.5) 
We have = o cj)^^ . In particular, tp^ = (iPh)^^. Hence t/j^ is also non- 
degenerate. 

The main result of this subsection is as follows: 

Proposition 15.5. We can choose the perturbation etc. that are used in the defi- 
nition of {CF{M, H; A^), ^^) such that there exists a perfect pairing 

(•,•): CF{M,H;A^) x CF{M,H;A^) A^ 
by which the filtered complex {CF{AI, H; A'^), j^) is identified with the dual fil- 
tered complex of {CF{M, H; A^), Sf^ j)). 

Proof. Let 7 G Pcr(iJ). It is then easy to see that 

j{t) = 7(1 - t) e Per(^). 

If ui : — > M satisfies w\dD = 7, then w{z) = w{z) satisfies w\dD = 7- We have 
thus defined 

i : Cnt{AH) -> Crit(y^^) (15.6) 
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by [7, w] I— >■ [7, w]. It is easy to see 

AH{h,w])+Afj{[j,w]) = (15.7) 

and 

J w*u; + J w*uj^O. (15.8) 

Let (u;z+,...,z+) e Me{H,J; [7,10], [7',^']). We define l : R x ^ R x hy 
(.(r, t) = (— T, 1 — t) and put 

u — uoL. (15.9) 

It is easy to find that 

o 

(S; z+, . . . , z+) e X^(i7, J; [7', w'], [7, w]). 
We thus defined a homeomorphism 

3 : M,{H, J; [7, w], [7', w']) ^ Mt{H, J; [7', ^^'], [7, w]) 

by 

Of(u; zj*", . . . , z^) = (u; z^, . . . , z^). 

We can extend it to their compactifications and then it becomes an isomorphism 
between spaces with Kuranishi structure: 

1 : Mt{H, J; [7, [7',^^']) ^Mt{H, J; [7', iC'], [^M)- 

We take a multisection of Mi[H, J; [7', [7, w]) so that it coincides with one for 
Aii{H, J; [7, w], [7', w']) by the above isomorphism. Then we have 

n{H,j):Ah, w], [7', w']){hi,. ..,hi)^ ^(Hj)-Ai^'' "^'1' w]){hi,. . . , he), 

where the left hand side is defined in ()6.4p . Therefore 

n(H„7)([7,H, [7',^']) = nl~ j^{W,w'], [7,^5]). (15.10) 

Definition 15.6. Let [7,-10] e Crit(y^H), [7,w] € Crit(ytjj). We define 

([7.-]>[7'>']> = |'-(.n...'n.) jf ;j ^ d^.n) 

We can extend (|15.1ip to a bilinear pairing 

(•, •) : CF{M, H- A^) x CF(M, H- A^) ^ A^, 
which becomes a perfect pairing. 
By (IT5^ we have 

([7,HJ7>]) = 1- (15.12) 

Lemma 15.7. 

(5(''/7,J)([7l,«^l]),[72>2]) = ([7l,^«l],a;'^ J)([72>2])). (15.13) 
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Proof. By definition the left liand side is 

- E n(V,^)([7i,u;i]),[72,«^2+a])<7-"^^ 
On tlie otlier liand, tlie riglit liand side is 

aeH2(M-Z) 

By (jlS.lOp tliis is equal to 
Since 

"(ff,j)([7i,M'i - a]), [72,^2]) = n['jj_j)([7i,wi]),[72,W2 +a]), 
the lemma follows. □ 

(|15.12p and p5.13p imply the proposition. □ 

15.4. Duality and Piunikhin isomorphism. In this subsection we prove: 

Theorem 15.8. For a, a' e iJ*(Af; A^) we denote by a'', (a')'' the homology classes 
Poincare dual to a, a' respectively. (See Notations and Conventions (17). j Then 
we have 

(n''//,,j,),*(«')>^(H^,J^),.((«')')> = (15.14) 
Proof. We consider two chain maps : {il{M)(§)A^) (g) (f2(A/)(§A^) 

h®h' ^ [ hAh' (15.15) 
Jm 

and 

/^^^'^ (n'^.,..),#(/^),^(\j.),#('^'))- (15.16) 

Here we regard A"^ as a chain complex with trivial boundary operator. To prove 
Theorem 115.81 it suffices to show that (|15.15p is chain homotopic to (|15.16p . For 
this purpose, we will use the following parameterized moduli space 

Meipara : iJ^, J^; *; C) = |J {S} x MeiH^, J^; *, *; C) 

s>o 

equipped with Kuranishi structure and multisection that is compatible at the 
boundary. We refer readers to Definition 126.61 in Section [221 for the precise de- 
scription of Me{para; H^, J^; *, *; C) defined in (|26.15l) . 

We denote x = xi''') = xi"''')- Some boundary component of Aii{para : 
H^, Jp^; *, *; C) in (126. 16p will contain a direct factor of the type M^i^^^i^xi IT' 
whose definition is given in Definition 126.21 We consider the map 

a : Mi{H^, Jx; *, [7, w]) ^ Mi{H^, J^; [7, w], *) (15.17) 

defined by 

Z{{u; z^,..., zj)) = {u; z+, . . . , z+), 
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where the right hand side is defined as in ()15.9|) . The homomorphism (|15.17|) is 
extended to an isomorphism of spaces with Kuranishi structures. 

Recall that when we considered ~ , , we made a choice of a multisection on 

A4e{H^, J^; *, [7, w]). This multisection induces a multisection on A4i{H^, J^; [7, w], *) 
via the isomorphism ()15.17|) . 

We equip A4e{para : H^, J^; *, *; C) with a system of multisections that is com- 
patible at the boundary with respect to this choice of multisection on the direct 
factor Me{H^, J^; [7, w], *) appearing in (126. 16p . 

Remark 15.9. On the other hand, when we will define Q?r,_ t^n in Section [211 we 
take another family of multisections on Mi{H^, J^; [7, w], This is different from 
the multisection defined above. 

Now let h^h' be differential forms on M . We define 

(15.18) 

where b2 is the summand in the decomposition b = bo + b2 + &+ as before and we use 
the above chosen multisection on Me{para; H^, J;^; *, *; C) to define an integration 
on it. The formula (|15.18l) defines a map 

hIhx,Jx) '■ i^iM)§)A^) (E) (17(M)gA^) ^ A^. 

It follows from Lemma [26.81 (3) that "hI"//^ j^) is a chain homotopy between ()15.15p 
and (|15.16p . The proof of Theorem 115.81 is complete. □ 

15.5. Proof of Theorem 115. ll Now we prove Theorem [T5. II Once Theorem [T5751 
is established, the proof is the same as [EP2] . It suffices to prove it in the case 
when (j) is nondegenerate. We take H such that = ipn- Let a e H{M;A^) and 
e > 0. By Lemma [TCTl we have b' G H{M;A^) such that 

and 

Let A be the left hand side of (115. 19p . Then 

(We use Theorem 115.81 here.) We put b = q^^b' . Then by definition 

n(a,fo) 7^ 0. 

Thus, since ^^(^(''^^ j^)^, (&')) = + 09(^(5^,J^),.((^')')) < "A, we have 
p\H-a)^e<\<- \ni{p\^fj^-b) I n(a, 6) ^ 0}. 

Hence 

p\^H\a) < -M{p''ii^^';b) I n{a,b)^0}. (15.20) 
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On the other hand, if n(a, b) ^ then 

ti,((a,6))>0. 

It impUes 

Hence 

Therefore 

p\^h; a)>- mf{p\^Ji';b) \ U{a, b) ^ 0}. (15.21) 
(|15.20l) and (I15.2ip imply Theorem [HH □ 

16. Construction of quasimorphisms via spectral invariant with bulk 
The next definition is due to Entov-Polterovich jEPl] Section 1.1. 

Definition 16.1. A function fi : Ham(Af, w) — R is called a homogeneous Calabi 
quasimorphism if the following three conditions are satisfied. 

(1) It is a quasimorphism. Namely there exists a constant C such that for any 
(j),ip & IIam(Af, uj) we have 

where C is independent of 0, '(/'■ 

(2) li ip E IIam[/(M, w) and f7 is a displaceable open subset of M, then we have 

(3) It is homogeneous. Namely 

= n/x(0) 

for n G Z. 

Remark 16.2. We note that we have the canonical homomorphism 
Ham[/(Af, w) — > Ham(Af, w). We use this homomorphism to make sense out of 
the left hand side of the identity (2) above. 

The following is the analog to Theorem 3.1 |EP1| whose proof is essentially the 
same once Theorem ll5.1l is at our disposal. 

Theorem 16.3. Let b G A^) Suppose that there is a ring isomorphism 

QH;{M;A^)=A^ X Q 

and let e G QH^ (M; A"^) be the idempotent corresponding to the unit of the first 
factor of the right hand side. Then the function 

is a homogeneous Calabi quasimorphism. 
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Remark 16.4. An observation by McDuff is that a sufficient condition for the 
existence of Calabi quasimorphism is an existence of a direct product factor of a 
quantum cohomology that is a field. jEPlj used quantum homology over A^(Q), 
that is the set of ^ Uiq^' with € Q. Here we use the (downward) universal 
Novikov ring A^, where S C. Since A^ is an algebraically closed field (see 
[F0002j Appendix A) and cohomology ring is finite dimensional, the direct prod- 
uct factor of a quantum cohomology is isomorphic to A"^, if it is a field. So our 
assumption of Theorem 116.31 is equivalent to McDuff 's in case b = 0. 

Proof. Let e and b as in Theorem ll6.3l We first prove the property (1) of Definition 
116.11 We begin with the following lemma. 

Lemma 16.5. 

Proof. Let b e H{M; A^) such that n(e, b) ^ 0. Such a b exists by the nondegener- 
acy of the Poincare pairing. We write b = (61,62) according to the decomposition 
QH^{M; A^) = X Q. Using the Frobenius property of quantum cohomology 
(see, for example, [Man] ) we obtain 

(e, 6) = (e U'' e, b) = (e, e uH) = (e, 61). 

Therefore n(e, 61) = n(e, 6) ^ 0. 

Sublemma 16.6. Dg(6i) > 0. 

Proof. We have 61 — xe for some x E A^. We decompose e = with 
Cd e H'^{M ; C) (E) A^. We denote by 1 e H"{M ; C) the unit of the cohomology ring. 
Then 

n(e,6i) = 7r((e,6i)) =^((e,.Te)) ==^((eU''e,a;l)) 
- 7r((e,a:l)) -^((xe,l)) =7r((6i,l)). 

Therefore n(e, 61) 7^ implies Ug((6i, 1)) > 0. Since Oq(6i) > Dq((6i, 1)), we obtain 
05(61) > as required. □ 

Let xe = 61 and a; G A"^ as above. Then 

Vg{x) + 0,(e) = Vg{bi) > 0. 

Since 6]~^ = x^^e, we get 

^qiK^) = -^q{x) + 0</(e) ^ (Og(e) - Og(6l)) + Og(e) < 20q{e). 

Therefore 

> p'{^-';e)-p'{0;b^')~p'{0;e) = p\r';e) - t,,(6r^) - 0,(e) 

>p^(0-i;e)-3o,(e). 

Here we use the identity 6iU''6^^ = ein the second inequality. Lemma 116.51 now 
follows from Theorem 1 15. II □ 

Corollary 16.7. 

e) + p'i^; e) > p\U\ e) > p''(^; e) + p\^- e) - 3o,(e). 
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Proof. The first inequality is a consequence of TIieoreni l7.8l (5). 
We have 

p\^^; e) > p\i^; e) - p\r';e) > p\t, e) + p\4>; e) - 3u,(e). 

Here the first inequality follows from Theorem 17.81 (5) and the second inequality 
follows from Lemma 116.51 □ 

We use Corollary 1 1 6 . 71 inductively to show 

fc 



< 3kOq{e) 



(16.1) 



Therefore 



p^i^ipT; e) - np\^; e) - np\ij;; e) < 6nO,(e). 



p\r;e)~np\<t>;e) 
p\r;e)^np\^-e) 



< 3nVq{e). 



Hence 
It implies 



p'mr-, e) - p\r; e) - p\r; e) < 12nO,(e). 



|/x,^<^V')-Me(0)-Me(V')l<12o,(e). 



Thus, /ig is a quasimorphism. 

Remark 16.8. (1) The constant C in Definition 116.11 can be taken to be 
12x>q{e) for the quasimorphism in Theorem 116.31 
(2) Our proof of Lemma ri6.5l is slightly simpler than |EPlj Lemma 3.2, since we 
may assume that the field which is a direct factor of quantum cohomology is 
A"^ and so we do not need a result from general non- Archimedean geometry 
which is quoted in jEPlj . By the same reason we obtain an explicit bound. 

Definition HnH] (2) follows from Theorem [HI] (5). 
The homogeneuity of p^ follows from 

p'(0; e) < ^"(0"; e) + p^r " ; e) < 30,(e) 

and Definition 113.61 (2). The proof of Theorem 116.31 is complete. □ 

Theorem 11.31 is immediate from Theorem 116.31 □ 
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Part 4. Spectral invariants and Lagrangian Floer theory 

The purpose of this cliapter is to prove Theorem ll.TI The proof is based on open- 
closed Gromov-Witten theory developed in [FOOOl) Section 3.8, which induces a 
map from the quantum cohomology of the ambient symplectic manifold to the 
Hochschild cohomology of Aoo algebra (or more generally that of Fukaya category 
of (M, w)). A part of this map is defined in |F0001] . See also |F0006| Section 31. 
For our purpose, we need only a small portion thereof, that is, the part constructed 
in [FOOOl) Theorem 3.8.62 to which we restrict ourselves in this paper, except in 
Section [25IT1 

The main new part of the proof is the construction of a map from Floer homol- 
ogy of periodic Hamiltonians to the Floer cohomology of Lagrangian submanifold, 
through which the map from quantum cohomology to Floer cohomology of La- 
grangian submanifold factors (Definition 118.161 and Proposition 118. 2ip . We also 
study its properties, especially those related to the filtration. 

In Chapters 4 and 5, we fix a compatible almost complex structure J that is 
t- independent. 

17. Operator q; review 

In this section, we review a part of the resuhs of Section 3.8 (FOOOl) . 

Let {M, w) be a compact symplectic manifold and L its relatively spin Lagrangian 
submanifold. We consider smooth differential forms on M. Note in jFOOOll 
IF0003] we used smooth singular chains instead of differential forms to represent 
cohomology classes on M. In this paper we use differential forms because we use 
them in the discussion of Floer homology in Chapter 2. The construction of the 
operator q in this section is a minor modification of the one given in Section 3.8 
[FOOOl) where smooth singular chains on M are used. 

We will introduce a family of operators denoted by 

q,,fc;^ : EiiniM)[2]) ® Bk{n{L)[l]) ^ n{L)[l]. (17.1) 

Explanation of the various notations appearing in ()17.1|) is in order. /3 is an element 
of the image of tt2{M, L) H2{M, L; Z) and C[i] is the degree shift of a Z graded 
C- vector space C by i defined by {C[i])'^ = C"*+'. We recall from Notations and 
Conventions (19)-(20) that EiC is the quotient of BiC = C* (g) ■ ■ ■ ig) C by the 

£ times 

symmetric group action. The map (jl7.ip is a C-linear map of degree 1 — /i(/3) here 
fi is the Maslov index. 

We next describe the main properties of c\£^k;i3- Recall from Notations and 
Conventions (19)-(20) again that BC = ®'^^o 'BkC and EC = ©^q -^^C' have 
structures of coassociative coalgebras with coproducts A. We also consider a map 
A"-i : BC (BC)'^"- or EC (EC)'^" defined by 

^n-i = (/^ ^ (g) ■ ■ ■ (g) id) o (A (g) id (g) ■ - (g) id) o • • • o A. 

n— 2 n— 3 

An element x g BC can be expressed as 

A"-i (x) = ^ x^?'! (g • • • (g x^^'" (17.2) 

c 

where c runs over some index set depending on x. Here we note that by Notations 
and Conventions (21) we always use the coproducts Adccon on B{n{L)[l]) and 
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Ashuff on E{n{M)[2]), respectively. Thus for x e B{n{L)[l]) the equation (pT2l) 
expresses the decomposition of A'^~^]^^{x), while for y e E{Q{M)[2]) the equation 
(|17.2|) expresses the decomposition of A"[^^ (y) . For an element x = a;i(8)---(8)Xfe € 
Bk{^{L)[l]) we put the shifted degree deg' Xi = degx^ — 1 and deg' x = ^ deg' Xi — 
deg X — fc. (Recall deg Xi is the cohomological degree of Xi before shifted. ) The next 
result is the de Rham version of Theorem 3.8.32 jFOOOlj . 

Theorem 17.1. The operators C{p-e^k have the following properties: 

(1) For each /3 and x G Bk{fl{L)[l]), y G Ek{^{M)[2]), we have the following: 

0= E E(-i)*q/'^(yc^x3;i«q,,(y^f;x^f)0x^f) (17.3) 

01+/32=0Ci,C2 

where * = deg'x^i,^+deg'xj?^^ degy^j^+degy^i^. In l\17.S^ and hereafter, we 
write q/3(y;x) m phceof qi^^;x) ify e Ee{n{M)[2]), x G Sfe(f^(L)[l]). 
We use notation ( f77J| ) in (TT^ . 

(2) // 1 e Ea{n{M)[2]) and x e Bk{n{L)[l]) then 

qo,fe;/j(l;x) = mfe;/j(x). (17.4) 

Here mk;i3 is the filtered Aoo structure on fl{L). 

(3) Let e be the form (function) on L which is 1 everywhere. Let Xi g 
B{rt{L)[l]) and we pui x = Xi (g) e (g) X2 G B(n(L)[l]). Then 

q/j(y;x)-0 (17.5) 

except the following case. 

qp„{l;e®x) = {-lf'^s''qp„{l;x(g> e) = x, (17.6) 

where /Sq ^ e H2{M,L;Z) and x e ^{L)[l] = Bi{n{L)[l]). Note 1 m 
pTel is 1 e £;o(17(A/)[2]). 

The singular homology version of Theorem 117.11 is proved in Sections 3.8 and 
7.4 of }F000l| . The version where we use de Rham cohomology for L and cycles 
(smooth submanifolds) on M is in Section 6 of jF0002j for the case when M is a 
toric manifold and L is a Lagrangian torus fiber of M. 

Since we use the details of the construction in the proof of Theorem 1 1 8 . 81 later in 
Section fTHl we explain the construction of the relevant operators and the main ideas 
used in the proof of Theorem 117.11 although it is a straightforward modification of 
the construction of [FOOOH IF0002] . 

o 

Definition 17.2. We denote by A4k+i;i{L; (3) the set of all ~ equivalence classes 
of triples (u; , . . . , z^; zq, . . . , Zk) satisfying the following: 

(1) u : (D^.dD^) {A4,L) is a pseudo-holomorphic map such that u(dD^) C 
L. 

(2) z^ , . . . , z'^ are points in the interior of which are mutually distinct. 

(3) zq, . . . , Zk are points on the boundary dD^ of D^. They are mutually dis- 
tinct, zq, . . . ,Zk respects the counterclockwise cyclic order on dD^. 

(4) The homology class u4[D^,dD^]) is (3 e H2{M,L;'Z). 

We say that (u; z^ , . . . , z^; zq, . . . , Zk) ^ («'; z-^ ^ . . . , z'^; z'q, . . . , z'f.) if there ex- 
ists a biholomorphic map v : — >■ Z)^ such that 

u' ov ^ u, viz^) = v{zi) = 
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We define an evaluation map 

(ev, ev^) = (evi, . . . , ev,; ev^, . . . , evf ) : Mk+iA^; P) ^ x L'^+i 

by 

evj([u; z^,..., zj;zo, Zk\) = u(z+), evf ([u; z+, . . . , zj'; zq,..., Zk]) = u{zi). 

o 

Proposition 17.3. (1) The moduli space Mk+i-e{L; (3) has a compactification 
Aik+i-eiL; /3) that is Hausdorff. 

(2) The space A4k+i-i{L; /3) has an orientable Kuranishi structure with corners. 

(3) The boundary of A4k+i:e{L; /3) in the sense of Kuranishi structure is de- 
scribed by the following fiber product over L. 

<9Xfc+l;£(i;^) = lJXfci + l;#Li(i;^l)cva Xcvf >'fe2 + l;#L2(i;/32), (17.7) 

where the union is taken over all (Li,L2) G Shuff(^), fci,fc2 G Z>o with 
fci + fc2 = fc and /3i, /32 S H2{M, L; Z) with Pi + = (3. 

(4) There exists a map fij^ : H2iM, L;1j) — > 2Z, Maslov index, such that the 
(virtual) dimension satisfies the following equality l\17.8^ . 

dimMk+i AL; (3)^n + ^i^P) + fc - 2 + 2£. (17.8) 

(5) We can define orientations of Mk+i:e{L; (3) so that (3) above is compatible 
with this orientation in the sense of Proposition 8.3.3 in |F000l| . 

(6) The evaluation map is extended to the compactification so that it is com- 
patible with (Till . 

(7) cUq is weakly submersive. 

(8) The Kuranishi structure is compatible with the forgetful map of the boundary 
marked points. 

(9) The Kuranishi structure is invariant under the permutation of interior 
marked points. 

(10) The Kuranishi structure is invariant under the cyclic permutation of the 
boundary marked points. 

Proposition HTSl fl) - (7) is proved in jFOOOl] Propositions 7.1.1,7.1.2, (tliat is 
the case £ = 0. The case 7^ is the same). The Kuranishi structure satisfying the 
additional properties (8), (9), (10) is constructed in Corollary 3.1 j Fu3| . We refer 
|Fu3) Definition 3.1 for the precise meaning of the statement (8). 

Lemma 17.4. There exists a system of continuous families of multisections on the 
moduli spaces Aik+i;e{L; (3) .such that the following holds: 

(!) It is transversal to zero. 

(2) It is compatible with the description of the boundary in Proposition \17..3\ {3) 
above. 

(3) It is compatible with the forgetful map of the boundary marked points. 

(4) It is compatible with the permutation of interior marked points. 

(5) It is compatible with cyclic permutation of the boundary marked points. 

(6) evg restricted to the zero set of this system of multisections is a submersion. 

Proof. Existence of such a system of families of multisections is established in |Fu3] 
Corollary 5.2 by an induction over /3 H a; and i. □ 
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Remark 17.5. Strictly speaking, we need to fix Eq and £o and restrict ourselves 
to those moduli spaces A4k+i:i{L', P) such that (3 D ui < Eq and £ < £o, in order 
to take care of the problem of 'running out' pointed out in |F000l| Subsection 
7.2.3. We can handle this in the same way as |F000l| . In our de Rham version 
the way to resolving this problem is simpler than the singular homology version of 
[FOOOlj and is written in detail in [Fu3 Section 14 in the case £ — 0. The case 
£ ^ can be handled in the same way by using the homological algebra developed 
in [FOOOlj Section 7.4. 

Let gi,...,gi £ n{M) and hi,...,hk G n{L) and (3 with {l3,£) ^ (0,0). We 
define 

(\i,k;p{gi, ■ ■ ■ ,gi,hi, . . . ,hk) 

= evg, {evlgi A • • • A ev^gg A evf*hi A • • • A evf*hk) ■ 

Here we use the evaluation map 

(ev, ev^) = (evi, . . . , ev,; ev^ evf ) : Mk+iAL; P) ^ x L'^+i 

and the correspondence by this moduli space in (jl7.9p . For P — (3q = £ = we 
put 

{0 k^l,2 

(_l)n+l+dcg/.i^;j^ fc = 1 (17.10) 

Theorem [T7TT] (1) is a consequence of Proposition [T7751 (3) and the compatibility 
of the family of multisections with this boundary identification. 

We may regard (|17.4p as the definition of its right hand side. So Theorem 1 17. II 
(2) is obvious. 

Theorem ll7.1l (3) is a consequence of Proposition [T7j3] (8) and the compatibility 
of the family of multisections to this forgetful map. See [PuS] Section 7 for the 
detail of this point. The proof of Theorem 1 17. II is complete. □ 

Remark 17.6. (1) ¥ox gi®- ■ -^gi £ Bii{Q.{M)) andhi®- ■ -(^hk € Bk{VL{L)) 
we defined qi,k-i3{gi, ■ ■ ■ , ge,hi, . . . ,hk) by (|17.9p . Thanks to Proposition 
117.31 (9) this is invariant under the permutation of gi,...,g£. Thus the 
operator qe^k-.p descends to the operator 

m^k-p ■■ Ee{niM)[2]) ® Bk{n{L)[l]) ^ n{L)[l]. 

(2) The coefficient on the right hand side of (|17.9p is the same as in Definition 
6.10 of [F U0 06], but di f ferent from one in (3.8.68 ) of |F0001j and (6.10) of 
|F0003j . In IFOOOl) . |F0002j and |F0003j . as we noted in Notations 
and Conventions (20), we denoted by E^C the ©^-invariant subset of BC 
and used the deconcatenation coproduct on it. Indeed, if we denote the 
operator defined by (6.10) of |I''0003j (or (3.8.68) of [FOOOlj ) by q^°,^°^, 
we have 

-book _ 

However, we can see that this difference does not cause any trouble in the 
proof of Theorem 17.1 by just noticing the identity 
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on Ei-^C (E) Ei^C, where the the left (resp. right) hand side is the (£1,12)- 
component in the decomposition of Adccony for the invariant set (resp. 
AshuffY for the quotient space). Here we identify the quotient set with the 
invariant subset by the map 

[2/1 (8) • • • y£] ^ (-l)*?/^(i) • • • (g) y^d) 

with * = Ei<jXi)>aO) degy.degyj. 

We next explain how we use the map q to deform the filtered A^o structure m 
on L. In this section we use the universal Novikov ring Aq. 

Definition 17.7. (1) Let bo € i?°(M; Aq), b2;i G H^{M, L; C), b+ G H^{M; A+)® 
0fc>2^^'^'(^^;Ao), b+ e f]i(i)gA+ ® 0j^>2'l72fc-i(L)gAo. We represent bo, b+ 
by closed differential forms which are denoted by the same letters. Put b = 
(bo,b2;i,b+,&+). 

(2) For each fc 7^ 0, we define by 

ml{xi, ...,Xk) 



00 00 



™n/3exp(b2^_n^ 

fieH2iM,L:Z) e=0 ma=0 mk=0 



where Xi G 51(L). We extend it Ao-linearly to f2(L)(g)Ao. 
For A; = 0, we define mg by 



00 00 



mo(l) = bo+ 2^ 1^1^^ Ji qtfe+m;/3(b+ ;&+ ). (17.12) 

l3eH2{M,L:Z) e=0 rn=0 

Here we embed i?*'(M; Aq) = Aq C r2°(i)(X)Ao as Ap-valued constant functions on 
M. 

We can prove that the right hand side converges in T-adic topology in the same 
way as in Lemma [ 



Lemma 17.8. The family {m^}^Q defines a filtered Aoo structure on r2(L)(g)Ao. 

Proof. The proof is a straightforward calculation using Theorem 117.11 See Lemma 
3.8.39 [FOOOlj for the detail of the proof of such a statement in the purely abstract 
context. □ 

We regard the constant function 1 on i as a differential form and write it e^. 

Definition 17.9. Denote by A^weak,def(i; Aq) the set of all the elements b = 
(bo, b2:i, b+, &+) as in Definition 117.71 such that 

mo(l) = cbl 

for c G A+. We define *pD(b) G A+ by the equation 

mf?(l)=^D(b)ei. 
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We call the map *pD : A^woak,dcf(^; Aq) — > A+ the potential function. We also 
define the projection 

: A?^cak4ef(i; Aq) ^ i/"(M; Ao) © H^iM, L; C) ® H^iM; A+) © H^''{M; Aq) 
by 

7r(bo,b2;i, b+,6+) = (bp, b2;i, b+). 
Let b« = (b|,*\b(fi,bf;\6^^) G 7Wweak,dcf(i; A+„„J (z = 1,2) such that 

7r(b(i)) =7r(b(")). 

We define an operator 

^b<i),b(«) . f^(2,)gAo -> n(i:)§Ao 

of degree +1 by 

ki ,ko 

where b = (b[,°\ b^^j, bV°\ 0) = (b^^\ b^|j, bV^\ 0). We remark that if bi = bo = b 
we have 

^b<i),b(°) ^^b^ (17.13) 

Lemma 17.10. 

(^b(^),b<") ^^b<^),b(''))(^) = (-^D(b«)+q20(b("))):r. 

Proof. This is an easy consequence of Theorem 117.11 See |F000l] Proposition 
3.7.17. □ 

This enables us to give the following definition 

Definition 17.11. ( jFOOOlj Definition 3.8.61.) For a given pair b^^^b^^' e 
A^wcak,dof(-^; Ao) satisfying 

7r(b(i') = 7r(b(°)), q3D(b(i)) = <pD(b(")), 

we define 



I^(5b(i),b(«)) ■ 

When b*^^^ = b^"^ = b, we just write i7F((L, b); Ao) for simplicity. 

Put CFdR{L; A) = n{L)i§)A. Then (CiMR(i; A), ^b'^'^bC" ^ ^^^.^^^3 cochain com- 
plex. The cochain complex C-FdR(L; A) carries a natural filtration given by 

F^CFdniL; A) = T^n{L)§)AQ. (17.14) 

Lemma 17.12. PFe have 

Sb^'\b'"\F^CFML;^)) c F^CFML;^)- 

Proof. Since the symplectic area of a pseudo-holomorphic map is nonnegative, P n 
w > if A^fe+i;£(L; /?) is nonempty. Therefore if c\i,k;i3 is nonzero then /3 D uj is 
nonnegative. The lemma follows from this fact and the definition. □ 

This enables us to define the following Lagrangian version of spectral numbers 
associated to L. 
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Definition 17.13. For x e b'^^), (L, b^^^); A) we put 

pf'^'^'^x) = -sup{A \3xeF'CFML;A)), 5"^'"' ^"'"'(x) =0, 

(17.15) 

[x] = X e HF{{L,h^'^),{LM'hA)}- 

Remark 17.14. Wc put minus sign in (|17.15l) for the sake of consistency with 
Chapters 2 and 3. In fact, Vq = — Ot via the isoniorpism ~ A. 



We can show 



b<l>,b('"/ w /iv If 



if x 7^ 0. (See |Usl] or Lemma [18.171 of this paper for the detail.) 

We next define an open-closed map from the cohomology of the ambient space 
to the Floer cohomology of L. Let b — (bo,b2;i, b+,6+) € A^wcak,dcf(i; Aq), take 
g G ri(M) and define a map iqm,h{g) ■ fl{M) Aq CFdR(L; Aq) by 

0eH2{M,L:Z)ei=oe2=ok=o ^ ^ ^ ' (17.17) 

It follows in the same way as in Lemma 16.51 that the right hand side converges in 
T-adic topology. 

Lemma 17.15. The map iqm,b is a chain map. Namely, 



Proof. This is a consequence of Theorem [TTH See jFOOOl] Theorem 3.8.62. We 
recall from Remark 3.5.8 of jFOOOlj that mi;^^ in (|17.4p satisfies mi-pg{h) — 

We thus obtain a homomorphism 

: H*{M; Ao) ^ ffF*((L, b); Aq). (17.18) 

Remark 17.16. The homomorphism (|17.18p is indeed a ring homomorphism. It 
is proved in |F0006] Section 9 for the toric case. See |F0006j Section 31 and 
[AFOOO] for the general case. 

Combining the map i'^^ and Definition 117.131 we introduce 

Definition 17.17. For each 7^ a e H*{M; A), we define 

PL(a)=P^'^*Ub(a)) (17.19) 

for b e Alwcak,dof(i; Ao). 

Therefore by the finiteness (|17.16l) . p\{a) > —00 for any a 7^ 0, provided there 
exists some b such that 1*^^^ ^^{a) 7^ 0. 

18. Criterion for heaviness of Lagrangian submanifolds 

In this section, we incorporate the Lagrangian Floer theory into the theory of 
spectral invariants and Calabi quasimorphisms of Hamiltonian flows and symplectic 
quasi-states. 
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18.1. Statement of the results. We review the notions of heavy and superheavy 
subsets of a symplectic manifold {M, uj) introduced by Entov and Polterovich jEP3] 
Definition 1.3. (See also jAlj, |BC ^ for some related results.) 

Definition 18.1. Let C be a partial symplectic quasistate on {AI,lu). A closed 
subset y C M is called (-heavy if 

C(i?) < sup{H{p) \peY} (18.1) 

for any H e C"(M). 

A closed subset Y C M is called (-superheavy if 

({H) > mf{H{p) \peY} (18.2) 

for any H e C°{M). 

Remark 18.2. (1) Due to the different sign conventions from I EP3 I as men- 
tioned in Remark 1 1.21 Remark 14 . 1 71 and also because we use quantum coho- 
mology class a in the definition of the spectral invariants p{H\ a), the above 
definition looks opposite to that of |EP3J . However after taking these differ- 
ent convention and usage, this definition of heavyness or of superheavyness 
of a given subset S C (A/, a;) indeed is equivalent to that of |EP3| . 

(2) Following the proof of Proposition 4.1 |EP3) . we can obtain a characteri- 
zation of a C-heavy set or a ^-superheavy set as follows: A closed subset 
Y C M is C-fieavy ff and only ff for every H e C°°(M) with H\y = 0, 
H > one has C(^) = 0. A closed subset Y C M is C-super heavy if and 
only if for every H e C°°(M) with H\y = 0, < one has C{H) = 0. Due 
to the different sign convention again, this statement is slightly different 
form Proposition 4.1 fEP3'. Using this characterization and our triangle 
inequality Definition 113.31 (8) and the monotonicity (3), we can show that 
every (^-superheavy subset is C-heavy. This is nothing but Proposition 4.2 
[EP3] . 

(3) Furthermore, we can show Proposition 4.3 jEP3| as it is. Namely for any 
(■-superheavy set Y, and any a e M and H e C°°(A/) with H\y — a we 
have C{H) = a. 

(4) Entov-Polterovich Theorem 1.4 (iii) jEP3| proved that for any partial sym- 
lectic quasistate C, every ^-superheavy set intersects every (^-heavy subset. 
See Theorem [IH21 

The definitions of heavyness and super-heavyness |EP3) involve only time inde- 
pendent Hamiltonian. We first enhance the definition by involving time-dependent 
Hamiltonian. For this purpose, the following definition is useful. 

Definition 18.3. Let H : [0, 1] x M — M be a Hamiltonian and F C M be a closed 
subset. For such a pair {H, Y) we associate two constants E^{H; Y) by 

E^{H-Y) = -M{Hit,p) I {t,p) e [0,1] X Y} 

= sup{-H(t,p) I (t,p)e [0,1] xF} 

E+{H, Y) = suv{H{t,p) I it,p) e [0, 1] X Y} 

E^{H;Y) = E-{H;Y) + E+iH;Y). (18.3) 
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Here the subscript 'oo' stands for the _L°°-norm and used against the more natural 
X(i'°°)-norni which we have used before and denoted as E^. We note 

E^iH;Y) = E^iH:Y)p—^^Ca\iH) 

and so (i?; Y) + E+{H; Y) = E^{H; Y) + E+{H; Y) depend only on the Hamil- 
tonian path but not on the normalization constant. Therefore we denote 

E^{ct>„;Y)^E^{H;Y)+E+{H;Y). 
Definition 18.4. For ip e Ham(Af, w), we define 



eoo(V' 



Y) = mi{E^{H;Y)\^^[cl,H]} 



H 



Y) = inf{i?+(^;y)|V=[0//]} 



H 



Y) = ini{E^{H-Y)\i^=[<pH]} (18-4) 



H 



We note eoo(V^; F) > e+ (^; F) + 6^(7/;; F). 

Definition 18.5. Let /i : Ham(M, w) — M be an Entov-Polterovichpre-quasimorphism. 
A closed subset F C M is called fj,-heavy if we have 

MW>-voL(M)e+(^;r) (18.5) 

for any ^. 

A closed subset Y C M is called ^l- superheavy if we have 

<voL(M)e-(V^;y) (18.6) 

for any 7p. 

Remark 18.6. We consider ip = [4>h\ for an autonomous H . Suppose and C are 
related as in (|14.5p . then 

-et,{^-Y) > ~E+iH;Y) = -E+{H:Y) + -^j^ Cal(H) 

and 

m(V^) = K4>h) = -yoUM)C{H) = - (voL(Af)C(i^) - Cal(i?)) 
for autonomous H. Therefore /i-heavyness of L implies C-heavyness of L. Similarly, 
we can also see that /x-superheavyness implies ^-superheavyness. 

The following result is due to Entov-Polterovich |EP3| which will be used later 
in Section [23l We give a proof for reader's convenience. 

Theorem 18.7 ( |EP3j Theorem 1.4). Let ( be a partial symplectic quasistate. If 
Y C M is (^-superheavy and Z <Z M is C,-heavy, then for any ip € SympQ(M, w) we 
have 

i^iY) n z 7^ 0. 

Proof. Since superheavyness is invariant under symplectic diffeomorphisms con- 
tained in SympQ(M, cij), we may assume that ip is identity. Suppose Y D Z = 9. 
We define H : M ^ R such that i? = 1 on F and i? = -1 on Z. Then since Y 
is C-superheavy, C{H) > ini{H{y) \ y e Y} = 1. On the other hand, since Z is 
(■-heavy, we have C{H) < sup{H{z) \ z E Z} = —1. This is a contradiction. □ 
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Now the following is the main theorem of this paper whose proof is completed 
in Subsection 118.51 

Theorem 18.8. Let L C M be a relatively spin compact Lagrangian submanifold, 
and b — (bo,b2;i, b+,b+) G A^wcak,dcf(-^; Aq) as in Definition \17.9\ We put 

b = z*(b2;i) + b+ei/™^"(Af;Ao), 

where i* : H^iM,L;Aa) H^{M;Ao). Let e e H{M;A). 

(1) //eU'' e = e and 

W(e)^Oei/F*((L,b);A), (18.7) 

then L is (^^ -heavy and is ^^-heavy. 

(2) // there is a direct factor decomposition QH^^{M; A) = A x Q' as a ring and 
e comes from a unit of the direct factor A which satisfies ()18.7p , then L is 
C,^ -superheavy and is n^- superheavy. 

18.2. Floer homologies of periodic Hamiltonians and of Lagrangian sub- 
manifolds. The main part of the proof of Theorem ll8.8l is the proof of the following 
proposition. 

Proposition 18.9. Let L, h, and b be as in Theorem \18.8\ and a E H{M;A). 
Then 

p\H-a)>-Et,{H-L)+pl{a) (18.8) 
for any Hamiltonian H. Here p\{a) is as in ^17.19^ . Equivalently, we have 

p\i^-a)>-eUi^-L) + pl{a). (18.9) 

To prove Proposition fTOl we introduce a map '^^^p : CF{M, H; A^) -> Ci^dR(i; A^) 
in Definition 118.161 and explore its properties Propositions 118.191 and 118.211 The 
proof of Proposition [iHSl is completed in Subsection [1831 To define the map '^^p j-^ 
we start with introducing some moduli spaces. 

We put 

R = sup{iJ(i,p) I (t,p) e [0, 1] X L}. (18.10) 
Let e > and U a sufficiently small open neighborhood of L. 

Lemma 18.10. Let H, L and R be as above. Then for any given e > there exists 
an open neighborhood U of L and a smooth function F — F{T,t,x) : (— oo,0] x 
[0, 1] X Af R such that 

F{T,t,x) ^ H{t,x), if T< -10, 

F{t, t, x) = R -h e, if T > —1 and x E U , 
dF 

— (r, t, x) > 0, for any t, x. 

Proof. Using the continuity of the function H{t, x) and compactness of Y and the 
definition of R we can choose open neighborhood U, V Z) L with U CZ V so small 
that 

H{t,x)<R + ^ (18.11) 

for {t, x) G [0, 1] X and fix a cut-off function puy : X ^ M. such that pu,v = 1 
on U and puy = outside V. 
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We first consider the function Fy : (—00, 0] x [0, 1] x ^ R by 
Fvir, x) = x(t + 5)(i? + e) + (1 - x(t + 5))ff (t, x) 
and tlien define F by 

F{T,t,x) = pu,v{x)FviT,t,x) + (1 - pu,v{x))H{t,x), 

where x is as in Definition 13.111 

The first two conditions required on F are obvious. It remains to check the third. 
We compute 

dF dFy I 

— (r, t, x) = pu,v{x)^—{t, t, x) = x'(r + 5)pu,v{x){{R + e) - H{t, x)). 

li X ^ X \ V, pu,v{x) = 0. On the other hand, ii x ^ V, we have 

s 

Puy{x){R + £ - H{t, x)) > pu,v{x) x 2 - ^ 
by (|18.1ip . This finishes the proof. □ 

We recall that we fix a t-independent J throughout in Chapter 4. 
Definition 18.11. Let [7,^] G Crit(ytH) and {3 e H2{M,L;Z). We denote by 

o 

A4k+i:e{F, J; [7, w], L; (3) the set of all triples (u; Zj^, . . . , z^; zq, . . . , z^) satisfying 
the following: 

(1) u : (— cx),0] y. ^ M is a smooth map such that u{0,t) C L. 

(2) The map u satisfies the equation 

j(^^XAu))^0. (18.12) 



dr \dt 

(3) The energy 



iF,J);L 



du 



dt dr 



is finite. 

(4) The map u satisfies the following asymptotic boundary condition. 

lim u{T,t) ^-f{t). (18.13) 

r— f — 00 

(5) , . . . , z^ are points in (—00, 0) x which are mutually distinct. 

(6) Zq, . . . , Zfe are points on the boundary {0} x S^. They are mutually distinct, 
zo, . . . , Zfc respects the counterclockwise cyclic order on with respect to 
the boundary orientation on coming from (—00, 0] x S^. We always set 
zo = (0,0). 

(7) The homology class of the concatenation of w and u is /?. 
We define an evaluation map 

(ev, ev^) = (evi, . . . , ev,; evl evf ) : Mk+iAF, J; [7, w],L; (3) ^ M' x L^+^ 
where 

evi([-u; z^,..., zj; zq, . . . , z^]) = u{zf), evf ([u; zj*", . . . , z/; zo, . . . , Zk\) = u{zi). 

o 

Lemma 18.12. (1) The moduli space Aik+i;i{F, J]Yl ^w], L] (3) has a compact- 
ification Aik+i;e{F, J; [7, w], L] (3) that is Hausdorjf. 
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(2) The space Mk+i\t{F, J] [7, it'], -^5 /?) has an orientable Kuranishi structure 
with corners. 

(3) The boundary of Mk+i-iiF, J; [j,w], L; l3) is described by the union of the 
following two types of fiber or direct products. 

|JX#L,(i/, J; h,w], [j',w']) X Mk+i;#u{F,J; [y,w%L;P), (18.14) 

where the union is taken over all {-y',w') G Ciit{AH), o,nd (Li,L2) G 
Shuff(^). 

|JX/ci+i;#Li(i;/3i)ovg Xcvf >'fc2+i;#L2(^, ^;[7,w],L;/32), (18.15) 

where the union is taken over all (Li,L2) G ShufF(i!), ki, k2 with ki+k2 — k, 
i < k2, and with Pi -\- P2 = 

(4) Let fj,H : Crit(^/f ) TLbe the Conley-Zehnder index and fij^ : H2{M, L; Z) — > 
2Z the Maslov index. Then the (virtual) dimension satisfies the following 
equality: 

dimMk+iAF^ J-^ [7, w],L- (i) = ^1L{P) - m{b. w]) + 2i + k~2 + n. (18.16) 

(5) We can define orientations of Mk+i-iiF, J; ['y,w], L; j3) so that (3) above is 
compatible with this orientation. The compatibility for the boundary of type 
(|18.15p is in the sense of |F000l] Proposition 8.3.3. 

(6) The evaluation map (ev, ev^) extends to a strongly continuous smooth map 

Mk+iAF,J; [l,w],L;l3)^M' x L''+\ 

which we denote also by the same symbol. It is compatible with (3). 

(7) cVq is weakly submersive. 

(8) The Kuranishi structure is compatible with forgetful map of the boundary 
marked points. 

(9) The Kuranishi structure is invariant under the permutation of the interior 
marked points. 

(10) The Kuranishi structure is invariant under the cyclic permutation of the 
boundary marked points. 

The proof of Lemma [18. 121 is the same as those of Propositions 13.61 117.31 and so 
is omitted. 

Remark 18.13. A similar moduh space was used by Albers [Al] in the mono- 
tone case. According to Entov-Poherovich [EP3j p. 779, their motivation to define 
heavyness comes from [Al . We note that Albers [Al] does not use r-dependent 
F — F{t, t, x) but H = H{t, x) which is independent of r. We may not need F and 
simply use X/f-perturbed pseudo-holomorphic curve equation in place of (118. 12p . 
(See Section [25.41 for more explanation on this point.) The reason why we use this 
F is to deal with genuine pseudo-holomorphic curve equation in a neighborhood 
of the boundary point {0} x where the boundary condition u{0,t) G L is put: 
since F is constant there, this does our purpose. The detail of the compactifica- 
tion and gluing in the study of moduli space of Xh perturbed pseudo-holomorphic 
curve equation and Lagrangian boundary condition does not seem to be written in 
detail in the literature in the level of generality we need here, although we have no 
doubt that there is nothing novel to work out. Since p8.12p is exactly the pseudo- 
holomorphic curve equation in a neighborhood of the boundary point {0} x S^, 
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we can directly apply the analysis of jFOOOlj Section 7.2 for the proof of Lemma 
[18321 

Lemma 18.14. There exists a system of continuous families of multisections on 
our moduli space A4k+i;eiF, J; [7, w], L; /?) with the following properties. 

(1) It is transversal to 0. 

(2) It is compatible with the description of the boundary in Proposition \18.12\ 
(3). 

(3) The restriction of cvq to the zero set of this family of multisections is a 
submersion. 

(4) It is compatible with forgetful map of the boundary marked points. 

(5) It is invariant under the permutation of the interior marked points. 

(6) It is invariant under the cyclic permutation of the boundary marked points. 

The proof of Lemma ri8.14l is similar to the proof of Lemma fl 7 . 4 1 and so omitted. 
Let CF{M, II;C) be the C vector space over the basis Crit(yl_f/). We use our 
moduli space to define an operator 

qlk.^p:Ee{n{M)[2])<E>CF{M,H;C)[l]<E,Bk{n{L)[l])~^n{L)[l] (18.17) 

as follows. Let gi,...,gi e il{M), hi,...,hk G ^{L), [7,w] G Crit(^/f), and 
^ e i?2(M, L; Z). We define 

^lk■A9l, ■ ■ ■ ,9i,b,w],hi, . . . ,hk) MO 

„ fl An (18.18) 

= bvq, [evlgi A • • • A ev^^^ A ev'(*hi A • • • A ev^*/ifc) . 

Here we use the evaluation map 

(ev, ev^) = (evi, . . . , ev,; ev^, . . . , evf ) : Mk+i-AF. [7, L; /3) ^ M' x L'^+i 

and the correspondence given by this moduli space. The next proposition states 
the main property of this operator. We define 

diH,j),0 ■■ E{n{M)[2]) (g> CF{M, H; C)[l] ^ CF{M, H; C)[l] 

by 

= E n^F,j)AhM,W,^']){9i,---,9^)b',w'i (18.19) 
where vnpjyA['y,w], b',w']){gi, . . .,gi,) is 

Proposition 18.15. The operators ({f^-p have the following properties: 
(1) ^iMP '"satisfies 

/3l+/32=0Ci,C2 

+ E E(-l)"<(y'^^(^^^)A(y'^M7,^"]);x) (18.20) 

ft+fc=/3 Cl,C2 

where 

* = deg'x^;! + deg'x^;! degy^f + degy^;\ = degy^^i. 

In (|18.20p and hereafter, we simplify our notation by writing q^(y; [7, w]; x), 
q^j(y;x) m place 0/ qf ^..^(y; [7, u;]; x), c|£^/3(y; x) if y e Ei{n{M)[2]), 
X e Bfc(ri(L)[l]). We use the notation (\17.2^ here. 
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(2) Let eL be the constant function 1 which we regard degree differential form 
on L. Letxi G B{H{L; R)[l]) and we putx = xi(g)eL(g)X2 G B{H{L; 
Then 

qj(y,[7,«;];x) = 0. (18.21) 

Proof (1) follows from Lemma HHH (2) and Proposition [ISJJ (3). (2) follows 
from iron (4) and Proposition \T8J2\ (8) . □ 

Let b — (bo, b2;i, b+, 6+) as in Definition 117.71 We put b = «*(b2;i) + b+. 
Hereafter in this section we identify the universal Novikov ring A with A"^ by T = 

q~ 



Definition 18.16. We define 

\f,j) 



by 

ab.'' ,„n _ ^\^„-(f}nuj-n,nuj) exp(b2;i n (3 - i* (b2;i) n w) 

e=ok=o (18.22) 

We can prove the convergence of the right hand side of (|18.22l) in g-adic topology 
in the same way as in Lemma 16.51 

Lemma 18.17. We have 

The proof is a straightforward calculation using Proposition 118.151 and so omit- 
ted. This gives rise to a map 

aj'^^}* : HF,{M,H;A^) ^ HF* {{L,h); A^). (18.23) 

Remark 18.18. We can show that the map (|18.23l) is a ring homomorphism with 
respect to the pants product in the left hand side and m2 in the right hand side. 
We do not prove it here since we do not use it. 

18.3. Filtration and the map J^pjy Using the identification C^dR(-^;A"^) = 
CFdn{L; A) via T = we define a filtration on them by 

F-^CFdR(L; A^) - F^CFdniL;A) = T^r!(L)§Ao. 

Similarly we put 

F^{n{M)i^A^) = q-^n{M)^A-^. 

This is consistent with Definitions 12. 2[ [2^ See Notations and Conventions (16) in 
Section [T] and also Remark ll7.14l In this subsection we prove the following: 

Proposition 18.19. For all A G M, 

3^Jy^iF\Q{M)^A^)) C F>^+^+'CFaRiL;A^). 
Proof. The proposition immediately follows from Lemma 118.201 below. □ 
Lemma 18.20. If A4k+i;e{F, J;['y,w], L; is nonempty, we have 
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o 

Proof. Let {u;z^..., z^, zq, . . . , Zk) G Mk+i;e{F, J; [7, w],L; (3). In a way similar 
to the proof of Lemma 19.81 we calculate 



u* uj = Ep,j{u) — j —{Fou)dTdt+ f (——ou^dTdt 



> lim / F{T,t,u{T,t))dt 



F(0, t, (u(0, t))dt+ I ( ^ ° " ) drdt 

'(-oo,0]xSi 



H{t, 7(t)) dt- {R + e)+ I ( ^ ° ) '^■^^^ 



(-oo.OjxSi 



dr 

I 

'dr 



> / i7t(7(i))di- (i? + e). 



Recalling /3na; — = J u*w from j3 = [iv^u], we obtain 

w*uj-J Ht{-f{t))dt> -{R + e)- pnuj. 
The lemma follows. □ 
18.4. Identity "^^pj-^ o V^f^ , j) * — *qm b- this subsection we prove: 
Proposition 18.21. For any a G H*{M;A^) the identity 

/loZds m cohomology. Here G i7,t(M;A"^) is the homology class Poincare dual to 
a G H* {M; A'^) as in Notations and Conventions (17). 

Proof. For S* > we put 

Fs{t, t, x)=x{t + S + 20)F(t, t, x) 

where x is as in Definition 13.111 

Definition 18.22. Denote by 

the set of all triples {u; , . . . , z^; zq, . . . , Zk) satisfying the following: 

(1) u : (—00,0] X M is a smooth map such that u{Q,t) C L. 

(2) u satisfies the equation 

du 

Ih'' "Kdt 

(3) The energy 
is finite. 

(4) , . . . , z'^ are points in {—00, 0) x which are mutually distinct. 

(5) zq, . . . ,Zk are points on the boundary {0} x S^. They are mutually distinct. 
zq, . . . ,zk respects the counterclockwise cyclic order on S^. We always set 
zo = (0,0). 



j(^^Xp,{u)] ^0. (18.24) 



dt dr 
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(6) The homology class of u is /3. 
We define an evaluation map 

(ev, ev^) = (evi, . . . , ev,; ev[^, . . . , evf ) : Mu+i;i{Fs, J; *, L; /3) ^ x 

by 

eVj(M; z^,..., zj; zq, . . . , Zk) = u{z^), evf ([u; z^ , . . . , zf; zq, . . . , Zk]) = u{zi). 
We also define 

o 

ev^^oo : Mk+i;i{Fs, J'. *, L; (3) ^ M 

by 

ev_oo(w;Z]*",.--,z/;zo,...,z;e) = lim M(r,t). 

r— > — oo 

By (2), (3) and the removable singularity theorem, the limit of the right hand side 
exists and is independent of t. We put 

7Clfc+i.,(para;F, J;*,L;/3) = |J {S} x Mk+iAFs, J] L; p), (18.25) 

se[o,oo) 

where (ev,ev^) and ev_oo are defined on it in an obvious way. 

o 

Lemma 18.23. (1) The moduli space Aik+i-eipo.ra; F, J; L; /3) has a com- 
pactification Mk+i-.eipo-fo,', F, J', *, /3) that is Hausdorff. 

(2) The space Mk+i/ipara; F, J; *, L; /3) has an orientahle Kuranishi structure 
with corners. 

(3) The boundary of Mk+ij{para; F, J; *, L; (3) is described by the union of the 
three types of direct or fiber products: 

\JM#lAHx, J; *, [7, w]) X Mk+i-ifu (F, J; [7, w],L; (18.26) 

where the union is taken over all [7, w] G Crit(yl//), (Li,L2) G Shuff(£). 
(Here M^i^-^^{H^, J; *, [7, vo\) is the moduli space defined in Definition \6.10\ 
and Proposition \6.11\ We write J in place of since in Chapter 4 we use 
a fixed J which is independent of t and t.) 

|jA^A;i+i;#Li(i;^i)ovO ^c^a Mk2+i;#i.Apara;F,J]*,L;l32), (18.27) 

where the union is taken over all (Li,L2) G Shuff(^), fci, ^2 with fci+fc2 = k, 
i < k2, and /3i,/32 with /3i + /32 = /5. 

Mk+iAFo,J;*,L;l3), (18.28) 

o 

that is a compactification of the S = case of the moduli space Aik+i;eiFs, J]*,L] (3). 

(4) Let fiL ■ i?2(A'/, L;Z) — > 2Z be the Maslov index. Then the (virtual) dimen- 
sion satisfies the following equality: 

dimMk+iAP0'fa;F,J;*,L;l3) = ^l(/3) + 2^ + - 1 + n. (18.29) 

(5) We can define orientations of A4k+i-i{para; F, J;*, L; /3) so that (3) above 
is compatible with this orientation. For the boundary of type (jl8.27p the 
compatibility means the same as in Lemma \18.12\ (5). 

(6) (ev, ev^, ev_ooJ extends to a strongly continuous smooth map 

Mk+i-Apara; F, J; *, L; /3) M'+^ x L''+\ 
which we denote by the same symbol. It is compatible with (3). 
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(7) evQ is weakly submersive. 

(8) The Kuranishi structure is compatible with forgetful map of the boundary 
marked points. 

(9) The Kuranishi structure is invariant under the permutation of the interior 
marked points. 

(10) The Kuranishi structure is invariant under the cyclic permutation of the 
boundary marked points. 

The proof of Lemma [18. 2 31 is the same as that of Propositions 13.61 It suffices to 
observe that (jl8.26p appears at the hmit oo. 

Lemma 18.24. There exists a system of continuous families of multisections on 
our moduli spaces Mk+i-.eipo-ra; F, J; *, L; (3) with the following properties. 

(1) It is transversal to 0. 

(2) It is compatible with the description of the boundary in Proposition \18. 23\ 
(3). 

(3) The restriction of evQ to the zero set of this family of multisections is a 
submersion. 

(4) It is compatible with forgetful map of the boundary marked points. 

(5) It is invariant under the permutation of the interior marked points. 

(6) It is invariant under the cyclic permutation of the boundary marked points. 

The proof is the same as that of Lemma [18.141 and is omitted. We now define 

^Ik-f ■■ Ei{n{M)[2]) (g> n(M)[i] (g> Bk{n{L)[i]) ^ n{L)[i] (18.30) 

by sending {gi, . . . ,gf,h;hi, . . . ,hk) to 

ev^, (evlgi A • • • A ev^^^ A ev*_^h A evf*hi A • • • A evf*/ifc) . 

Here 

(ev,ev^,ev_oo) = (evi, . . . , ev^; ev^; ev^^, . . . , evf ) 

: Mk+i AP'^ra; F, J; *, L; /3) ^ M'+^ x L'^+i 

is the natural evaluation map and evpi is the integration along the fibers of evg via 
the correspondence given by this moduh space. We define 

^Lk-f ■ Eein{M)[2]) ^ n{M)[l] ^ Bkin{L)[l]) ^ n{L)[l] 

by using Mk+i-e{Fo, J'l *, L; (3) in (|18.28l) in the same way. 

Definition 18.25. Define a map 

by 

^^fU^) = E E E g'^"" "^^f <ij>f^ bf). (18.32) 
We also define 

by 



Sj^^^^j^ : n{M)^A^ ^ CFdR(L; A^) 
M /^,^_Y^V^"^ -/3nc^exp(b2;i n /?) _F,s>o, 



oo oo 

= E E E g'^"" ' ' ' )■ (18.33) 

l3 e=0 k=0 
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Lemma 18.26. We have 

S O Sj^p j^ ± ^^p j^ O d = J^p j^ O ° b - J). 

as in ()3.19|) . 

Proof. This follows from Lemma 118.231 after considering the correspondence by 
using the moduli space in Lemma ri8.23l (1). Indeed, the first term of left hand side 
corresponds to (|18.27p . The first and second terms of the right hand side correspond 
to l\18.26\i and p8.28p . respectively. □ 

We next construct a chain homotopy between Z^p^ and iqm,b- Let a G [0, 1]. 
We replace (|18.24p by 

^ + j[^-aXFM)=Q (18.34) 

o 

in Definition 118.221 to define A^fc+i;£(o-, Fo, J; *, L; We put 

Alfc+i.,([0,l],Fo, J;*,L;/3) = |J {a) x Mk+iA^. Fq, J-*, L- P). 

cre[0,l] 

We can prove a lemma similar to Lemmas 118.231 118.241 using the compactification 
M.k+i-i[\}^A],FQiJ',*iL]P) in place ol Mk+i-jXpara, F, J;*, L; (3) in (|18.3ip and 
(HHSSj), and define 

Then in a similar way we can show 

rb "?^b, b -:rb,b b 

Combining this with Lemma [18.41 we finish the proof of Proposition 118.21] □ 

18.5. Heavyness of L. We are now ready to complete the proofs of Proposition 
mHand Theorem [HH 

Proof of PropositionUEM For e > we take x e F^CF{M, H; A^) ^ F-^CF{M, H; A) 
such that [x] = V^^^j^ ^{a^) and A < p^{H; a) + e. By Proposition [THU we have 

^^{Fj)(^) e F^+'^+'CFiL; A^). (18.35) 
On the other hand, Proposition 118.21] shows that 

P('f!'j)(^)] = ^i*) ° ^(W^,. /),*(«'') = «qm,b(a)- 

Therefore 

A + i? + e > p^{a) 

by definition. It implies 

p''{H;a)+2e>p1{a)-R. 
The proof of Proposition ll8.9l is complete. □ 
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Proof of Theorem \18.8[ We first prove (1). By Remark 118.61 it suffices to prove 
/ig-fieavyness. Let H : M x ^ R he a nornialized periodic Hamiltonian. We put 

H^,,){t,x) ^nH{nt- [nt],x), (18.36) 

where [c] is tlie largest integer sucli tliat c > [c]. It is easy to see that ipH^„) = {'4'h)"' ■ 
We apply Proposition 118.91 to iJ(„) and obtain 

p\{^HT;e) > nM{-H{t,x) \teS\xe L} + p1{e). 

Therefore by definition we have 

Aie(V'H) > voL{M)M{-H{t,x) \ teS\xeL}. 

Thus Theorem 118.81 fl) is proved. 

We turn to the proof of (2). Again it suffices to prove /x^-superheavyness. 
We use our assumption to apply Lemma 116.51 and obtain 

p\ii'Hr;e) < 30,(e) - )-"; e). (18.37) 

We put H{t, x) ~ —H{i — t, x) and then obtain as in (|18.36p . We then apply 
Proposition 118.91 to -ff(n) and obtain 

p''((V^ff)-";e) > ~nsup{~H{t,x) \ teS\xe L} + pl{e). (18.38) 
By (fT8:37| and (fT838l) we have 

p''((VJ'ff)";e) <nsup{-H{t,x) \ t E S\x E L} + 3Vg{e) - p^{e). 
Therefore 

Ate(V'ff) < voL(M)sup{-iJ(i,x) \ teS\xE L}. 
as required. The proof of Theorem 118.81 is now complete. □ 

19. Linear independence of quasimorphisms. 

In this section we prove Corollary 11.101 We use the same notations as those in 
this corollary. Let Ui C M, i = ~N, . . . ,N be open sets such that Ui O Uj — 9 
for i j and Li C Ui for i = 1, . . . , A^. For i = —N, . . . ,N, let pi be nonnegative 
smooth functions on AI such that supppi C Ui {i = —N,...,N), pi = 1 on Li 
{i = 1, . . . , N), and j^j piuo^^ ~ c where c > is independent of i (i = 1, . . . , A^). 
We then put 

iJ, =voL(Af)-i(p, 

and regard them as time independent normalized Hamiltonian functions. We put 
■01 = V'-f/i ■ Since the support of Hi is disjoint from that of Hj it follows that V'l for 
i ^ j commutes with V'j. Namely they generate a subgroup isomorphic to 1^ . 
For (fci, . . . , fcjv) e we consider 

N 
i=l 

Note that (j) = i'H where H = Ylii=i ^iHi - Since Li is /ig* -superheavy and Pg^'-heavy, 
we have 

voL(Af)inf{-iJ(.T) \ xeL,}< p^($) < vo\UM)snp{~H{x) \ x G L,}. 
Therefore Pe^{(f>) = —ki. The proof of Corollary [TTTU] is complete. □ 
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Part 5. Applications 

In this chapter, we provide applications of the results obtained in the previous 
chapters. Especially combining them with the calculations we carried out in a 
series of papers }F0002 . F00031 IF0006] in the case of toric manifolds, we prove 
Corollary [QJ and Theorem 11.111 for the case of k (> 2) points blow up of CP^. 
The latter example has been studied in |F0003] . We also examine a continuum 
of Lagrangian tori in x discovered by the present authors in [F0005) and 
prove Theorem 1 1.1 II 

20. Lagrangian Floer theory of toric fibers: review 

20.1. Toric manifolds: review. In this subsection we review a very small portion 
of the theory of toric variety. See for example |Ful) for a detailed account of toric 
varieties. 

Let (M, w, J) be a Kahler manifold, where J is its complex structure and uj its 
Kahler form. Let n be the complex dimension of M. We assume n dimensional 
real torus T" = (5*^)" acts effectively on M such that J and uj are preserved by 
the action. We call such (M, w, J) a Kahler toric manifold if the T" action has a 
moment map in the sense we describe below. Hereafter we simply say (M, w, J) (or 
M) is a toric manifold. 

Let (M, w, J) be as above. We say a map tt = (tti, . . . , 7r„) : M — > M" is a 
moment map if the following holds. We consider the i-th factor Sj of T". (Here 
i = 1, . . . , n.) Then tt^ : M — )■ K is the moment map of the action of S}. In other 
words, we have the following identity of tti 

27rd7rj = w(-,tj) (20.1) 

where U is the Killing vector field associated to the action of the cirlce S} on X. 

Remark 20.1. We put 2tt in Formula (|20.1I) in order to eliminate this factor from 
p03| . See Remark [2031 

Let u S IntP. Then the inverse image 7r~-'^(u) is a Lagrangian submanifold which 
is an orbit of the T" action. We put 

L(u) = 7r"i(u). (20.2) 

This is a Lagrangian torus. 

It is well-known that P ~ Tr{M) is a convex polytope. We can find a finitely 
many affine functions £j : R" R (j = 1, . . . , to) such that 

P ^ {u e M" I ^j(u) > 0, Vj = l,...,m}. (20.3) 

We put djP = {u e P I ijiu) = 0} and Dj ^ Ti-^{djP). {A\xm,djP = n - 1.) 
Di U • • • U Dm is called the toric divisor. 

Moreover we may choose £j so that the following holds. 

Condition 20.2. (1) We put 

dtj = Vj = {VjS,- ■ ■ , Vj,n) G R"- 

Then Vj^, £ Z. 

(2) Let p be a vertex of P. Then the number of faces djP which contain p is 
n. Let dj-^P, . . . , dj^P be those faces. Then Vj^, . . . , vj^ (which is contained 
in Z" by item (1)) is a basis of Z". 
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The affine functions tj have the following geometric interpretation. Let u e IntP. 
There exists m elements Pj € H2(M, L{u);Z) such that 



l3i(^D,, = l^ / ' (20.4) 




The existence of such ij and the property above is proved in [Gu] Theorem 4.5. 
Then the following area formula 



w = ^j(u) (20.5) 

'ft 

is proved in [CO] Theorem 8.1. (See |F0002j Section 2 also.) 

Remark 20.3. Note in [CO; Theorem 8.1, f F0002j Section 2 there is a factor 2tt 
in the right hand side of (120.51) . We eliminate it by slightly changing the notation of 
moment map (See Remark l20.in Note in |F0002) the constibution of the pseudo- 
holomorphic disc of homology class /3 in has weig paper and 

in IFOOOl i the weight is T'^'^". 

20.2. Review of Floer cohomology of toric fiber. Let Ti,^^ be the C vector 
space whose basis is a complex codimension k submanifold of M which arises as 
a transversal intersection of k irreducible components Dj-^ , ■ • ■ , Dj^ of the toric 
divisor. For fc = we let "H" = C and its basis is regarded as a codimension 
submanifold M itself. For k ^ Q the inclusion map induces an isomorphism 

^2'^ = H2n-2k{M \ L{u);C) - i/2fe(M, L(u); C). (20.6) 

There exists a short exact sequence 

^ i/2„-2fc(Af;Z) ^ H2n-2k{M,L{u);Z) ^ H2„-2fc-i(i(u); Z) ^ 0. (20.7) 

Note that L{u) is a torus and so _ff(L(u);Z) is a free abelian group. We fix a 
splitting of (j20.7|) and identify 

H2{M,L{u);1) ^ H2{M;1) ® Hi{L{u);Z). (20.8) 

For fc 7^ 0, we also fix a C linear subspace H^'^ C H^'' such that the homomorphism 
induced by the inclusion H2n-2k{M \ L(u);Z) H2n-2k[M]'L) restricts to an 
isomorphism from Ti.^^ to H2n-2k{M; Z). For k — we have an isomorphism 

•H° = C = i7°(M;C), 

whose basis is the canonical unit of H^{M\ C). We note that the odd degree coho- 
mology of toric manifolds are all trivial. 

We put n = 0fc^oH2'=. We take its basis {PD{[Da]) \ a = 0,...,B} so 
that Dq — [M] (whose Poincare dual is the unit), each of Di, . . . , is an ir- 
reducible component of the toric divisor {B2 = rankiif2(M; Q)) and DB2+1 ■ ■ ■ , Db 
are transversal intersection of irreducible components of the toric divisors. {B + 1 = 
ranki?(M;Q).) We put ef = PD{[Da]). 

We put B_= {1, . . . , i?} and denote the set of all maps p : {1, . . . , ^} — > B by 
Map{£,B). We write |p| = £ if p e Map{t,E). 

For fc, € € Z>o and /3 G H2{M, £(u); Z) we define a fiber product 

e 

A^fe+i;,(L(u); /?; p) = Mfe+i;,(L(u); /3) n^^pW, (20.9) 

1=1 



98 



KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, AND KAORU ONO 



where A4k+i;i{L{u.); (3) is a moduli space defined in Definition 1 1 7 . 21 and Proposition 

[Hal 

Let be tfie symmetric group of order £1. It acts on A4k+i;i{L{u.); (3) as tlie 
permutation of tfie interior marked points. We define a ■ p = p o . Tliey induce 
a map tr* : Mk+i-e{L{u); 13; p) -J> A^fc+i;^ (L(u); /3; a ■ p). 

Since L{u) is a T" orbit, A^fc+i;^ (L(u); (3; p) lias a T" action induced by one on 
M. To describe the boundary of A4k+i-i{L{u); l3;p) we need a notation. We will 
define a map 

Split : Shufr(^) X Map(^,B) — ^ |J Map{ei, B) x Map{£2, B), (20.10) 

as follows: Let p e Map{£,B) and (Li,L2) G Shufr(£). We put £j ^ #(Lj) and 
let ij : {I, . . . , £j} = Lj be the order preserving bijection. We consider the map 
Pj :{!,... ,£j} B_ defined by Pj{i) = p(ij(i)), and set 

Split((Li,L2),p) := (Pi,P2). 

Lemma 20.4. (1) Aik+i:i{L{\i)] I3]p) has a Kuranishi structure with corners. 

(2) The Kuranishi structure is invariant under the T" action. 

(3) Its boundary is described by the union of fiber products: 

A^/ci+i;#Li(^(u);/3i;Pi)cvg Xovf -^fe2+i;#L2(-^^(u);/32;P2) (20.11) 

where the union is taken over all (L1.L2) G Shuff(£), fci, fc2 with ki + k2 — k 
and Pi, 132 e H2{M,L{u);Z) with (3 ^ (3i+ (32. VKe pwi Split((Li, L2), p) = 

(Pl,P2)- 

(4) The dimension is 

dimXfe+i;^(L(u);/3;p) ^n + ^i(u)(/3) +fc-2 + 2£-^2degi?p(,). (20.12) 

i=\ 

(5) The evaluation maps evf at the boundary marked points of A4k+ii£{L{u); (3) 
define a strongly continuous smooth map on AAk+i;i{L{^)'i P'lP), which we 
denote by evf also. It is compatible with (3). 

(6) We can define an orientation of the Kuranishi structure so that it is com- 
patible with (3). 

(7) evg is weakly submersive. 

(8) The Kuranishi structure is compatible with the action of the symmetry group 

(9) The Kuranishi structure is compatible with the forgetful map of the i-th 
boundary marked point for i — 1, . . . , fc. (We do not require the compatibility 
with the forgetful map of the 0-th marked point.) 

Lemma is proved in |F0003| Section 6. 

Lemma 20.5. There exists a system of multisections on Mk+i-iiLi^)] (^'tP) with 
the following properties: 

(1) They are transversal to 0. 

(2) They are invariant under the T" action. 

(3) They are compatible with the description of the boundary in Lemma \20.4\ 
(3). 

(4) The restriction of cVq to the zero set of this multisection is a submersion. 

(5) They are invariant under the action of &£. 
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(6) The multisection is compatible with the forgetful map of the i-th boundary 
marked point for i = 1, . . . , fc. 

This is also proved in |F0003| Section 6. We note that (4) is a consequence of 
(2). 

Let hi, . . . ,hk e il(L(u)). We then define a difi'erential form on L(u) by 

qli,,pip; hi,..., hk) = (ev[^)!(ev?, . . . , evf A • • • A hk), (20.13) 

where we use the evaluation map 

(ev^, . . . , evf ) : X,+i;,(L(u); /?; p) ^ L(u)'=+i 

and (evo)! is the integration along the fiber. Here the superscript T stands for T" 
equivariance. By Lemma l20.5l (4) integration along fiber is well-defined. By Lemma 
120.51 (5), the operation (|20.13p is invariant under permutation of the factors of p. 
Therefore by the C linearity, we define 

q^fc^^ : Et{H[2]) ® Bk{n{L{n))[l]) ^ r!(i(u))[l]. (20.14) 

We identify the de Rham cohomology group i?(i(u);C) of L(u) with the set of 
T" invariant differential forms on L{vl). By Lemma [20.51 (2), the operations qj^,.^ 
induce 

qL;/3 : E,(n[2]) ® Bk{H{L{n);C)[l]) ^ H(L(u); C)[l]. (20.15) 

In the case /3 = /3o = 0, we define ([^k-Po (|18.18p . The operators qf^,.^ satisfy 
the conclusion of Theorem 117. II We use it in the same way as in Definition 1 1 7 . 71 to 
define nx^''^ for b = (bo, b2;i, b+, b+). We have thus obtained a filtered A^c, algebra 
(CFdR(L(u);Ao),{m^'''}r.o) with 

CFdR(L(u);Ao)-r!(L(u))§Ao. 

This is the filtered A^o algebra we use in [F0003| . (In |F0003| q^ is denoted by 
q .) In particular, if mg' (1) = mod e^A^, we have ' o ' =0. We put 
(5^>'=' — m^'*^ and define 

Ker S'^'^ 

HFT{{L,h);Ao) = j^^. (20.16) 

We put subscript T in the notation to indicate that we are using a r"-equivariant 
perturbation. In a series of papers |F0002i IF0003[ IF0006| we studied Floer 
cohomology (|20.16p and described its nonvanishing property in terms of the critical 
point theory of certain non- Archimedean analytic function, called the potential 
function. Explanation of this potential function is in Subsection [2041 

20.3. Relationship with the Floer cohomology in Section 1171 To apply the 
Floor cohomology (j20.16p for the purpose of studying spectral invariants, we need 
to show that (|20.16p is isomorphic to the Floer cohomology we used in Chapter 3. 
We use the next proposition for this purpose. We denote b^°' = (bo,b2;i, b+,0) as 
before. 

Proposition 20.6. The filtered Aoo algebra {CFdR{L{u); Aq), {m^'^ 'ife^o) ishomo- 
topy equivalent to (Ci^dR(^(u); Aq), {iTij,' ^kLo) ^.s a unital filtered A^o algebra. 
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Here the first filtered Aoo algebra is defined in Definition 117.71 and the second 
one is defined at the end of Subsection 120.21 Proposition 120.61 is the de Rham 
version of the filtered A^o algebra associated to a Lagrangian subnianifold, which 
was established in |F000l] Theorem A. Since the details of the construction we are 
using here is slightly different from those in |F000l] , we give a proof of Proposition 
120.61 in Section [28] for completeness' sake. 

Let = 1 be the differential 0-form on L which is the unit of our filtered A^o 
algebra. We put: 

A?woak,dcf(i(u);A+;b(°)) 

{OO 
b+ e H°''\L{u); A+) I m^"" (6^) = mod e^A^ 
fe=0 

and 

■A^^eak,dcf(i(u);A+;b(")) 

{OO 
b+ e H°'^'^{L{vl)- A+) I ^ mfc'*"'"' ibX) = mod e^A 
fc=0 

We write b(6+) — (bo, ^2-i, ^+)- Then 

wcak.dcf (i(u);Ao) 

for h+ e 7Wwcak,dcf(i(u); A+;b^'). 

Similar fact holds for b+ G A^^^^^j^ j^f(i(u); A+; b'"^). 

Proposition 120.61 and the homotopy theory of filtered A^o algebras as given in 
[FOOOlj Chapter 4 immediately imply the following: 

Corollary 20.7. There exists a map 

5* : A4^eak.dof(i(u); A+;b(")) ^ 7W^eak,dcf(i(u); A+;b(°)) 

such that for each 6+ G A^^^^j^ jj,f(L(u); A+; b^^-*) there exists a chain homotopy 
equivalence 

3*+ : (Ci^(L(u));A),(5^'''(''+)) ^ (CF(L(u)); A), <5bW-(''+») 

that preserves the filtration. 

We note that -3* induces an isomorphism after taking gauge equivalence. We do 
not use this fact in this paper. 

We next use qfj../^ in place of qe,k;i3 in (|17.17|) to define a chain map 

: (f^(M)§A,d) ^ (CF(L(u);A),<5^'b). 
Lemma 20.8. o iqm.b is chain homotopic to i^^iy 

The proof is parallel to Proposition 120.61 and is given in Section [28l 
Now the following is an immediate consequence. 

Corollary 20.9. When we replace i7F((L,b); A) by HFT{{L,h); A) and i*^^ by 
*qin respectively, Theorem \18.8\ holds. 



(20.17) 



(20.18) 
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20.4. Properties of Floer cohomology HFT{{L,h); A): review. We now go 

back to the study of Floer cohomology HFT{{L,h); A) which was established in 
|F0002[ |F0003| and which we also reviewed in Subsection [2021 

Proposition 20.10. If b+ e i?i(L(u); A+), then 

^T.b(b+)^^^_Q modeLA+. 

This is nothing but iF0002j Proposition 4.3 and |F0003| Proposition 3.1. We 
omit its proof and refer readers the above references for the details. The proof is 
based on a dimension counting argument. We remark that the proof of Proposition 
120.101 does not work if we replace mQ*'^'"^^'' by ttIq''^^''. This is because we used a 
continuous family of multisections for the definition of m^*''''^'' in Section 1171 So 
the above mentioned dimension counting argument cannot apply. (See [F0006| 
Remark 18.2.) Actually this is the reason why we use cycles Da instead of differen- 
tial forms to represent cohomology classes of M in |F0002l IF0003) and in this 
section. 

Now we consider b*-*^' = (bo, b2;i, b+, 0) and 5+ e H^{L{u); A^). By Proposition 
120. 101 we have 

b(fc+)e7WLak,def(i(u);Ao). (20.19) 
We use the identification ()20.8p to regard b(&+) = (bo,b2;i, b+,5+) as an element 
of 7?'="<="(M; Ao)®i?ni(u); Ao)- So hereafter we define HFT{{L{vi\ (b,&)); Aq) for 
b e ff™'="(M; Ao) and b e H^{L{u);Ao). This is the Floer cohomology we studied 
in |F0003j . 
We define 

<PD" : fl"™""(M;Ao) x H\L{u); Aq) A+ 

by 

^T.Xb.b)^^^ ^ ^D"( b,5) BL. (20.20) 
We now review the results of |F0002[F0003j on the potential function qJD" and 
how the Floer cohomology is related to it. 

We fix a basis {ej^^^ of ffi(L(u);Z). Identifying L(u) with T" by the action, 
we can find a basis {e^}"^]^ for all u € P in a canonical way. Let b G H^{L(u); Aq) 
we write it as 

b = J2^i^i (20.21) 
where e Ao. Thus (x", . . . , x") is a coordinate of H^{L{u); Aq). (To specify that 
it is associated with L{u) we put u in the expression xf above.) Let = ^fo + ^L+ 
where x"q £ C and xf^ £ A+. We put 

= exp(a;J'o) exp(a;J^+) G Aq \ A+. (20.22) 
We note that exp(x"Q) G C \ {0} makes sense in the usual Archimedean sense, and 

oo 

exp(<+) = ^(xJ:+)Vfc! 

fc=0 

converges in T-adic topology. 

Let 5",^ be the i-th factor of T" which corresponds to the basis element e^. We 
choose our moment map it : M ^ M" so that its z-th component is the moment 
map of the 5,^ action. In this way we fix the coordinate of the affine space R" which 
contains P. Note that there is still a freedom to choose the origin £ E". We do 
not specify this choice since it does not affect the story. 
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Let u = (ui, . . . , Un) G P- We put 

= T^^yY. (20.23) 
We do not put u in the notation yi above. This is justified by Theoreni l20.14l 

Remark 20.11. For the notational convenience we assume G P. Then we will 
have y, = yf. 

With respect to the above coordinates, we may regard as a function on 

q3D"(b;6)='pD^(x^...,x:^) 

where cc" (fc = 1, . . . , n) are the variables defined as in (|20.21l) . 

As we will see in Theorem l20.141 becomes a function of yi, . . . , y„ and then 

it will be independent of u. Actually it is contained in an appropriate comple- 
tion of the Laurent polynomial ring A[yi, . . . , 2/„, . . . , y~^]. Description of this 
completion is in order now. By (|20.23p . there exists an isomorphism 

A[yu . . . , y„, y-'] ^ ■■■,y^, ■ • ■ , (yn)''] 

for any u £ P. In other words any element of *P G A[?/i, . . . , ?/„, yi^, . . . , y"^] can 
be written as a finite sum 

*P = 5]afc,....,fc„(2/r)'^...(y;^)'=". (20.24) 

Note aki,...,k„ G A are zero except for a finite number of them. We define 

OuCP) = min{OT(afci,...,fcJ | afci,...,fc„ ^ 0}. (20.25) 

This is a non- Archimedean valuation defined on A[yi, . . . , y„, j/j"^, . . . , yn^]- We put 

t)p(«p) =inf{Uuep) I ue P}. 

This is a norm (but not a valuation) and 

dp(<P, Q) = exp-^^C^-^) (20.26) 

defines a metric on A[yi, . . . , y„, yf \ . . . , y,7^]. 
For e > 0, denote 

= {u e F I Vi £,(u) > e}. 
We define another metric on A[yi, . . . , y„, yj^^, . . . , y^^] by 

oo 

do {^,£}) = ^ 2-"exp"°^i/"''*"^^ . (20.27) 

n— no 

(Here we take Uq sufficiently large so that Pi /no is nonempty.) This series obviously 
converges because Op , < Op^ if e' < e. 

Definition 20.12. We denote the completion of A[yi, . . . , y„, yi^, ■ ■ ■ , y,7^] with 
respect to the metric dp by A{{y,y~^))^. 

o 

We denote by A((y, y"^))^ the completion of A[yi, . . . ,yn, yf ^, . . . , y^^] with re- 
spect to the metric d o . 

p 

o 

In other words, A((y,y^^))^ (resp. A((y,y^^))^) is the set of all *P's such that 
for any u G P (resp. u G Int P) we may write *P as a possibly infinite sum of the 
form (|20.24p such that \ira\ki\+---+\k„\^ooVT{aki,...,k„) = +oo. 
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Remark 20.13. In |F0003j . we used a slightly different notation {{y,y^^)) 
instead of A{{y,y^^))^ . 

Now we have: 

Theorem 20.14. If b E i7™'="(M; Aq), then 

^D'^eA{{y,y-'r. (20.28) 

Ifb e H^'"^"(M;A+), then 

VpD'^eA{{y,y~'r. (20.29) 

o 

We explain the meaning of (|20.28p . Let *p e A{{y,y^^))^ and u e IntP. As we 
mention above ^ is written as a series of the form (|20.24p with 

lim OT(afei,....fc„) = +0O. 

|fel|+-+|fe„|->oo 

Let b = J^xf^i- Then by putting (120. 22p and plugging it in p0.24p the series 
converges in T-adic topology and we obtain an element of A. Thus we obtain a 
function 

: H\L{uy,A) A. 

o 

The statement (|20.28p means that there exists *P € A{{y,y~^))^ such that the 
above coincides with for any u € Int P. (We note that we require *P to 

be independent of u.) The meaning of (|20.29p is similar. 
Actually we can show the following: 

o 

Lemma 20.15. Let <P G A{{y,y-^))^. Then q3 is written as a series 

^ = Y.ak,_,y,\..yt (20.30) 

which converges in do^ topology. For any (rii, . . . , t)n) G A" with 

(tiT(t)i),...,t)T(t)«)) eintP 

the series 

^afc„...,fe„l)^...t)^ (20.31) 

converges in T-adic topology. 

Let *P G A{{y,y-'^))P . Then *P is written as a series t^20.30^ which converges in 
dp topology. For any (tji, . . . , t)„) G A" with 

(ot(i)i),...,Ot(i)«)) e P 

the series 1^20. 31\i converges in T-adic topology. 

The proof is elementary and is omitted. 

Theorem [20. 141 is [F0003| Theorem 3.14. We do not discuss its proof in this 
paper but refer to |iF0003j for the details. 

We next discuss the relationship between the potential function and the non- 
vanishing of Floer cohomology. We first note that we can define the logarithmic 
derivative 
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for an element *p of A((y, y^^))^. In fact, regarding tlie expression (|20.30p of *P as 
a power series, we define 

= 2^afci,...,fe„fc»2// . . .2/„". 
It is easy to see that this series converges with respect to c? □ -topology and defines 

o 

an element of A{{y,y^^))^. 

o 

Definition 20.16. Let ^ e A{{y, y^^Y and X) = (t)i, . . . , r)„) £ A" with 

(t)T(l)l),---,l'T(l)n)) € IntP. 

We say that i) is a critical point of if it satisfies 

oyi 

for alH = 1, . . . , n. 

For each critical point t), we define a point u(r)) G IntP by 

u(o) = (OT(0i),...,OT(t)„)), (20.33) 

and an element b = 6(t)) G i7^(L(u(r))), Aq) by 

a;(t,), = log(r-''-('''^y,), b{^) = ^ a;(t,),e,. (20.34) 

Here the meaning of log in (|20.34l) is as follows. Note that Dt(T-''^(''')?/,) = 0. 
Therefore we can write 

for some ci G C \ {0}, C2 G A+. Then we define 

oo n+l 
l0g(r-«'-C')y,) = logci + V(-l)"^. 

(Here we choose a branch of logci so that its imaginary part lies in [0,27r), for 
example.) 

Theorem 20.17. Let b G i/™™(M; Aq). If is a critical point of^Q^,, 
i?F((L(u(t))),(b,6(r,));A)=i/(T";A). 

Conversely if 

ffP((L(u),(b,6));A)^0, 
there exists a critical point t) o/*pD(, such that 

u = u(t)), 6 = 6(1))- 

Theorem UniZI is |F0003) Theorem 5.5. We refer readers to |F0003) for its 
proof. 

We next describe the relation of (, to the quantum cohomology. Consider the 
closed ideal of the Frechet ring A((y, y~^))^ generated by | i = 1, . . . , 

We denote the quotient ring by 
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which we call the Jacobian ring of We define a map 

tSb : H{M;A) ~> Jac(<pD(,; A) 

called Kodaira- Spencer map as follows. Let ef^ be a basis of H{M;Q). We write 
an clement of H{M;A) as ^w^ef^, Wi G A. We may express 

*PD,=^afe„...,fe„(b)y^V..y,';", 

where aki^...^k„{b) is a function of Wi (where b = X^^j^f^)- Then aki....,k„{b) is a 
formal power series of Wi with coefficients in A which converges in T-adic topology. 
(See (|20.43p for the precise description.) Therefore we can make sense of the partial 
derivatives . Then we put 

For each b G H{M;Aq), the right hand side converges and defines an element of 
Now we define the map 6Sb by setting its value to be 



€Si,(ef) 



-(b) 



(20.35) 



dwi 

Theorem 20.18. The map tsi, defines a ring isomorphism 

{QH{M; A), U'') ^ Ja.c{^D^;A). 

This is |F0006) Theorem 1.1 for whose proof we refer readers thereto. 

Remark 20.19. |F0006| Theorem 1.1 is stated as a result over Ap-coefficients 
which is stronger than Theorem 120.181 We do not use this isomorphism over Aq- 
coefficients in the present paper. 

We also need a result on the structure of the Jacobian ring Jac(*p£)(,; A). 

Definition 20.20. We say a critical point t) of is nondegenerate if 



det 



We say is a Morse function if all of its critical points are nondegenerate. 

Let Crit(*pD[,) be the set of all critical points of *p£)[,. 
Definition 20.21. For t) = (tji, . . . , r)„) e Crit(*pD[,), we define the subset Jac(<pDf,; t)) C 

o 

JacC^JDj,; A) as follows: Regard yi E A{{y,y^^))^ and then multiplication by yt in- 
duces an action on Jac(*pDt,; A). We denote the corresponding cndomorphism by 
yi. Then we put 

Jaci^D,;\)) = {x e JacppD;,; A) | (y, - t)^fx = 0, 

for all i and sufficiently large N}. 

Proposition 20.22. (1) There is a splitting of Jacobian ring 

Jac(q3Dt,;A) = [] 3a.c{^D^,;t)) 

tj6Crit(qJD,) 

as a direct product of rings. 
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(2) Each o/ Jac(*pD(,; 1)) is a local ring. 

(3) r) is nondegenerate if and only if Jac(*pDj,; t)) A. 

Proposition 120 . 22l is |F0006) Proposition 2.15, to which we refer readers for its 
proof. 

It foUows from Proposition [2022] that the set of indecomposable idempotents of 
Jac(*pD[,;A) one-one corresponds to Crit(*pD(,). We denote by 1^ g Jac(*|5D(,; 1)) 
the unit of the ring Jac(*pDt,; f)) which corresponds to an idempotent of Jac(*pDt,; A). 
Denote by e,, the idempotent of {QH{M; A), u'') corresponding to 1^ under the iso- 
morphism tSb in Theorem 120. 181 

We are finaUy ready to describe the map 

\m,(i,,fc) ■■ QH;{M;A) ^ HF*{{L{u),{b,b)y,A) (20.37) 

in our situation. 

Theorem 20.23. Let b e i7™'="(M; Aq), X) a critical point of^D^, a G H{M;K) 

o 

and ^ e A{{y,y~^))^ such that 

«St,(a) = ™ mod Closo ( y^^J^ : i = l,...,n ) . (20.38) 

d\dyt J 

Then we have 

C(i>W,Kn))(«)^'P('')^^("W)- (20.39) 
Proof. This is |F0U06| Lemma 17.1. Since its proof is omitted in |F0006) . we 
provide its proof here. 

We note that the right hand side of (120. 39p is independent of the choices of *P 
satisfying (120. 38p . This is because j/i " is zero at \). 

Let b — bo + b2 + b+ he as in (15. 5p . We put b = X] Wi{b)ef^ and b — J2 yi{b)^i = 
bo + 6+ where bo G H^{L{u.);C) and 6+ G i?^(i(u); A+). By definition, we have 

^D,(6) = bo + E T--^ ^^^^'^'^V'"'^'^^ L.(^f^e). (20.40) 

I3,k,e 

where we identify H'^{L{u); A) = A. 

We further spht fa = bo + b2 + fahigh so that 

fa2 e H\M; Ao), bhigh e 0i?''=(Af;Ao). 

fc>i 

By |F0003| Lemmas 7.1 and 9.2, we can rewrite (|20.40p to 

q3D,(6) ^ fao + E^--^ '^^^^^"7'"'^^ ^...«..l)- (20.41) 

We use the coordinate w' — [wbi+i, ■ ■ ■ jWb) for bhigh. Namely we put bhigh — 
J2f=Bi+i '^i^¥ ■ Then we define 



Ppi^') = lljAi-MU^^)- (20-42) 

Lemma 20.24. 



1=0 



P/Siw') e A[wBi + 1, ■ ■ -jWb] 
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Proof. Since each of the component of bhigh has degree 4 or higher, we can show 
that qQ g ^(&high' 1) nonzero for only a finite number of £, by a dimension counting. 
Each of qo,£,;3(^high' 1) ^ polynomial of Wi. Therefore Ppiw') is a polynomial as 
asserted. □ 

We re-enumerate Di,D2, ... so that {Di, . . . ,Dbi} becomes a Q-basis of H^(M: 
Then wi, . . . , wbi are the corresponding coordinates of H^{M; Q). We put 



oo ^ 



fc=0 

It follows from (|20.4ip and (|20.42p that we can write 

^D, = wo + ^T-^^trr'^^ • • • m^^'^^^yr^^ • • • yf (20.43) 

P 

Here we regard /3 as an element of H2{M; L{0); Z) to define u O (3 in (|20.43p . 

■T,* I M 



We will compare \.'*(v,(„\ u„\\{^i') with the Wi-derivative of (|20.43l) . By defini- 



g exp(b2n/3 + 6ona/3) ^r _ _ Jh'^^i^M^m^ ^»fe^ (20.44) 



tion, we have 

We consider three cases separately: 
(Case 1; i — 0): It is easy to see that 

usless /3 = and k = t = Q. Therefore we have 

*qm,(b(t,),b(i)))(*^0^'' ^ ^0,0,0(60"') = ^L- 

Since 



dwo 

by ^MMl^ we have (PIT^ for a = e^^. 

(Case 2; z > Si): By jF0003j Lemmas 7.1 and 9.2 we can rewrite (|20.44p to 

V,(t'(i)),f'(i)))^^ 

~ ('/' -HV 1o,£i+J'2 + l,/3'.''higli'^J "high' 

It is easy to see that 



Therefore 



as required. 



V.K.),K.))(-") = ^(>')' (20.46) 
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(Case 3; i = l,...,Bi): The equality p0.45p also holds in this case. Then, by 
|F0003) Lemma 9.2 we have 

^/9nDi . . . fn/Sn^Bi dfine^ , , , a/3ne„ (20 47) 

-2^1PI1^W (£^4.^2 + 1)! 'i0,£i+^2 + l,/3'^''high'-^J- 

Using 

we obtain (120. 46p also in this case. The proof of Theorem l20.23l is now complete. □ 

21. Spectral invariants and quasimorphisms for toric manifolds 

21.1. /^g-heavyness of the Lagrangian fibers in toric manifolds. Let (M, 

be a compact toric manifold, P its moment polytope. Let h £ H'^^'^" {M; Aq). We 
consider the factorization 

QH;{M;A)^ H QH,{M;r)) 

7)GCrit(q50,) 

corresponding to the one given in Proposition 120.221 via Theorem 120.181 so that 
QH{M; t)) is the factor corresponding to Jac(*pD[,; t)). 

Theorem 21.1. Let \) = (r)i, . . . , t)„) e Crit(*pD[,) and e QHi,{M;\)) be the 
corresponding idempotent. We put 

u(o) = (i3T(r)i),...,t)T(0n)) e IntP. 

Then the following holds: 

(1) £(u(r))) is n^^-heavy. 

(2) // t) is a nondegenerate critical point, then L(u(t))) is ji^^ -superheavy. 

Proof. Theorem [211] follows from Theorems [T8?8l 120.231 Proposition [2022] and the 
following lemma below. □ 

Lemma 21.2. Let feb(e„) = 1„ = [^3] with ^ e A{{y,y-'^))^ . Then 

Proof. The ring homomorphism 

P^P{x)):A{{y,y-'))P ^A 

induces a ring homomorphism 

eval„ : Jac(*pDt,; A) -> A. 

The ring homomorphism eval^ is unital and so is surjective. 

Let t)' e Crit(<pDf,), rj' ^ and [P] e Jac(<pDf,; t)')- By definition 

(y.-r)D^[P]=0 

in Jac(*pD[,; A). Therefore applying eval^ we have 

(l,,-t,:)^eval,([F])=0. 

Since tji — r) ■ ^ for some i, we conclude eval,,([P]) = 0. 
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Therefore by Proposition l20.22l the homomorphism eval,, is nonzero on the factor 
Jac(*pD[,; t)). Since li, = is the unit of this factor, we conclude ^(l)) = 1, as 
required. □ 

21.2. Calculation of the leading order term of the potential function in 
the toric case: review. We put 

= TU0)y0P.n.. . . . ^aftne„ ^ ^^^y^ y-iy^ (21.1) 

We assume 

Bi 

b - J2'^^ef' e H\M;A+) ® i/^/^lM; Aq), (21.2) 

where bi € C. 

Theorem 21.3. We have 

m 

*PDt, = fao + ^e^-z,+^r^^P,(zi,...,z„) (21.3) 

i=l j 

where Pj G A[zi, . . . , Zm], Aj G M>o, linij_>oo Aj = oo. 
/n case (M, w) is fano anrf b S -ff^(M;Ao), we /laue 

m 

^D,=J2e^^z. (21.4) 



1=1 



where b — ^Wie. 

Proof. Theorem [213] is |F0U03| Theorem 3.5. (See also |F0008j Theorem 8.2.) 
We sketch the proof below. We use the result of Cho-Oh |COj for the proof. It is 
summarized in |F0002] Theorem 11.1 as follows. 

o 

(1) If Mi-o{(3) ^ 0, fJ,L{u){f3) = 2 then /3 = /3j for j = 1, . . . , m, where /3j is as 

o 

in (|20.4p . In this case Mi;o{Pj) = Mi-o{(3j) — T" and the evaluation map 
cvq : Mi-o{l3j) — 7> L{u) has degree 1. 

(2) If Mi-oW) ^ 0, /3 7^ /3j (i - 1, . . . , m) then 

m 

i=i 

where ^ kj > 0, kj > and a E 7r2(Af) with aDuj > 0. 

Using this description we calculate terms of the right hand side of (|20.43l) as follows. 

In case f3 = Pj we have 

= e^'Zj = (e''^ + (higher order))zj. 
In case fi ^ fij (j = 1, . . . , m) we have 

rri 

i=i 



Therefore Theorem |2L3| follows. □ 
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21.3. Existence of Calabi quasimorphism on toric manifolds. In this sub- 
section we complete the proof of Corollarv ll.4l We begin with the following lemma 

Lemma 21.4. The set of vectors {ci,...,Cm) G (C \ {0})™ with the following 
properties is dense in (C \ {0})™; 
The function f defined by 

m 

/(2/i,...,2/„)=5]c,yr^^...yf^- (21.5) 

1=1 

restricts to a Morse function on (C \ {O})". 

This lemma is proved in [Kuj (see [Iril] Corollary 5.12, |F0002] Proposition 8.8 
for the discussion in this context). 

Corollary 21.5. Write b — J27Li ^ogCi[Di] E H(M;C) and consider the sum 

m 

^^b,o = ^CiZi G A[yi,...,y„,?/j-\...,y-i]. 

2=1 

Then the set o/(ci, . . . , c,„) G (C\{0})'" for which becomes a Morse function 

is dense in (C\ {0})™. 

Proof. Suppose that '^Q-^ g is not a Morse function. Consider a degenerate critical 
point t) = (r)i, . . . , r)„) each of whose coordinates is a 'formal Laurent power series' 
of T . (We put 'formal Laurent power series' in the quote since the exponents of 
T are real numbers which are not necessarily integers.) By |F0002"] Lemma 8.5, 
those series are convergent when we put T = e for sufficiently small e > 0. Then 
for c[ = Cie^*'"' the function (|21.5p will not be a Morse function. CoroUarv 121.51 
follows from this observation and Lemma [21.41 □ 

Corollary 21.6. For any compact toric manifold M there exists an element b G 
H^v^-^{M;h) such that is a Morse function. 

Proof. By [F0002j Theorem 10.4 we can prove that if ^D-^ g is a Morse function 

then *PD(, is also a Morse function. (Actually the case b = is stated there. 
However the general case can be proved in the same way.) Therefore Corollarv l21.6l 
follows from CoroUarv 121.51 □ 

Corollarv II .41 follows immediately from Corollarv l21.61 Proposition 120.221 Theo- 
rem [^inSl and Theorem [TO □ 

21.4. Defect estimate of a quasimorphism /i^. Using the calculations we have 
carried out, we can obtain some explicit estimates of the norm of the defect Def ji^ 
of spectral quasimorphism /ig. We define 

I Def |(/Xe) = sup Ifieii'ff) - fJ-eW " Me(^)|- 

We illustrate this estimate by an example. 

We consider (M, uj) = CP" with moment polytope 

{(-ui, . . . ,M„) I U.i > 0,^Ui < 1}. 

Set b = 0. It is well known that the small quantum cohomology QH{CP"; A) is 
isomor phic to A[x]/{x"+^ ~ T), where x G H^{CP"^;C) is the standard generator. 
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This is isomorphic to the direct product of n + 1 copies of A. Therefore we have 
n + 1 quasimorphisms /ie^ ■ (fc = 0, . . . , n.) It is actuahy defined on the Hamihonian 
diffeomorphism group Ham(CP",w) itself, f jEPlj Section 4.3.) (It is unknown 
whether they are different from one another.) 

Proposition 21.7. Let and for k = 0, . . . ,n be as above. Then 

|Def|(/.eJ< 



n + 1 
Proof. We have 

<PDo - 2/1 + • • • + y„ + Tiyi . . . 2/„)-i. 
See for example |F0U02) Example 5.2. 

Let Xk = exp(27rfc-\/— l/(n + 1)). The critical points of ^Dq are 

r,fe = ri/("+i)(xfc,...,Xfc), fc-0,l,...,n. 

We put 

' n./fc(ri/("+^)xfc-rv("+i)x,)- 

Since 



1 k = 



it follows that [Pk] — feo(ei,^) in the Jacobian ring. Therefore, using iSo{x) — [yi] 
also, we have 

n 

Proposition 12 1 . 71 now follows from Rcmark ll6.8l fl). □ 
Note we chose our symplectic form oj so that J^^pi oj — 1. (See (|20.5p and Remark 

m) 

22. LAGRANGIAN TORI IN fc-POINTS BLOW UP OF CP^ {k > 2) . 

In this section, we prove Theorem 11.111 (3) in the case of fc-points blow up of 
CP^ {k > 2). We use the example of |F0003] Section 5, which we review now. 

We first consider 2-points blow up M of CP^ . We put a toric Kahler form on it 
^a.p such that the moment polytope is given by 

Pa,IS = {(Ul, W2) I < Ui < 1, < M2 < 1 - a, P < Ui + U2 < 1} . (22.1) 

Here 

(a, /3) e {(«, /3) I < a, ^, a + /3 < 1}. (22.2) 

We are interested in the case /3 — (1 — a)/2 and write Ma — {M,uja:. (i-a)/2) where 
a > 1/3. We denote 

Di = ■n^\dPaXl-a)/2 n {{U1,U2) | ^2 = 0}) 

and put 

b« = r«PD([i?i]) e ff2(M,; A+), « > 0. (22.3) 
Then by ([20]) we have 

*PD(,^ - + e^~y2 + T'-''y2' + Ty^^y2^ + T-^^-^^/^yiya. (22.4) 
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(22.6) 



Now consider a family of Lagrangian torus fibers 

L(u) =L(m, (l-a)/2), (22.5) 

for (1 — a)/2 < u < (1 + a)/4. Then for any such u we can show the following. 
Note that a > 1/3 implies (1 - q:)/2 < 1/3 < (1 + a)/4. 

Theorem 22.1. // 1/3 < u < (1 + a) /A, we take k{u) = (1 + a)/2 - 2u > 0. // 
(1 - a)/2 < M < 1/3, we take k{u) = u - (1 - a)/2 > 0. Then L{u) C Mq is 
^e'"^"^ -superheavy with respect to an appropriate idempotent e of QH^ ^ ^(Mq;A). 

Proof. Let u = (w, (1 - a)/2). We put 

U rji — U] rji — U U rri—Un rri—(l — a)/2 

yi=T 'yi=T y^,y^=T ^y2=T " y2 
in (1^^ to obtain 

^y(i+„)/2_„(yU)-i(yU)-i ^ j^uyuyu^ 

See |F0003) (5.10). We first consider the case that 1/3 < m < (l+a)/4 and k{u) = 
(1 + a)/2 — 2u. Then the calculation in Case 1 of |F0003] Section 5 shows that the 
potential function ^O^,^^^^ has nondegenerate critical points r){u) — (r)i(w), r)2(w)) 
such that 

(T-"l,i(7.),T-(i-")/2t)2(u)) = (±V^,-1) mod A+. 
Each of them corresponds to an idempotent et){u) of QH^^^^^ {Ma; A). Theorem l21.1l 

implies that L{u) is /Xe|^*^j -superheavy. When u = 1/3 and k{u) = (1 + a)/2 — 2u, 
Case 4 of |F0003] Section 5 shows that there are nondegenerate critical points. 
(Note that we are using as ((223| so u; = 1 in |F0003j (5.14).) If (1 -a)/2 < 
u < 1/3 and k{u) — u — {1 — a)/2, Case 3 of jF0003| Section 5 shows that there 
is a nondegenerate critical point as well. Thus Theorem 122 . 1 1 follows from Theorem 
[211] □ 

Proof of Theorem ] 1 . 1 1\ (3). Since X){u) is a nondegenerate critical point. Theorem 
120.181 and Proposition 120.221 imply that e = ^v)(u) is the unit of the direct factor 

of QH\,^^^^{Ma] h) that is isomorphic to A. Therefore by Theorem 116.31 /^p^;"' is a 
Calabi quasimorphism. By Corollary II. 101 the set 



[ie((i-Q)/2,(i+Q)/4) 

is linearly independent. Thus we haye constructed a continuum of linearly inde- 
pendent Calabi quasimorphisms parametrized by w € ((1 — a)/2, (1 -|- a)/4). The 
proof of Theorem 11.111 in case of two points blow up of CP^ is complete. 

To prove the existence of a continuum of linearly independent Calabi quasimor- 
phisms in case of three points blow up of CP^ , we consider the Kahler toric surface 
(Af, w) whose moment polytope is 

-Pq,(i-q)/2 \ {("1, -"2) I 1 - e < M2} 

for sufficiently small e. Then (M, w) is a three points blow up of CP^. Its potential 
function is 

It is easy to see that the extra term T^^'^yf^ is of higher order, when (07(2/1), t5T(y2)) 
= (u, (1 — a)/2), u € (1/3, (1 + a)/4). So by the same argument as the case of two 
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points blow up, we can prove Theorem 11.111 For A: > 3 points blow up, we can 
repeat the same arg ument. (See |F0002j page 111.) □ 

23. LAGRANGIAN TORI IN S*^ X 

In this section we prove Theorem II. Ill in the case of S'^ x S'^, which is equipped 
with the symplectic structure w ® w. We also prove Theorem 11.131 We first recall 
the description of the family of Lagrangian tori constructed in [FOOOS] . 

23.1. Review of the construction from [F00Q5] . We consider the toric Hirze- 
bruch surface F2{a) {a > 0) whose moment polytope is 

P{a) = {(ui, U2) e I > 0, U2 < 1 - a, ui + 2u2 < 2}. (23.1) 

Note that F2{a) is not Fano but nef, i.e. every holomorphic sphere has non- negative 
Chern number. In fact, the divisor Di = CP^ associated to the facet diP{a) = 
{u e dP{a) I U2 1 - a} has ci(Di) ^ 0. 

Theorem 23.1 (Theorem 2.2 |F0005| ). We put b = 0. The potential function 
*PDq of F2{a) has the form 

= yi+y2 + T Vy2"' + T'-"{1 + T")y^\ (23.2) 

We consider the limit a of the Hirzebruch surface ^2(0^)- At a = 0, the 
limit polytope is the triangle 

P(0) = {(mi, U2) e I > 0, M2 < 1, ui + 2u2 < 2} (23.3) 

and the limit ^2(0) is an orbifold with a singularity of the form C^/{±1}. We cut 
out a neighborhood of the singularity of ^2(0) and paste the Milnor fiber back into 
the neighborhood to obtain the desired manifold. We denote it by ^2(0). 

Consider the preimage Y{e) of P(e) C P(0), < e < 1, under the moment map 
TT : F2(0) \ {O} P(0) \ {(0, 1)}, where O is the singularity of F2(0). We can put a 
natural glued symplectic form on ^2(0) = Y{e) U Dr{T* S^) in a way that the given 
toric symplectic form on Y{e) is unchanged on Y{e) \ N{e) C Y{e) \ dY{e), where 
N{e) is a collar neighborhood of dY{e). Since H^{S^ /{±1};Q) = 0, the glued 
symplectic form does not depend on the choices of e > or the gluing data up 
to the symplectic diffeomorphism. This symplectic manifold is symplectomorphic 
to (S'^,cJstd) X (S'^,Wstd) (Proposition 5.1 |F0005| .) In other words, we have 
symplectomorphisms 

(be : (P2(0),We) ^ (S^ X 52,Wetd ® Wstd). (23.4) 

We denote 

T(p) = 0,(^(1/2 -P, 1/2 + p)), 0<P<1 (23.5) 

where i(l/2 — p, 1/2 + p) ~ n^^{l/2 — p, 1/2 + p) regarded as a Lagrangian sub- 
manifold of (^2(0), We). We refer to Sections 3 and 4 of |F0005j for the detailed 
explanation of this construction. 
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23.2. Superheavyness of T{p). Recall from Section 5 |F0005] that we have a 
family IJaGC -^o- where Xa is biholomorphic to CP^ x CP^ for a 7^ and Xq is 
biholomorphic to P2. (See Lemma 5.1 jFOOOS) .) The smooth trivialization of 
the simultaneous resolution Uaec'^i -^"2(0) constructed in Section 6 |F0005| 
identifies the homology class [Di] in Xq and [S'vaiJ in Xa- Beside this, the relative 
homology class /3i in Xq which satisfies /3i n i^i = 1 and does not intersect with 
other toric divisors can be also regarded as a homology class in Xa- The homology 
classes /3i and (3i + [S"^^^ satisfy the relations 

/3in[52j = l, (/3i + [52j)n[5Lj=-l. (23.6) 

We consider the cohomology class 

b(p) = r™[Oeff'(i^2(0),A+). 

Using the 4-dimensionality and special properties of P2(0), we proved the fol- 
lowing in |F0005] Theorem 8.2. 

Lemma 23.2. 

i/i(r(u);Ao) C {6e ff°'^'^(r(«);Ao) I (b(p),6) e 7Wdef,wcak(r(u);Ao)}. 
In |F0005) . we showed that the potential function for T(0), i.e., Uq (1/2, 1/2) 

is 

= TV2(yU0 + yuo ^ (yU0)-l(yU0)-2 ^ 2(y^). 

We find that there are two critical points ±(1/2,2), see }F0005 j Digression 4.1. 
Hence there exist two b £ H^{T{0);Aq) modulo H^{T{0);2Try/^Z) such that 
ffF((T(0),6);A)^0. 

When we consider the bulk deformation by b(p), (|23.6p and Theorem 123 . 1 1 imply 
that the potential function of T(u) with bulk, CpO(,(p), becomes 

(See |F0003) Theorem 3.5 and jF0005j Formula (47).) Now we put 

2/9 = U2 — Ul = U2 — (1 — U2) = 2m2 — 1 

and consider p3.7p at u = (ui,U2) for some p. Namely, u = (1/2 — p, 1/2 + p). 
Then the potential function with bulk b{p) of r(0) is written as 

T'^'ivT + vT + {yTr'ivT)'^ + ie'' + e-^'')(y2"'')"')- 

See Formula (47) in jF0005j with ui = U2 = 1/2. There are two critical points, 
which are {X)\{p),^l{p) - {e{e^''" + e-'^"")-\e{e^''" + e-^"")) with e = ±1. 
Hence h\p) ^ h{X)\p)) = {\ogxfi{p)) ,\o^X)\{p))) G i/i(r(0); Ao), 

i7P((T(0),(b(p),6"(p)));A)^0. 
For T{p), the potential function with bulk bp is written as 

yi/2-p(yU ^ y2p^u ^ (yU)-i(^u)-2 ^ (^T^ ^ e-^')iy^)-'). 

See Formula (47) in |F0005| with ui — 1/2 — p, M2 ~ 1/2+ p. There are two critical 
points, which are (t)i(p), t)2(p)) = (eT''(e^^'' - e"^"'')-!, ^eT-P{e^''" - e"^"'')). 
It follows that for 6(p) = b{t){p)) = (logt)i(p), logt)2(p)) e H\T{p);Ao), 

i/P((T(p),(b(p),fe(p)));A)^0. 
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In sum, we have 

Lemma 23.3. (1) There exist two b E H^{T{0);Ao)/H^{T{0);2tt^/^Z) such that 

HF{{T{0),b);A)^0. 

(2) There exist two b°{p) e H^{T{0); Aa)/ H^{T{0);2TTy^Z) such that 

HFiiT{0),ibip),b°ip));A)^0. 

(3) There exist two b{p) e H\T{p); Aa)/H^{T{p);2TTy/^Z) such that 

i/F((T(p),(b(p),fe(p));A)^0. 

Using this, we show the following: 

Theorem 23.4. (1) There exists an idempotent e of a field factor of QH{S'^ x 
S"^; A) such that T(0) is pe-superheavy. 

(2) For any Q < p < \, there exist idenipotents Cp and e^, each of which is an 
idempotent of a field factor of QHf,(^p-j{S^ x S^; A) such thatT(p) is p!'Jf^ -superheavy 
andT{0) is p'^g'''^ -superheavy. 

Proof. We observe that QH{S'^ x 5^; A) and QHt,^p){S'^ x S'^;A) are semi-simple. 
For this purpose, we consider the toric structure as the monotone product of S^. 
Let b = a[5'^a„], a e A+. (b = b(p) if a = TP, while b = if a = 0.) We pick points 
pti, resp. pt2, on the first, resp. second, factor of 5^ x in the hemisphere in the 
class Pi, ^2, which contribute to the coefficients of yi , 2/2 in the potential function, 
respectively. We fix a representative [S*^ x pt2] — [pti x 5'^]) of the homology class 
['5'van]- The potential function of S^^ x S^^ with bulk b is written as 

^D, = ri/2(e-z/i + y-i + e--y2 + y^')- 

It has four nondegenerate critical points (eie~°/^, £26"'^^) with £1,62 — ±1- The 
critical values are 2(eie°/2 + e2e''/'^)T^/'^. By Theorem 6.1 in |F0002| (Fano toric 
case) and Theorem 1.1 in [F0006j . we find that the quantum cohomology with 
bulk deformation by b is factorized into four copies of A: 

4 

QH,{S^ X S^; A)- ^Ael 

i=l 

Here e\,. . . ,e\ are the idempotents corresponding to the critical points of *PD(, 
with (£1,62) = (1,1), (1,-1), (-1,1), (-1,-1), respectively. (When b = 0, we 
simply write them as e^.) In particular, it is semi-simple. 

By Lemma[lS3](l) and (3), there exists b, resp. b{p), such that HF{(T{0), 6); A) 7^ 
0, resp. HF{{T{p),{b{p),b{p));A) ^ 0. Hence Theorem 3.8.62 in jFUOOl) with 
taking (3.8.36.2) in Theorem 3.8.32 into account implies that 



qm,T(0),6 



QH{S^ X S';A) ^ HF{{T{0),b); A), 



CT(p),(b(p).Kp)) ■■ QHtip)iS' X S';A) ^ HFmp)ib{p),b{p));A). 
send the unit to the unit. In particular, there is at least one idempotent eo G 
QH{S^ X S^;A), resp. Cp G QHt,(p){S^ x S^;A) such that j*n,,T(o),b,(so) 7^ 0, 

'^esp- *qm,T(p),(b(p),6(p))(^p) ^ 0- Hence T(0) is ^^-superheavy and T{p) is p.l';''^- 
superheavy. □ 
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The sphere S^an ^ Lagrangian submanifold, which is disjoint from T{p). We 
have the foUowing 

Lemma 23.5. The Lagrangian sphere S^^^, which is the anti-diagonal in S'^ x S*^, 
is unobstructed and 

Proof. Note that the anti-diagonal in S"^ x can be seen as a fixed point set of an 
anti-symplectic involution. Then Theorem 1.3 with fc = 0, ^ = in ^F0004] implies 
that mo(l) = 0, since the Maslov index of any holomorphic disc in (5^ x S'^, S^an) is 
divisible by 4. See also |F0004j Corollary 1.6. The second assertion follows from 
[FOOOlj Theorem D (D.3). □ 

Lemma |23 . 51 implies that the value of the potential function is zero and there is 
only one bounding cochain G H^{S^^j^;Ao) up to gauge equivalence in this case. 
By the same argument as in the case of T(0), we find an idempotent e' of a field 
factor of QH{S^ x S"^; A) and such that i*^ ^^ (e') ^ 0. 

Since each of eo, e' is an idempotent of a field factor of QH(S^ xS'^;A) and Cp is an 
idempotent of a field factor of QHi,i^p-j{S^ x S"^; A), there exist corresponding Calabi 

quasimorphisms fie', fJ-cp''^ from Ham(S'^ x S*^) to R. Since T{p), p e [0, 1/2) 
and S'^an mutually disjoint, Corollary 11.101 implies Theorem 11.111 (2). This 
completes the proof of Theorem 1 1.1 II (2). □ 
Furthermore, since homogenous quasimorphisms are homomorphisms on abelian 
subgroups and 7ri(Ham(S'^ x S'^)) = Z/2Z x Z/2Z [Gr| . they descend to quasimor- 
phisms on Ham(S'^ x S^). We denote them by JJ^g, p^' and ptp''^ ■ Thus we also 
obtain the following. 

Corollary 23.6. We have linearly independent Calabi quasimorphisms Jj^g, Me' 
and-pJf^ from Ham(S'2 x S^). 

Remark 23.7. Generally, let (Af, tj) be a closed symplectic manifold. Suppose 
that Ham(A/, a;) has infinitely many linearly independent homogeneous quasimo- 
prhisms p,i. We give a sufficient condition for the existence of infinitely many 
linearly independent homogeneous quasimorphisms on Ham(Af, oj). Suppose that 
7ri(Ham(M, uj)) is finitely generated. Pick generators 4>i, . . . ,(I)a G Ham(Af, u). 

Proposition 23.8. Under the assumption above, if there are infinitely many lin- 
early independent homogeneous quasimorphisms pi on Ham(M, w), then there are 
infinitely many linearly independent homogeneous quasimorphisms on Ham(Af, w). 
The same statement holds for Calabi quasimorphisms. 

Proof. Let K he a. maximal integer such that, for some ii, . . . , ix, 

{p,^Q>^),...,p,^{4>A))eR^, i = i,...,K 

are linearly independent. We arrange the ordering such that ii — 1, . . . ^iK = K ■ 
For k > K, we can find ai{k) S R such that 

K 

^^'k{<P^) = lJ-k{<fi) -^ai{k)p^{(f,) 

2=1 

are zero for i = 1, . . . , A. Since the restriction of a homogeneous quasimorphism 
on an abelian subgroup is a homomorphism, p'f, vanishes on 7ri(Ham(S'^ x 5^)), 
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which we regard as a subgroup of Hani(M, uj). Therefore /ij^, k > K, descends to a 
homogeneous quasmiorphism on Hani(M, cj). Linear independence for /x^, k > K, 
follows from the one for /i^. 

For the statement concerning Calabi quasimorphisms, we take one more fJ,K+i- 
Then, for fc > K + 1, choose ai(fc), i = 1, . . . ,K + 1 such that = lJ.k{<t>i) — 

"^fj^^ ai{k)iJi{(j)i) are zero for i = 1,...,A and X^iH^ '^j(^) 7^ 1- Then after a 
suitable rescaling, //'j. becomes a Calabi quasimorphism. □ 

Remark 23.9. In case M is either a fc (> 3) points blow up of CP^ or cubic 
surface, we can descend our family of Calabi quasimorphisms on Ham(M, a;) to one 
on Ham(M, w) in the same way as above if we can show that 7ri(Ham(Af, cj)) is a 
finitely generated group. 

Next, we prove Theorem 11.131 which follows from Theorem 123.41 together with 
Theorem [IHITl 

Proof of Theorem\rM Note that T{u) in Theorem Ol is T{p). Since Sl^ x Sl^ is 
the unique Lagrangian torus fiber with respect to the monotone toric structure on 
X S"^, X is superheavy with respect to the quasimorphism /Xg associated 
with any idempotent e of the field factor of QHt,p{S^ x 5*^; A). (Here we consider 
b^bp^TP[Sl^].) 

From Theorem 123.41 we know that T{p) is superheavy with respect to the quasi- 
morphism fJ-elfp) associated with a suitable idempotent e,,(p) of QHt,^{S^ x 5'^; A). 
Since the superheavyness is invariant under symplectomorphisms, ip{T{p)) is also 
Me^fp) "Superheavy for any ip G Ham(S'^ x S"^). Since superheavy sets with respect 
to the same quasimorphism must intersect by Theorem 118.71 we have 

^{T{p)) n {Sl^ X sl^) ^ 0. 

□ 

Remark 23.10. We can also prove Theorem l23.4l in a way similar to the toric case 
as follows. One can see a similar argument in Section [Ml For a > the map 

«St,(p) : gi/i,(p)(F2(a); A) ^ Jac(<pDf,(p); A) 

is a ring homomorphism by |F0006| Theorem 9.1. (Here we use *pD[,(p-) of the 
toric manifold F2{a).) Since we can take limit a — >■ 0, we find that 

fefa(p) : Qi?b(p) (F2(0); A) ^ Jnci^O.^^y, A) 

is also a ring homomorphism. (Here *pD[,(p) is as in p3.7p .) 

Lemma 23.11. JSb(p) '•s surjective. 

Proof. We can check that *pD[,(-p) has exactly 4 critical points if p G (0,1) and 
has exactly 2 critical points in case p = 0. We can also check that those crit- 
ical points are nondegenerate. Therefore Jac(*pD(,(p); A) = A** if p e (0,1) and 
Jac(<pD(,(p); A) A^ if p = 0. We put 

In the same way as |F0006] Lemma 2.3, we can show that zi, . . . , Z4 generate a 

o 

A-subalgebra that is dense in A((?/, (See Definition 120. 121 for the notation.) 
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Therefore, since Jac(^D[,(p-| ; A) is finite dimensional, they generate Jac(*pD[,(p-| ; A) 
as A-algebra. 

Let Di (i — 1, . . . ,4:) he the divisors of X associated to the facets U2 = 1 — a, 
ui = 0, U2 = 0, ui + 2u2 = 2 respectively. It is easy to see that 

for i = 2, 3, 4 and 

The lemma follows. □ 

Let p ^ 0. Then Jac(*pD(,(p) ; A) = A^. Since the Betti number of Fo(0) is 4, 
Lemma 123.111 implies that fe[,(p) is an isomorphism. 

Let p = 0. Using the fact that (5i/f,(o)(A^; A) is semisimple, and Jac(*pD(,(Q); A) 
~ A^, we can find e^(o) that is a unit of the direct factor = A of (5i?b(o)(^; such 
that {S[,(o)(ef|(g')) ^ 0. (In the case p 0, existence of such e^(p) is immediate from 
the fact that fet,(p) is an isomorphism.) 

Thus in a way similar to the proof of Theorem 120.231 and Lemma 121.21 we find 
that 

*qm,(b(p),b(l)"))(et)(p)) 7^ 0. 

In fact, we can use a de Rham representative of the Poincare dual to [S'^an] that is 
supported in a neighborhood of S'^^n and in particular disjoint from T{p). Therefore 
the above calculation of *p£)(,(-p-) makes sense in the homology level. 

23.3. Critical values and eigenvalues of ci{M). In this subsection we see the 
relation between the idempotent Cp and the critical points of the potential function 
of T{p) with the bulk deformation b{p) Hp E (0, 1/2). We give a digression on 
the critical values of the potential function and the eigenvalues of the quantum 
multiplication by the first Chern class ci(M). We start with an easy observation. 

Lemma 23.12. For an oriented Lagrangian submanifold L C M, there is a cycle 
D of codimension 2 in M \ L such that the Maslov index is equal to twice of the 
intersection number with D, i.e., /i(/3) =2(3-0 for any /3 € iJ2(Af, i; Z). 

Proof. Since L is an oriented Lagrangian submanifold, the top exterior power 
TAI is a trivial complex line bundle, where 2n = dim Af. Moreover, the volume 
form of L gives a non- vanishing section of /\^ TM\l. We extend to a section 
s of /\^ TM, which is transversal to the zero section. Then the zero locus 13 of s 
represents the Poincare dual of the first Chern class ci{M) and the Maslov index 
Mi • H2{M, L; Z) — 5- Z is given by the twice of the intersection number with D. □ 

For our purpose, we restrict ourselves to the case that {M, uj) is a closed sym- 
plectic manifold, J is an almost complex structure compatible with cj and L G X 
is an oriented Lagrangian submanifold such that /i(/3) > 2 if the moduli space 
M{L; J;j3)^% of bordered stable maps in the class /3 7^ 0. See [F0005| Appen- 
dix 1 for related results under this condition. The following theorem was proved 
(in Fano toric case) by Auroux |Auj Theorem 6.1. 

Theorem 23.13. Let b be a cycle of codimension 2 in M with coefficients in A_|_ 
and b € A^wcak.dcf (-^; &)• Then, for any cycle A in M , we have 

*;m,(b,fc)(ci(M) U, PD{A)) = q5D,(6)C(b,6)(^^(^)) (23.8) 
in HF{{L,b,b);A). 
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Proof. Let D be the cycle in M \ L obtained in Lemma [23. 121 Since ci{M) is the 
Poincare dual of I? as a cycle in M, we use D to prove the formula (|23.8|) . 

The strategy of the proof is the same as in the one of Theorem 9.1 in jF0006| . 
Let ^Ai+2■,k+l be the moduli space of genus zero bordered stable curves with A: + 1 
boundary marked points zq, . . . , Zfc and £ + 2 interior marked points z^, . . . , 
with the connected boundary. Let A4i^2-k+i{P) be the moduli space of bordered 
stable maps from genus zero bordered semi-stable curves with k + I boundary 
marked points and i + 2 interior marked points with the connected boundary to 
{M,L) representing the class /3 € H2{M, L;Z). Here the boundary marked points 
are ordered in the counter-clockwise way. We denote by ev^ = (^v^, . . . ,ev^2) 
the evaluation map at the interior marked points and by evi the evaluation map at 
the boundary marked point z^. We set ev = (evi, . . . , ev^). 

For cycles Qi, . . . , Q1+2 in M and chains Pi, . . . , in i, we define 

Mk+ii+2{P; Qi®---® Q1+2; Pi, . . . , Pfc) 
:= Mk+ii+2{l3)cv+-KCY X M'+'^xL" (Oi X • • • X Qe+2 x Pi x • • • x Pfe). 
By taking the stablized domain of the stable map and forgetting the boundary 
marked points zi, . . . ,Zk and the interior marked points z^, . . . , z^gi '^^ obtain the 
forgetful map 

forget : Mk+i,e+2{l3; D^A® b®^; 6®'=) ^ Mi,2- 

The moduli space A^i;2 of bordered stable curves of genus 0, connected boundary 
with two interior marked points and one boundary marked point is of complex 
dimension 1. We pick two points [Eq], [^i] in A4i-2 as follows. The bordered stable 
curve Eg is the union of the unit disc with zq = 1 on its boundary and the Riemann 
sphere with zj^,z^, which are away from the interior node of Eq. The bordered 
stable curve Ei consists of the union of two copies Dq, Di of the unit disc with a 
boundary node such that zq = 1, = in Do, z^ = in Di and the boundary 
node corresponds to — 1 S dDg, 1 £ dDi. 

In our case, since the Maslov index is at least 2 if M.{L\ J; /3) 7^ 0, and b 
is represented by codimension 2 cycle, it is enough to study holomorphic discs of 
Maslov index 2 for the computation of mQ'''(l). Recall also that the Maslov class 
of 1/ C M is equal to the twice of the intersection number with D. Therefore 

= q(e'';e'')='PD,(&).l 

for b G A^dcf,wcak(i, &)■ Hencc we find that the sum of contributions from cvq : 
forget"^([Ei]) L is equal to ^0^,{b)i*^^ ^^(PD(A)). On the other hand, we 
find that evo : forget"\[Eo]) ^ L contributes to i*^^ b)(ci(M) Ui, PD{A)). Now 
Theorem 123. 131 follows in a way similar to |F0006] Theorem 9.1. □ 

Corollary 23.14. If A is an eigenvector o/ci(M)u'' on QHb{M; A) with eigen- 
value A and i*^^ f,)(A) ^ 0, then A =*PD[,(6). 

We return to the discussion on T{p). For r(0) — T{p — 0), we can find that 
the potential function (without bulk deformations) of T{0) has two critical points 
with critical values ±4r^/^, by the result of the calculation in jFOOOSj Digression 
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4.1, where T(0) is denoted by T(uo). We have two bounding cochains 61,62 with 
critical values 4T^/^, — 4T^/^ up to gauge equivalence. 

Theorem 3.8.62 in IFUOOl) with taking (3.8.36.2) in Theorem 3.8.32 and Lemma 
123.51 and Lemma [23.31 fl) into account implies that 

i*^^^s^_ : H{S' X A) ^ HF{Sl,;A), 

resp. 

ilm,T(0)M ■■ His' X S';A) ^ HFmO),b,);A) 

sends J^Ui *° ^^^^ PD[S^^J 7^ of HF{S^^^; A), resp. the unit Fi:>[r(0)] ^ 
of HF{{T{0),bi);A), i = l,2. 

Recall that QH{S^ x S'^;A) is semi-simple and decomposes into ©^^lAe^. 
We may assume that 61,64 are eigenvectors of the quantum multiplication by 
ci{S^ X 5*2) with eigenvalues ±4T^/2 and 62,63 are those with eigenvalue 0. Com- 
paring the critical values of the potential function and eigenvalues of the quantum 
multiplication by ci{S^ x 5^), Theorem 123.131 implies that 

*qm,s^„(e2 + e3) = PD[Sl^^], 
CT(0),b,(ei) = PD[Tm, 
CT(o),b.(e4) = PD[Tm. 

We may assume that 52 (62) 7^ 0. By Theorem 118.81 (2), we find that S^^^ 
is /ie2 -superheavy and while T(0) is /igi -superheavy and /^e4 -superheavy. On the 
other hand, since S'^an ^-nd T(0) are disjoint, two quasimorphisms corresponding to 
/.tei and are distinct by Theorem 118.71 (and Remark 118. 6p . This statement is 
mentioned without proof in [FOOOSj Remark 7.1. 

As we showed in Subsection l23.21 the potential function of T{Q) with bulk defor- 
mation by bp has two critical points {^{e^'' 4- e^'^''' )~^,e(e"^'' -I- e~'^''' )) with 
e = ±1. The critical values are ±2(6^"/^ -f e-'^' /'^)T'^/'^ . 

For r(p), the potential function with bulk bp has critical points {eTf{e^'''^ — 

e-^''")-\ -eT-Pje'^ ''" -e-^ '^"). The critical values are ±2(e^'/2 - e-^'/^)T^/\ 
Theorem 3.8.62 in [FOOOlj with taking (3.8.36.2) in Theorem 3.8.32 and Lemma 
123.31 (2). (3) into account implies that there exist bi G i?^(T(0); Aq), resp. b{p)i G 
i/i(r(p); Ao), i = 1,2 such that 

*;m,T(o),(i,(p),6.) ■■ QHhp)(S^ X S^:A) ^ i7F((T(0)(b(p), 6.); A), 

W(p),(Kp),6(p).) : QH,ip){S' X S^-A) ^ i/F((r(p)(fa(p), 6(p),); A) 
send the unit to the unit. 

The eigenvalues of the quantum multiplication with bulk b(p) by ci{S'^ x S'^) 
are as follows. By Remark 5.3 and Theorem 1.9 in |F0002] (^Fano toric case). The- 
orem 1.4 in [F0006| (general toric case), we find that 6^^''\ . . . ,64'''''' are eigen- 
vectors of the quantum multiplication by ci{S'^ x 5*^) with eigenvalues 2{e^'' ^"^ + 
e"^''/2)Ti/2, 2(e^''/2-e-^'/2)Ti/2, 2{-e'^' '^^e-^' /^)T^/^ , -2{e^' l^+e~^' l^)T^I^ , 
respectively. Hence 6^, 6(p)i can be arranged so that 

*qm,T(0),(ti(p),6i)(^/''^) — *qm,T(0), (b(p), 62 )(®4 *''''') " P-D[T(0)] 

and 

«qm,r(p),(b(p),b(p)l)(^2 ) = «qm,T(p),(b(p),6(p)2)('^3 ) = PP>\P{P)\- 
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Remark 23.15. The Lagrangian sphere S'^an i*^ unobstructed without bulk defor- 
mation as we saw in Lemma 123.51 Since the self-intersection number of is —2, 
mo''(l) = —2TPPD[pt], it gets obstructed after the bulk deformation by bp. 

24. Lagrangian tori in the cubic surface 

This section owes much to the paper |NNU2] of Nishinou-Nohara-Ueda, espe- 
cially its Subsection 4.1 of the version 1 (arXiv:0812.0066vl). That section con- 
tained an error which seems to be a reason why the subsection was removed from 
the second version (arXiv:0812.0066v2). However, using a result by Chan-Lau |CLj . 
(actually, in |NNU2) Section 5 of the second version they independently obtained 
the relevant result for the cubic surface by a different argument), we can correct 
this error. This provides an interesting example which we discuss in this section. 
We would like to emphasize that the idea of using toric degeneration to calculate 
the potential function of a non-toric manifold, which we use in this section and in 
|F0005) , is due to Nishinou-Nohara-Ueda jNNUlj who applied the idea to various 
examples successfully. 

Following jNNU2] Subsect ion 4.1 of the version 1, we consider a family of cubic 
surfaces 

Mt = {[x : y: z :w] e CP^ \ xyz - = t{x^ + + + w^)} (24.1) 

parametrized hy t G C For t ^ this gives a smooth surface. For t = 0, Mq 
becomes a toric variety with the (C*)^-action 

{a,l3)[x : y : z : w] = [ax : f3y : a~^l3~^z : w]. 

The Fubini- Study form on CP^ induces a symplectic structure on Mt. This sym- 
plectic structure on Mq is invariant under the action of real torus C (C*)^. The 
moment polytope of this action is given by 

P = {{ui,U2) e I e^iul,U2) > 0, i = l,2, 3} (24.2) 

where 

h{ui,U2) = -Ml + 2U2 + 1, 

£2(^1, W2) = 2ui -U2 + I, (24.3) 

^3(^1,^2) = -Ml - M2 + 1- 

The moment polytope P is an isosceles triangle, whose center of gravity is origin. 
The three vertices of P correspond to the three singular points of Mq. The variety 
Mq is a toric orbifold with three singular points of A2-type. 

We can deform those three singular points by gluing the Milnor fiber of the 
A2 singularity by the same way as in Section [231 to obtain a symplectic manifold 
M. It is easy to see that M is symplectoniorphic to Mt for t 0. (Note Mt is 
symplectomorphic to Mf if t,t' 7^ 0.) 

We consider 

3 = (K>o(l,0)) U (R>o(0, 1)) U (M>o(-l, -1)) n IntP. 

For u G 3 we consider 7r^^(u) C Mq. In the same way as in Section [23] we may 
regard it as a Lagrangian torus in M. We denote it by r(u). 

Theorem 24.1. For each u e 3, there exist b(u) e i?^(A/;A+) and 6(u) e 
ffi(T(u); Ao) such that 

iIP((r(u),(b(u),&(u)));A)^0. 
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(24.5) 



Moreover there exists eu that is a unit of a direct product factor e^A = A of 
QHi,(^u^{M; A) such that 

»;m,(b(u),Ku))(eu) ^ e HF{{Tiu), (b(u), 6(u))); A). 

We can use this theorem in the same way as in Section [53] to show the foUowing. 

Corollary 24.2. (1) Each ofT{u) is non-displaceahle. 

(2) r(u) is not Hamiltonian isotopic to T{u') ifuy^ u'. 

(3) There exist uncountably many homogeneous Calabi quasimorphisms 

Aiel"^ : Ha^(M;a;) ^ R 
which are linearly independent. 

Proof of Theorem \24- 1\ We consider a toric resolution of our orbifold Mq, which 
we denote by M{e). We may take it so that its moment polytope is 

Pe^{{uuU2)eP\t,{ui,U2)>Q, I = 4,..., 9}, (24.4) 

where 

t\{u^,U2) =m + l-e= i(2^i + I2) - e, 
£^(mi, M2) = U2 + 1 - e = ^(^1 + 2^2) - e, 
£^(mi, M2) = Ml - U2 + 1 - e ^(2^2 + ^3) ~ e, 
t-,{ui,U2) - -U2 + l-e = ^(^2 + 24)-e, 
£^(mi,M2) = -ui + l-e = i(24+4)-e, 
tl{ui,U2) = -ui+U2 + l-e = i(4 + 24)-e. 

We put 

A = ^"'(a,P,), = {{U1,U2) G p. I ^,^(U1,U2) = 0}, 

for i = 4, . . . , 9. (Di, 1 = 1,2,3 are defined in the same way.) 

We note that M{e) is nef but is not Fano. In fact, ci(M(e)) n = for 
i = 4, . . . , 9. The potential function of M(e) is calculated by Chan and Lau. In 
fact, M{e) is Xn in the table given in p. 19 of |CLj . 

Using the fact that M is monotone, we can apply the argument of |F0005| 
Section 6 to show that we can take the limit e — ^ to calculate the potential 
function of T{u) in M . The result is the following. 

Let 61,62 be a basis of H^{T{u);Z) and put b = xiCi + X262 G H^(T{u); Aq). 
We put y^ = e^' and yi = T'^^y^, where u — (ui, U2). 

Theorem 24.3. The potential function o/T(u) C M is given by 

VjiO = T{y^'y^\y, + y2f + y^'vUym' + V2^f ^^4 6) 

+ yly2^{yi^ + yi^y2f - yi^yl - yly2^ - yi^y2^)- 

We postpone the proof of Theorem 124.31 We prove it later at the same time as 
we prove Theorem r24. 61 by using (|24.14l) . □ 

Corollary 24.4. For each u G 3, there exists b G H^{T{u), Aq) such that 
HF{{T{u),b), (T(u), 6); Aq) = H(T'; Aq). 
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Proof. We define Yi , I2 by the formula 

= yh2\ (24.7) 

Y,^Y2 = yi. (24.8) 

Note for each yi , 2/2 there are 3 choices of Yi satsifying (|24.7p . Then (I24.8|) uniquely 
determines I2. Thus (^1,^2) ^ (2/1,1/2) is a three to one correspondence. 
Now we can rewrite (|24.6p as follows: 

qJD = T {(Yi + Y2f + (Yi + Y,-^Y^-^f + {Y2 + Y.-^Y^^f - Y,^ - Y^ - Ff^K,"^)} 

= T{{Yi +Y2 + Y^-%-^f - 6). 

Therefore 

3(1 - Ff 2y-i)(yi +Y2 + Y,-%-'f 



T dYi 

3(1 - Y,-%-''){Yi +Y2+ Y,-%-') 



T dY2 

Therefore the critical point is either 

Yi^Y2, n^-l (24.9) 

or 

Y1+Y2 + Y^-%-^ = 0. (24.10) 
P4.9p gives a single solution yi ~ y2 = 1- 

P4.10p gives infinitely many critical points. Let us study it a bit more below. 
Let V = vi = V2 < 0. We put 

Yi = cT"^ , Y2 = c'T"^ 

with Vt{c) — Ot(c') = 0. For simplicity we also assume c G C\{0}. p4.10p implies 
that c' + c = mod A+ . We put 

c' — — c(l + a), a G A+. 

Then ()24.10|) becomes 
Therefore we get 

a -r-3''(_c-3 + ...), 

where • • • is an element of A+ . Thus 

yi = Y^Y2 = -c^T^"{l - c-^T^^" + •••), 

y2 = YiYi = c^T^''{l - 2c'^T-^'" + ■■■), 

is a critical point. Namely there exists a critical point whose valuation is u = 
(3t;, iv) e R>o(— 1, —1), for any ?; < 0. The corollary now follows from an obvious 
Z3 symmetry. □ 

Remark 24.5. Corollarv 124.41 implies that the Jacobian ring 

Jac(q3D;A) = ^ 

Clos,„ (y,^;z = l,2) 

is infinite dimensional over A. In the toric case it is always finite dimensional since 

tso : QH{X;A) Jac(fpD;A) 



is an isomorphism. (Theorem 120. 181 ) 
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Corollary 124.41 implies the existence of a continuum of mutually disjoint non- 
displaceable Lagrangian tori in a cubic surface. To show the existence of infinitely 
many Calabi quasimorphisms and prove Theorem 11.111 (2). we need to study bulk 
deformations. Let 

w = {wi,...,W9)€Al (24.11) 

We put 

9 

b{w) = w,PD{D{). (24.12) 
1=1 

Theorem 24.6. We have 

1 

= (e-i - l)y-'yl + (e^^ - l)yly-^ + (e^^ _ l)y-^y-^ 

+ (e'"^ + e^'-""^ + e-""'^ - 3)yi + (e^'^ + e™*-™= + e"""^ - 3)y2 

+ (e"'« + e"'^-"'« + e^""^ - 3)yiy^^ + (e""^ + e"""-""^ + e"'"'' - 3)y^^ 

+ (e"'** + e"'«-"'« + e-""" - 3)y^^ + (e"'« + e"'«-"'« + e""'* - 3)yi^y2. 

Proof. We consider the term Syf^y^^y^J/a = 3yi in p4.6p . This term comes from 
the moduli space M {(3) where (3 = + a with 




/34 n L'j = <; ^ . , ^ (24.13) 

and a G H2{M;Z) with 

a^ki[Di]+k2[D^]. 

We define 

d(fci, fca) = deg(evo : 7Wi(/34 + fci[i:'4] + k2[Dz]) L{u)). 



By the result of Chan-Lau, jCLj Theorem 1.1, (and the fact that the potential 
functions are continuous with respect to the limit e — ^ 0), we derive 

, , Jl (fci,fc2) = (0,0),(l,0),(l,l) 
d(fci,fc2) = < . (24.14) 

I otherwise. 

This result is also obtained independently in Section 5 of the second version of 
|NNU2] based on the another argument. Therefore, by the proof of |F0003] 
Proposition 9.4, the coefficient of yi in ^Df,^ is given by 

^ d{kl,k2)ey.v{'Wi[Di]f^[|3i + kl[Di]+k2[Dr-,]]) 
exp(u;5[i:>5] n [Pi + ki[Di] + fcaii's]]) 



(Here we use (|24J3| and [D^] ■ [D^] = [D5] • [D^] = -2, [-D4] • [-D5] = 1.) 

In the same way the coefficient of 2/2 in '^i^b(w) is given by e^'-" + e'"*~™= + e~™* . 
This proves the second line of the right hand side. The third and fourth line can 
be proved in the same way. The proof of the first line is easier. □ 
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We put 

Wo = {0,0,0, Wo, Wo, Wo, Wo, Wo, Wo, Wo), e^""" + e""* + 1 = 0. 

Theorem 124.61 implies 

*P£),(„-„) = Tiy^'yi + yly^' + y^'y^'). (24.15) 

Remark 24.7. According to |Iri2| Proposition 3.10, p4.15p is the Laudau-Ginzburg 
superpotential of the mirror of the toric orbifold Mo ■ 

Lemma 24.8. *pDt,(^p) has 9 critical points. All of them have valuation and 
nondegenerate. 

Proof. We can easily check that the critical points are given by = y| = 1. □ 

Lemma 24.9. For the generic w the set of critical points of ^Df^f^^^ consists of 9 
elements all of which are nondegenerate. 

Proof. The Newton polytope of the Laurent polynomial 'PDjjj^-) of y has volume 
9/2. Therefore by the result of Kushnirenko |Ku| the number of critical points are 
at most 9. Since it is exactly 9 in case oi w — wo, it is so for generic w. Since the 
number is maximal it must be nondegenerate. □ 

Lemma 24.10. Suppose that the set of critical points of 'PDf,)-^-) consists of 9 
elements all of which are nondegenerate. We assume also that the valuation of the 
critical points are in the interior of the moment polytope P. We also assume that 
none of the following happens. 

(1) e^""' = 1, e^""' = e'^'-. 

(2) e^^'e = 1, e^^'e = e"'^ 

(3) e^^'s = 1, e^^'s ^ e"'9. 
Then the homomorphism 

!Sb(^) : QHi,i^iS){X;A) Jac(q3Di,(^); A) 
is an isomorphism. Moreover QHb(w){X; A) is semi-simple. 

Proof. We can prove that £S(,(^) is a ring homomorphism in a similar way as in 
|F0006! Theorem 9.1. (See |AFOOO) for detail.) We put 

dyi By? 

= 2/1 ^2 ■ 

In a way similar to |F0006] Lemma 2.3, we can prove that {zi \ i = 1,...,9} 

o 

generates a dense A-subalgebra of A{{y,y~^))^ . Since Jac(^D(,(^); A) is finite di- 
mensional, it is generated by the image of Zi, i = 1, . . . , 9 as A-algebra. 

By differentiating the formula given in Theorem 124.61 we find that, for each 
i — 1,2, 3, the cohomology class PD[Di] is mapped to e^'-Zi by tSb{^). We calculate 
'iSt,(^){PD{[Di]))\ _ f e"'4 _ e'^5-'^4 gW^-w, _ / .^s 

^fe[,(^)(PZ?([7^5])) ) ~ \e-^-+^- - ^ e-^ - e™^"™^ ) \z^^ 
By assumption the matrix in the right hand side is nonzero. Therefore the image of 
^^b(w) contains either Z4 or Z5. Since Z4Z5 = Z1Z2, it contains both of Z4 and Z5. In 
a similar way wc find that the image of {Sf,(^) contains z^,, . . . , zg. Therefore fet,(^) 
is surjective. 

The rank of Jac(CpD(,(^-) ; A) is 9 that is equal to the Betti number of X. Therefore 
^^b{w) is an isomorphism. Therefore Q77[,(^-)(A; A) = A^ is semi-simple. □ 
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We next put 

Wu,c = (0, 0, 0, w(u; c), w{u] c), 0, 0, 0, 0), e"'^"'^) + 1 + e-'"^"'^) = 3 + cT" 
with c e C \ {0}, It > 0. (We observe that Ot(w(u; c)) = u/2.) 

Lemma 24.11. We assume c is generic in case u = Q. 
(1) 

b(iHu;c) ^'^^ exactly 3 nonzero critical points. 

(2) T/ie valuation of the critical points are (0,0). 

(3) All the three critical points are nondengenerate. 

Proof. We take variables Yi, F2 as in (l24Jl) . ((24?8l) . Then by Theorem [2461 we have 

q3Di,(^^^^) = r((Yi + y2 + V')^ - 6) + cTi+"(yi + r2)yiy2. 

Therefore VCpDf,^^^^^) = is equivalent to 

3(1 - Y^^Y^^){Yi +Y2 + Y^^Y^^f + cT"y2(2ri + Y2) = 0, (24.16) 
3(1 - Y^^Y^^){Yi +Y2+ Y^^Y^^f + cT«Yi(2y2 + Y{) = 0. (24.17) 

Therefore 

2^1 + Y2 ^ 2Y2 + Fi 
^2^2-1 Y^Yi-l 
Using Yi ^ 0, 5^2 7^ it implies either Yi = Y2 or ^1^2(^1 + Y2) = -1. 

In case 11^2 (Yi + Y2) = -1 we use ([MT^ to find 21^1 + ^2 = 0. We also use 
(|24.17P to find 2^2 + Yi = 0. This is impossible. Thus we have Yi = Y2. We put 
a; = Yf^ = Y^. Then p4.16p . p4.17p are equivalent to 

(a;-l)(2a; + l)2 + cT"2;3 =0. (24.18) 

This equation has three simple roots. (We use genericity of c in case u = 0.) We 
have proved (1). (Note 2/1=2/2= x.) 

If u = 0, then x E C \ {0}. Therefore the valuations of 2/1,2/2 are 0. If u > 0, 
then X = 1 or —1/2 modulo A+. Therefore Vt{x) — also. This proves (2). 

We next prove (3). We calculate 



where 

A = ^(4a;3 + + 6a; + 2), B= ^(-4a;3 - + 1). 
Here we use p4.18p during the calculation. Therefore we get 

\ / i,j=i 

(3) follows. □ 

We now consider an affine line C = C contained in so that it contains wq and 
wq-c where c is generic. For a € C we have b(a). We consider 

Xo = {(a;2/i,2/2) |aeC,V(q3Di,(,)) = 0at (2/1, 2/2) e C^}. 

We take the Zariski closure of Xo in C x CP^ x CP^ and denotes it by X. We have 
a projection tt : X — > C At a generic point a E C the fiber of tt consists of 9 points. 
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At a = wo;c the fiber of n intersects witli Xo at 3 points and those three points are 
all simple. Therefore n~^{wo;c) \ Xo 7^ 0. Then there exist Laurent power series 

yi{w) = ^ yi,kw'', y2{w) = ^ y2,kw'', 

fe>fco,i k>ko^2 

and 

a{w) = akw'^ 

k>0 

such that the following holds: 

(1) 2/1 (w), J/2(w) converge for \w\ € (0,e). 

(2) a(w) converges for |w| G [0,e). 

(3) {a{w);yi{w),y2{w)) e Xo for \w\ € (0,e). 

(4) (yi(0),2/2(0))G(CPi)2\(C\{0})2. 

(5) a(0) = wo-c- 

Now we consider (yi(T^), j/2(T'')) e anda(r'') e A^. (3) implies that {yi{TP),y2{TP)) 
is a critical point of *P^'b(a(Tp))- 

Lemma 24.12. If {K>T{yi{TP)),X)T{y2{TP))) e P., ifeen 

(0T(yi(T'')),0T(?y2(r0)) e3. 

Proof. If (ui, 1(2) = (Dt(2/i), 0T(?y2)) e -P \ 3, then there exist i = 1, 2, 3 such that 

£i{ui,U2) < £j{ui,U2) 

for each j e {1, . . . , 9}, j ^ «. It follows easily that (2/1,2/2) is not a critical point of 

^^>b(a(TP))- n 

It is easy to see that p (0T(2/i(r'')), Ot(2/2(P'0)) is continuous and 
lim{x,T{yi{T'')).My2{T''))) = (0,0). 

Moreover we find that \:>T{yi{T'')) and t)T(2/2(P'')) are either increasing or decreas- 
ing, and {\3T{yi{T^)),\3T{y2{T''))) diverges as p — )• 00. (This is a consequence of 
(4) above.) Therefore there exists pi > such that 

p^(l)T(2/i(n),t.T(2/2(T''))) 

defines a homeomorphism between (0, pi) and one of 3i = {(— ~u) \ u E (0, 1)}, 
32 = {(m, 0) I u G (0, 1)}, 33 = {(0, u) I u G (0, 1)}. Note that there exist 6 choices 
of such (2/1(9), 2/2(9)) for given a{w), after replacing C by an appropriate branched 
cover that branches at ui = wq-c- This is because the order of the set TT~^{a{w)) C X 
is 9 for generic w and the set 7r~^(a(0)) C X consists of 3 points all of which are 
simple. Each of such 6 choices determines pi above. We take its minimum and 
denote it by po- Thus we proved the following: 

Lemma 24.13. (1) For each p G (0, po); there exist exactly 9 critical points of 
*PDi,(a(Tp))- They are simple and their valuations are always in the interior 
of P. 

(2) We may take a choice 0/ (2/1(9), 2/2(9)) as above such that 

p^(t,T(2/l(n),OT(2/2(n)) 

defines a homeomorphism between (0,po) and one of3i, 32, 33- 
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Lemmas 124. 101 [24. 131 and Theorem 1 1 8 . 81 imply that the fohowing holds for one of 
1 = 1,2, 3. We also note that we can prove Theorem 120. 231 (|20.39|) in our situation, 
where we replace iq;,*^(b(„),b(„)) by »q„,^(fa(a(Tp)).6(a(Tp)))- 

Lemma 24.14. For each u e 3^? there exist b(u) and e(u) e (5iJ[,(u)(X; A) such 
that: 

(1) e(u)A C QH^J(^^^■^{X^, K) is a direct factor. 

(2) r(u) is (^^1^^^ -superheavy. 

Once we have Lemma 124.141 for some i, then by symmetry we obtain the same 
conclusion for any i = 1, 2, 3. The proof of Theorem 124. II is now completed. □ 

25. Detecting spectral invariant via Hochschild cohomology 

In this section we prove the following theorem. For a critical point r) of the poten- 
tial function ^pDf, we recall the subset Jac(*pDf,; t)) C Jac(*pDf,; A) from Definition 
120.211 Corresponding to this subspace, we put 

Qi/b(Af;A;o) := {s G Qi/(,(Af; A) | «Sb(s) G Jac(«pDt,; t))}. 

Theorem 25.1. Let {M,lu) be a compact toric manifold and b G H'^^'^'" {M; Aq) . 
Suppose that is a critical point of the potential function Let u = u(r)) 

and b = 6(t}) those defined as in Theorem \20.11\ Denote by e,, the idempotent of 
QH\,{M,Lo\'()). Then L{\i) is ji^^^^- superheavy. 

This theorem improves Theorem 12 1.1 1 in that superheavyness holds without as- 
suming nondegeneracy of X). 

Problem 25.2. Let I) be a degenerate critical point of When does ^jl^ 

become a quasimorphism? 

25.1. Hochschild cohomology of filtered algebra: review. We use Hochschild 
cohomology for the proof of Theorem [25 . 1 1 Let (C, {nifcl^g) be a unital and gapped 
filtered Aoo algebra. (See [FOOOlj Section 3 for the definition of filtered A^o alge- 
bra etc.) In this section we assume 

mo = 0. 

In the situation of Theorem 125.11 we have mo(l) = *PD(6) • 1 that is not zero in 
general. We redefine mo(l) — and do not change other operators. By unitarity 
all the Aoo relations still hold. After this modification we apply the argument in 
this section. We put 

CH'^iCC) ^ Hom!,{BuC[l],C[l]), 

— -^oo 

CH{C, C) = ^^^CH\C, C), (25.1) 

Af'CHiC, C) = CH{C, C)I^^^^CH''' (C, C). 

Here is the completion of algebraic direct sum with respect to q-adic topology. 
We assume that (C*, {mfcl^p) has a strict unit e. We define its submodule 

CH'^'^'^{C, C)={^^ CH^{C, C) I • • , e, • • • ) = 0} 
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and define CH''"^{C,C), N^CW'^{C,C) in a similar way. We define Hochschild 
differential 5h ■ CH{C, C) CH{C, C) by 

Sh{(p){xi, ...,Xk) =^(-l)*V(a;i, • ■ ■,m{xi, ...),...) 

(25.2) 

+ ^(-l)*"m£(a;i, . . . , (p{x^, ...),...), 
i,e 

where *i = deg(/3(degxi + • • ■ + dega;i_i + i — 1), *2 = degxi + • • • + dega;i_i + i. 
It is easy to check 5h ° 5h = 0. So {CH{C, C), 6h) is a (co)chain complex, which 
we call Hochschild cochain complex. 

Using our assumption mo = 0, we have 

Therefore 6h : Af'CHiC, C) U^CH{C, C) is induced. We cah this fihration 
the number filtration. Note we have 

{CH{C, C), Sh) = proj lim(AA'=Ci7(C, C),6h). 
We can easily show 

Sh {CH'"^{C,C)) c CH""^{C,C). 

So the reduced Hochschild cochain complex {CH'°'^{C,C),6h) is defined. It has a 
number filtration. The cohomology of the reduced Hochschild cochain complex is 
written as H H'^'^'^ {C , C) and is called reduced Hochschild cohomology. 
We note that 

CH'^iC C) ^ Homc{Bk'C[l],C[l])®K, 

where C (8)c A = C. We can then use the filtration F^C = C ®c T^Aq to define a 
filtration F^CH^{C, C) on CH^{C, C). We call this filtration the energy filtration. 
Using the condition 

f |F0001j (3.2.12.6)), Sh preserves the energy filtration. 

25.2. From quantum cohomology to Hochschild cohomology. Let L be a 

relative spin Lagrangian submanifold of a compact symplectic manifold (M, uj) and 
b e i?™'="(M; Ao). Let b = ba + b+ e VL"'^'^ (g> Aq be an element satisfying the 
Maurer-Cartan equation 

oo 

For each such pair (b,6), we obtain a unital and gapped filtered Aoo algebra 
(f2(L)§A,{m^'''}). We define 



q^" = H{M; A) ^ CH''^{n{L)^A, n{L)^A) 



(25.3) 
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as follows. We put b = (bo, i>2;i, &+, &+) and define for fc 7^ 0: 



00 00 00 



2^2^2^---2^^ (TTuTiV (25.4) 



where e r2(L). Here the notations are as in ()17.1ip . Recall that we assume 
mo = in this section. 

Using Theorein ll7.1l (1), we can show that (5H(ci5f(a)) = 0. Therefore we have a 
map 

: iJ(A/; A) -> iJiJ^'=^(r2(L)§A, Vl{V)®K) (25.5) 

to the Hochschild cohomology. Here BB^t^^{^{L)®K,^{V)®1s) is the Hochschild 
cohomology with respect to the filtered A^o structure m'^. 

Remark 25.3. (1) By composing qjf with the projection 

iJij;,'='*(l](L)§A, 17(i)§A) ^ AAoiJij;,'='i(17(L)§A, !1(L)§A) = iJF*((L, b); A), 

we obtain a map 

iJ(M; A) ^ HF*{{L,h)]A). 

This coincides with the map hf((l b)-A) given in (|17.18l) . 
(2) HH'^'^{Q.{L)®k,n{L)®k) has a filtered structure. (See |F0U06j 
(31.4) and Remark 31.1 (1).) Moreover is a ring homomorphism. 

25.3. Proof of Theorem 125.11 To prove Theorem l25.1l we need to explore some 
estimates of the spectral invariant which are analogs of ones developed in Chapters 
1-4. In the previous chapters we use A^ coefficients and the valuation Og, while we 
use A coefficients and the valuation Ut in Subsections 125. 1[ 125.21 To translate the 
valuation Ot for any element x defined over A into 0^, we just define 

because T — q^^. See Notations and Conventions (16) in Section [TJ We use this 
notation throughout this subsection. 

The following is an analog of Proposition 118.91 

Proposition 25.4. Let L,h be as above and a E H{M;A). Then 

p\H; a) > M{-H{t,p) \ {t,p) e x L} + Ug(q^(a)). 

Here for x e HH'°'^{n{L)iE)A,n{L)i§)A) we define 

0,(x) = -Vt{x) = -sup{A I 3x e F^CH'''"^{n{L)§,A,n{L)§)A),x ^ [x]}. 

Proof. Using the operator qj.^.j, in (|18.17p . we define 

qf" : CF{M; H; A) ^ CH'^'^{Vl{L)®A, n{L)®A) (25.6) 
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by 



oo oo 



= 2^ Z^Z^'-'Z^^ (25.7) 

0£H2(M,L:Z) i=Q mo=0 mk=0 

"f,fc+x;''_o'"»;^ + + )2;i,o^ , . . . , o_|_ ,Xfc,o_,_ j. 

Using Proposition 118. 151 we can find that it induces a map 

qf" : HF{M,H-K) HHl^'^{n{L)®K,n{L)®K). 

Lemma 25.5. qf''*' o P^''^ is chain homotopic q^. 

The proof is the same as that of Proposition [T8?2T] and is omitted. 
We can use Lemma 125.51 to prove Proposition 125.41 in tlie same way as we used 
Proposition 1 1 8 . 2 II to prove Proposition 118.91 Thus Proposition l25.4l foliows. □ 

Now we consider the case of toric manifold (Af, uj). For the toric case we can use 
q-^ in place of q in Proposition 125.41 and the Hochschild complex 

CH{H{L{n)-K),H{L{n)-K)) 

defined on de Rham cohomology (instead on the space of differential forms). In 
fact, has been defined on it. 

Let b e i?™™(Af; A) and let ri be a critical point of ^PD,,, u = u{x)) and 6 = b{x)) 
as in TheoremHEZl We put b b(o) = (b, b{X))). 

Lemma 25.6. The restriction of q^'^ to QHt,{M; A;t)) C QHi,{M;A), 

qf'^ : QH,{M; A; 15) ^ ifi/^^'i(i/(L(u); A),H{L{u); A)) 

is injective. 

Proof. By IF0006| Lemma 31.5 there exists a map 

HH^-''iH{L{u);A), H{L{u);A)) ^ Jac(*pDb; t)). (25.8) 

The composition of the restriction of to QHb{M ; A; tj) with (|25.8p is an isomor- 
phism QHb{M; A; r)) = Jac(*pD[,; f)). Hence the lemma. □ 

Since the image of the map cff'^ is a finite dimensional vector space over A, we can 
apply the argument of Subsection l8 . 1 1 to find a standard basis q^'^{ei), . . . , q^'^isk) 
of the image of q:'". Then we have 

x^e}j ^ = max{t)g(x,qP(e,)) \ i = l,...,k} 
> m.a.x{X)q{xi) \ i — 1, . . . ,k} — Ci 

where Ci is independent of Xi. 

Now we are ready to complete the proof of Theorem l25.1l Let ipn G Ham(M, w). 
By Theorem 115.11 we have 

p\^],; e,) - - inflp^^;^"; b) \ n(e,, 6) ^ 0}. (25.10) 
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Let US estimate the right hand side of ()25.10p . Suppose n(et,, b) ^ 0. We put 

k 

e,, ^ XiCi, Xi e A. 

i=l 

ifa 



Since n(eq,6) ^ 0, Sublemma 116.61 imphes Og(e,, U 6) > 0. Therefore 

max{o,(a;,) | i = 1, . . . , fc} > C2, (25.11) 

where C2 = — niax{Oq(ei) | i = 1, . . . , fc}. 
By triangle inequahty, 

k 

Using Proposition 125.41 the right hand side is not smaller than 

nini{-Hit,p) I {t,p) e 51 X Af} + t), ^^qf^" (j^x.e^^ -p''(0;e,). 

By p5.9p . this is not smaller than 

nini{H{t,p) I {t,p) e X Af } + max{o,(a;,) \ i = l,...,k}- Ci-p\0;e^). 
Using p5.1ip we have 

p'(V^ff";6) > nmf{H{t,p) \ {t,p) € x M} + C2 - Ci - (0; e) . 
Therefore by (|25.10p . we obtain 

_ A^l^ > M{H{t,p) I {t,p) eS'xM}-^, 
n n 

where C3 is independent of n. Therefore we obtain 

^'^^^'"^^ < -M{H{t,p)\it,p)€S'xM} + ^ 



n n 
= sup{-iJ(i,p) I {t,p) e X A/} 



C3 



n 

By letting n -> cx), we have finished the proof of Theorem 125. II □ 

25.4. A remark. In Theorems 121.11 and 125.11 we use Lagrangian Floer theory to 
estimate the spectral invariant in terms of the values of the Hamiltonian on the 
Lagrangian submanifolds. One can use a variant of this technique to obtain an 
estimate of spectral invariant using various other invariant appearing in symplectic 
topology. 

By using the Hamiltonian H = H{t, x) itself as Albers did in [Al] instead of r- 
dependent modification F we use in Subsection [TO we can improve the statement 
of Proposition 118.91 to the following 

p'^iH; a) > -E+{H; C{Yj) + pt{a) (25.12) 

where the invariant E'^{H;C{Y)) is defined by 



E+ {H-C{Y)):^ sup H{t,j{t))dt 



7 e CiY) 
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This is a stronger invariant in that E^{H; C{Y)) < E^{H;Y) and more directly 
related to the loop space C{Y) of Y. This formula suggests that we may use sym- 
plectic homology SH{V) ( |FH] ) of a subset V C M and the Viterbo functoriality 
(Viterbo |Vi2| . Abouzaid-Seidel [ASej ) in place of Lagrangian Floer theory in cer- 
tain cases, for example, in the case where ^ is a Darboux-Weinstein neighborhood 
of a Lagrangian submanifold L. For the case where the Floer homology HF{L) 
is isomorphic to H{L) (such as the case L is exact), the symplectic homology 
SH{V) is related to the homology of the loop space of L (Salamon- Weber SWj, 
Abbondandolo-Schwartz [ASclj . which is in turn closely related to the Hoschchild 
cohomology of H{L). (See also |Fu2| ).) Thus in that case the method using sym- 
plectic homology becomes equivalent to those using Hochschild cohomology that 
we have established in this section. 

Eliashberg-Polterovich [ElPj use symplectic homology to estimate the spectral 
invariant in the case of Lagrangian tori in x S^. Through the above mentioned 
equivalence, their argument is related to ours given in Section [23l 
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Part 6. Appendix 



26. V^'fT , N ^ IS AN ISOMORPHISM 



In Section 15] we introduced the Piunikhin map 7^ , % witli bulk deformation. 
In this section we complete the proof of Theorem 16.91 



Theorem 26.1. The Piunikhin map with bulk deformation 

'PiHM* H*(M-K^) ^ HF^{M,H,J;A^) 

is a A'^ -module isomorphism. 

Proof. We first construct another map 

2(V„J,),* : HF^{M,H;A^) ^ H^APA^) (26.1) 

in the direction opposite to V^f^ j ) * • This will be carried out by constructing the 
associated chain map 

CF{M, H; A^) ^ 17(M)§A^. (26.2) 

Let X S AC be as in Definition 13.111 and [7,w] S Crit(y^if). For the construction of 
this chain map, we need to consider the dual version of To distinguish the two 
different types of elongation functions, we recall that we denote 

for X G AC- We also use {H^, J^) defined in (I3.12p . (In this section J = {Jt} is a 
t G 5*^ parametrized family of compatible almost complex structures.) 
We consider the elongated family {H^, J^) defined by: 

H^{T,t,x) = x{r)Ht{x), J^{T,t) = Jxir),t, 

where Jg^t is as in p. lip . 

o 

Definition 26.2. We denote by A4i{H^, J^; [7, w], *) the set of all pairs 

[u; , . . . , z^) 

of maps u : R X 5^ — )■ M and e M x which satisfy the following conditions: 
(1) The map u satisfies the equation: 



du T 

a7 + ^Vat 



Mi^~XhAu)]^0. (26.3) 



(2) The energy 





du 


2 


du 


Hi 




+ 


'dt 



XhM\ 



dt dr 



is finite. 

(3) The map u satisfies the following asymptotic boundary condition. 

lim w(t, t) — 7(i). 

(4) The homology class of the concatenation of u and w is equivalent to by 
the equivalence relation ^. 

(5) zf are all distinct each other. 
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(u; , . . . , z^) I— >■ (li(zj^), . . . , defines an evaluation map 

o 

ev = (evi . . .,eve) = Me{H^,J^; [7,^;],*) M. 

o 

Lemma 26.3. (1) The moduli space Aii{H^, J^; [7,w],*) has a compactifica- 
tion 

Mi{H^,J^; [7,w],*) 

that is Hausdorff. 

(2) The space A4i{H^, J^; [7, w], *) has an orientable Kuranishi structure with 
corners. 

(3) The boundary of Aii{H^, J^;['y,w],*) is described by 

dMe{H^,J^; [7,^],*) 

^[jMiH, J; [7, w], [7', w']) X M{H^, J^; [7', w'], *), ^^^'^^ 

where the union is taken over all [7', w'] € Crit(iJ) and (Li,L2) G Shuff(£). 

(4) Let fj,H '■ Crit(y^//) be the Conley-Zehnder index. Then the (virtual) 
dimension satisfies the following equality: 

dim Mf{H^,J^; [j,w],*) = n - ^ihUj^w]) + 2£. (26.5) 

(5) We can define orientations of Mi{H^, .J^; ['y,w], so that (3) above is 
compatible with this orienation. 

(6) ev extends to a .strongly continuous .smooth map Al^ (iJ^, J^; [7, w], *) — > 

, which we denote also by ev. It is compatible with (3). 

(7) The map ev+00 which sends {u; , . . . , zf) to liniT-^+oo u{t^ t) extends to 
a weakly submersive map A4i{Hy^, J^; h,w], *) — > M, which we also denote 
by ev+00 • It is compatible with (3). 

The proof of Lemma [263] is the same as that of Proposition lS^ and so is omitted. 

We take a system of continuous famihes of multisections {s^jujgvK on the moduli 
space A4i{H^, J^; [7, w], *) which is compatible with (3) and such that ev+00 is a 
submersion on its zero set. 

Let hi,..., hie n{M). We define n(^H,.i),*ib,w])ihi, ■ ■ ■ , he) e n{M) by 

^iHj),*{h,w])ihi, ...,he)^ cv+00,! (cvlhi A • • • A ev^hi Aujw) . (26.6) 

Here ev+00,! is the integration along fiber of the map ev+00 on the zero set of our 
family of multisections, and luw is a smooth form of top degree on the parameter 
space W such that J^yUJw = 1. (See |F0003) Section 12.) 

Let b g iJ™™(M; A^). We split b = bo + &2 + b+ as in 1^. We take closed 
forms which represent bo, b2, b+ and write them by the same symbols. 



Definition 26.4. 



2(ffs,j,)([7,u;] 



w' i=0 



We can prove that the sum in (j26.7p converges in q-adic topology in the same 
way as in Lemma [6.51 We have thus defined (|26.ip . Then 
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is a consequence of Lemma 126.31 (3) and Stokes' theorem. (Here d is defined by 

dsn.) 



Proposition 26.5. Q\^^ j, o V\ 



is chain homotopic to the identity. 



Proof. For S E [l,oo) define as follows: 



H^{T,t,x) 



x{t + S +l)Htix) S>l,T<0 
x{t ~ S - l)Ht{x) S>l,T>Q. 



(26.9) 



We extend it to S* e [0, 1] by 

H^{T,t,x) = SH\{T,t,x). (26.10) 

The function may not be smooth on 5 at = 1, t G [—10, 10]. We modify it 
on a neighborhood of 5 = 1, r e [—10, 10] so that it becomes smooth and denote 
it by the same symbol. We define (S*, r, t) G [0, oo) x R x [0, 1] parametrized family 



of compatible almost complex structures as follows. For S € [l,oo) we put 



4[r,t) 



Jx{r+S+l),t S >1,T <0, 
Jx{T-S-l)d S >l,T > 0. 

We extend it to 5* G [0, 1] so that the following is satisfied. 

'Jo r<-10. 



(26.11) 



4ir,t) 



Jo T> +10, 
Jo S^O, 

Jo Hs in a neighborhood of [1]. 



(26.12) 



Definition 26.6. Let C G H2{M ■,!.). For each < S* < oo, we denote by 

o 

Mi{H^, J^; *; C) the set of ah pairs (u; , . . . , z/) of maps u : R x ^ M, 



G M X 5^ which satisfy the following conditions: 
(1) The map u satisfies the equation: 



du 



Xhs{u)\^Q. 



(26.13) 



(2) The energy 





du 


2 


du 






+ 

X 


'dt 



dtdr 



is finite. 

(3) The homology class of u is C. 

(4) zl' are all distinct each other. 

We note that (|26.13p and the finiteness of energy imply that there exist pi,p2 G 
M such that 

lim u(r, i)=pi, lim u{T,t) = p2. (26.14) 



Therefore the homology class of u is well-defined. We define the evaluation map 

(ev_oo,ev+oo) ■.Me{H^,J^;*,*;C)^M^ 
by (ev_oo,ev+oo)(M) = (pi,P2), where pi,P2 are as in (|26.14p . 
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We put 

M,{para-H^,J^-*,*;C)^ |J {5} x J^; C), (26.15) 

S>0 

where ev, ev_oo and ev+oo are defined on it. 

o 

To describe tlie boundary of tlie compactification oi Mi{para; H^, J^; *, *; C) we 
define another moduli space. 

o 

Definition 26.7. We denote by Mi{H = 0, Jo; *, *; C) the set of ah {u; z^, . . . , z^) 
that satisfy (1),. . . ,(4) of Definition [MH with S* = 0. 

Note that H actuahy does not appear in (1),. . . ,(4) of Definition 126.61 in case 

o 

5 = 0. There exists an R x S*^ action on M.t{H = 0, Jq; *, *; C) that is induced by 
the R X 5^ action on R x S'"'^, the source of the map u. In fact, the equation (|26.13p 
is presearved by R x S*^ action in case S = Q. 
We define evakiation maps 

o 

ev = (evi,. . .,evf) : Mii{H = 0, Jo;*,*;C) Ar 

and 

(ev+oo,ev_eo) : Mi{H = 0, Jo;*,*;C) Af^ 
in an obvious way. We put 

Mi{H = 0, Jo; *, *; C) = Mi{H = 0, Jo; *, *; C)/K, 

MeiH = 0, Jo; *, *; C) - Me{H = 0, Jo; *; C)/S\ 

Mi{H = 0, Jo; *, *; C) = Mt{H = 0, Jo; *, *; C)/(M x S^). 

Then Mi{H = 0, Jo; *, *; C), MiiH = 0, Jo; *, *; C), Me{H = 0, Jo; *, *; C) and 

o 

Mi{H — 0, Jo; *, *; C) can be compactified. We denote the corresponding compact- 

ifications by Mi{H = 0, Jq; *, *; C), Mt{H = 0, Jo; *, *; C), Mt{H = 0, Jo; *, *; C) 
and A4e{H = 0, Jo; *, *; C), respectively. The compactifications are obtained as fol- 
lows. Fix an identification of R x S'^ with CP^ \ {N, S}, where N, S are the limits 

o 

as T ^ ±oo, respectively. For each {u; z^ , . . . , z^) e Mi{H — 0, Jo; *, *; C), we re- 
gard u as a map from CP^ and consider its graph in CP^ x M . Then we identify the 

o o 

space Mi{H = 0, Jo; *, *; C) with the space Ni{H — 0, Jq; *, *; C) of their graphs. 
Take its stable map compactification Mt{H = 0, Jo; *, *; C), which is identified with 
Me{H — 0, Jo; *, *; C). (The component, which has degree 1 to CP^-factor is the 
component with a parametrized solution of (|26.3p .) The group R x S*^ acts on the 
first factor of CP^ x M and induces an action on Ni{H = 0, Jo; *, *; C). By taking 
the quotient of Nt{H = 0, Jo; *, *; C) by R, S^, R x S^, we obtain the compacti- 
fication Mi{H = 0, Jo; *, *; C), MeiH = 0, Jo; *, *; C) and Me{H = 0, Jo; *, *; C), 
respectively. Each of them carries a Kuranishi structure and evaluation maps that 
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extend to its compactification. We note that Mi{H = 0, Jo;*,*;C) is identified 
with Mfj^^i^^) which is introduced in Section [S] 

o 

Lemma 26.8. (1) The moduli space A4e{para] H^, J^; *, *; C) has a compact- 
ification Miijiara; H^, J^; *, *; C) that is Hausdorff. 

(2) The space A4i(j)ara; H^, J^;*,*;C) has an orientable Kuranishi structure 
with corners. 

(3) The boundary of A4i{para; H^, J^; C) is described by the union of fol- 
lowing four types of direct or fiber products: 

(i) 

M#LAHx,Jx'*dl,M) ^ M#L^{H^,Jx;h,w'],*) (26.16) 

where the union is taken over all [7,w] G Crit(_ff), and (Li,L2) G 
ShufF(£). Here the bounding disc w' is defined by [w]^C = [w']. 

(ii) 

A^#Li(-ff = 0, Jo;*,*;Ci)cv+^ x^v^^ M#L^{para; H^, J^;*,*;C2) (26.17) 

where the union is taken over all Ci,C2 and (Li,L2) G ShufF(i?) such 
that Ci + C'-? = C . The fiber product is taken over M . 

(iii) 

M#Li{para;H^,J^]^,'^;Ci)cv+^ Xcv_^ A^#L2 (^^ = 0, Jq; *, *; C2) (26.18) 

where the union is taken over all Ci,C2 and (Li,L2) G Shuff(^) such 
that Ci + C'2 = C . The fiber product is taken over M . 
(iv) And 

A1#l(^ = 0, Jo;*,*;C). (26.19) 

(4) The (virtual) dimension satisfies the following equality: 

dimMeipara; H^, J^; *, *; C) = 2ci(M) n C + 2n + 2£ - 1. (26.20) 

(5) We can define orientations of A4i(jjara] H^, J^^^; C) so that (3) above is 
compatible with this orientation. 

(6) ev extends to a weakly submersive map Ai({para; H-,^, J^;*,*;C) — > M^, 
which we denote also by ev. It is compatible with (3). 

(7) (ev_oo, ev-|_oo) extends also to a weakly submersive map 

which we denote by (ev_oo, ev+oo)- It is compatible with (3). 

Proof. The proof is similar to the proof of Proposition 16.111 So we only mention 
the way how the four types of boundary components appear. In fact, (j26.16p 
appears when S" — 00, (j26.19p appears when S — Q. p6.17p . (|26.18p appear when 
S is bounded and is away from 0. ()26.17p is the case there is some bubble which 
slides to T — >• —00 and p6.18p is the case there is some bubble which slides to 

T -> +00. □ 

We now take a system of continuous families of multisections on A4g{Hy^, J^;*,*;C) 
such that it is compatible with the description of its boundary Lemma l26.8l f3) and 
that ev-|_oo is a sumbersion on the zero set of the continuous families of multisec- 
tions. We need some particular choice of it at some of the factors of the boundary 
component. 
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We observe that there exist maps 

Me{H = 0, Jo; C) -> Mi{H = 0, Jq; C) (26.21) 

and 

Me{H = 0, Jo; *, *; C) ^ Me{H = 0, Jo; *, *; C). (26.22) 

Various evaluation maps factor through them. We take our family of multisections 
so that it is obtained by the pull back with respect to the maps (|26.2ip . (|26.22p . 
We use the family of multisections as above to define 

by 

^kAh) = E E ^"P(^,^^^) ,-^n.^^^^^ L^^^ A ev*(b-„ . . . , b+) 

fco c V ' 7 ' 

Here each term of the right hand side is the correspondence by the moduh space 

o 

Meipara; H^, J^; *, *; C). 
Lemma 26.9. 

Proof. The proof is based on Lemma 126.81 (3) and Stokes' theorem ( |F0003| 
Lemma 12.13). We note that (|26.16p corresponds to the composition Q^'j:^^ j^-j o 
'^(H J ) ■ Using the compatibility of the multisection and evaluation map to (|26.2ip , 
(|26.22p it is easy to see that the contribution of (126. 17p and p6.18p vanishes. 

By the same reason the contribution of p6.19p vanishes except the case £ = 
and C = 0. In that case the moduli space is M and ev±oo is the identity map. 
Therefore the contribution is the identity map : f2(M) — )■ ^1{M). This finishes the 
proof of Lemma [26.91 □ 

Therefore the proof of Proposition 126 . 51 is now complete. □ 

In a similar way as in Proposition 126.51 we can prove that Vf^^ j o Qf"^^ j^-, is 
chain homotopic to identity. Hence the proof of Theorem l26.1l is now complete. □ 

We now complete the proof of Theorem l7.8l (3). It remains to prove the following: 
Proposition 26.10. 

p''(0;a) > D,(a). 

Proof. 

Lemma 26.11. // A^^ (iJi^, J^; [7, w], *) is nonempty, then 

The proof is similar to the proof of Lemma [9.81 and so is omitted. 
Corollary 26.12. 
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Proof. Let x G F^CF{M, H, J; A^). We choose for each of 7 G Per(77) and put 

7ePcr(H) 

with 

Vq{x^)+AH{[l,w^\)<X. (26.23) 

By ([26J| we have 

t),(Q(V,j < niax(-w;^ C^uJ + w' f^uJ + (26.24) 

where the maximum in the right hand side is taken over ah [7, wl^] € Crit(,4H) such 
that Me{H, J; [7, w'^], *) is nonempty. 
We note that 

-w^nuj + w'^nuj = -AhUi, w'^]) + AhUi, w-y]). (26.25) 
By ([26231), (126211), (|2625l) we obtain 

«9(2(ff„j,)W)<A + i?+(H) 
as required. □ 

We take a sequence of normalized Hamiltonians Hi such that Hmi_^oo ll-f^i|l = 
and ipHi is non-degenerate. Let x G CF{M, Hi, J; A^) such that d^^ j-^x — 0, 

\Vq{x)- p'[H,;a)\ < e. 

Then [Q^(^^)^_^^)(x)]=aand 

Since e is arbitrary small and limi_>.oo E^{Hi) — 0, we obtain the proposition. □ 

27. Independence of de Rham representative of b. 

In this section we prove Theorem l7.7l (2). Let _ff be a one periodic Hamiltonian 
on M such that tpn is nondegenerate. Let fa(0), b(l) € f7(M)(g)A^ such that db{0) = 
db{l) = 0. We assume that there exists c G r2(M)(g)A^ such that 

b(l)-b(0)=dc. (27.1) 

Then we prove that p^'-^^i^H ,a) — p°^^H4>H,a). Firstly we consider the case that 
b2(0) = b2(l). Here b2(0),b2(l) G H^{M;C) as in i^. After establishing The- 
orem [7T71 (2) under the condition that b2(0) = ^2(1), we show that the invariant 
p^{(j)H,ci) does not depend on the choice of representative of the cohomology class 

N- 

We consider the ring of strongly convergent power series 



, G A^ lim Vg{xk) = -00 L (27.2) 



Here s is a formal parameter. We denote by Po\y{lS.;CF{AI;H;A^)) the set of 
formal expressions of the form 

x{s) + ds A y{s) 
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where 

x{s),y{s) e CF{M;H;A^) A^((s)). 
For So G we define 

EvaL^so : Poly(M; CF(M; H; A^)) ^ CF{M; H; A^) 

by 

EvaU^.o +dsA y{s)) = x{so). (27.3) 
We note that, for x{s) = 'ZT=o^ks'' € CF{M;H;A^) A^((s)) with Xk € 
CF{M;H;A^), the series x{sq) = X]fe^o^'=*o converges in g-adic topology for 

So e K. 

We put 

b(s) = sb(l) + (1 - s)b(O). (27.4) 

For each sq £ M we define 

^{H°]) CF{M-H-K^) CF{M-H-K^) 

by ([6:61) . 

Lemma 27.1. There exists a A-^ {{s)) -module homomorphism 

^IhI) ■■ CF{M- H; A^) A^((s)) ^ CFiM; H; A^) A^((s)) 

sitc/i that 

Eval,=,„ o = dl^'j^ o Eval,=,„ , ^('i^J,) o d^^l^ = 0. (27.5) 

Proof. We spUt b(s) = bo(s) + b2(s) + b+(s) as in (|5.5p . Then we have b2(s) = 
sb2(l) + (1 — s)b2(0) etc. We use it to see that 

J) ( [7, , [7' , w'] ) ( b+(s),. . . ,b+(s) ) 

f 

is a polynomial of order < ^ in s with coefficients in C. (See (|6.4p . (|6.5p .) 
By (|63)) . wc find that 

nS)([7,«^],[7',«^'])GA^((s)). 



,t'(-) 



Hence we can define d^^j by replacing b by b(s) in (|6.6p . The first formula in 
P7.5p is easy to show. The second formula follows from the first one. □ 



We next put 

E°° exp(u'' n b2(s) — ui n b2(s)) 
^ (£1+^2 + 1)! 

f 1=0^2=0 ^ ' 

n(i/,j);^i+£2+i([7,''«], [7', w']){b+{s), b+(s), c, b+(s), . . . , b+(s)) 

" V ' V ' 

€1 I2 

e A^((s)) 
and define 

dlH..j)ib,w])^ E nllj^{[j,w],W,w'])[y,w']. (27.6) 

[7', id'] 
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Lemma 27.2. 

Proof. Using Proposition 16.21 f3) and Stokes' formula, we obtain 

i 

'^{-'^yn{H,j)-Ah^ [7', w']){hi, ...,dh,,...,he) 

4=1 

(Li,L2)GShufI(£) [j",w"] 

n(fl-,J);#L2([7", w"], [7', w']){hj, hj^^^), 

where Li = {ii, . . . ,i#Li},IL2 = {ji, ■ . ■ , j#L2}, 

* = deg/ii + • ■ ■ + deg = ^ deg /li deg /ij . 

Using (|27.4I) and (127. 8p we can prove Lemma 127.21 easily. □ 
We define 

^(ff.jf • Poly(R; CF{M; H; A^)) ^ Poly(M; CF{M; H; A^)) 

by 

:,(b(-),c) 



Then the second formula of p7.5p and Lemma [27.21 imply 



(27.9) 



n(i'(-),c) ^(b(.),c) _Q 

"{H,J) ° "{H,J) — ^■ 

Thus (Poly(R;Ci^(M;iJ; A^)),9[];/]''') is a chain complex. The first formula of 
(|27.5p implies that 

Eval,^,„ : (Poly(R; CF{M- H; A^)), 9[J}'^^) ^ {CF{M- H; A^), 01^;°]^) (27.10) 

is a chain map. 

We define a filtration i^^Poly(R; CF(Af; i7; A^)) by 

i^-^Poly(R; CF{M;H;A^)) 

= {x{s)+dsAy{s) I x{s) = ^Xks'',x{s) ='^yks'' ,Vg{xk),Vq{yk) < A}. 
Lemma 27.3. dl^''J']f and Eva^^^o preserves the filtration F . 

The proof is easy and is omitted. 
Lemma 27.4. The map l \27.10]j is a chain homotopy equivalence. 
Proof. If x{s) +dsA y{s) E F^Poly(R; CF{M;H; A^)), then we have 

d[''J']fixis) +dsA yis)) -dsA -£{s) G i^^-^Poly(R; CF{M; H; A^)) 

for some positive e. We use this fact to prove Lemma 127.41 in the same way as in 
the proof of [FOOOlj Proposition 4.3.18. □ 
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We next define 

V'fj^'^'jl^ : n{M) (g)A-^^ Poly(R; CF{M; H; A^)). (27.11) 
For each fixed sq we define 

Vl^'°l^-^ : n{M) (g) ^ CF{M; H; A^) (27.12) 
by (inmi). We then obtain 

rl^lj^^ ■.n{M)(dA^^CFiM;H;A^)®j,,A^{{s)) (27.13) 

such that 

(27.14) 



_ -pt)(so) 



Let 



OO OO 



Ey^ exp(/ w*b2{s)) 

^ (^1+^2 + 1)! 
^1=0 £2=0 ^ ^ 

n(i/,j);£i+£2+i([7, ■ • ■ ' ''+(■5): c, b+(s), . . . , b+(s)) 

e A^((s)). 

(See (|6.11l) .) We use this to define 

[■y,w] 

Now we put 

n^S!^)^^) = -^inljjh) +dsA ri^^^jjh). (27.15) 
Lemma 27.5. We have 

° ' {H^,Jx) ~ ' (Hx-.Jx) ^ 

and 

The proof is straightforward calculation and is omitted. 

We use Lcmmas[2731[1731[173]and can prove p''(°)(V'if, a) = p''(i)(V'if, a) easily. 
The proof of Theorem 17.71 (2) is complete under the condition that 62(0) = &2(1)- 

□ 

Next, for b(0),fa(l) such that b(l) — b(0) — dc for some c, we consider b' — 
b(0) + d(c — Ci). Here Ci is the r2^(Af; C)-component of c in the decomposition 
n^{M;C)®n^iM;Ai)®n^^{M;A^). We showed that p^W(0if,a) = p^'(0if,a). 
The remaining task is to show that {(l)H,a) = P°^^\4'H,a)- Namely we prove 
TheoremO(2) in the case that b(l) - b(0) = dti with Ci e 9}[M]C). 

We define / : CF{M; H- A^) CF{M; H; A^) by 



/([7,w]) = exp( / 7*ci)[7,w]. 
Then we find that / gives an isomorphism of Floer chain complexes 
/ : {CFiM;H;A^),dlj^H)) ^ iCF{M; H; A^), d^^^) 
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and 

Hence the proof of Theorem 17.71 (2). □ 
Remark 27.6. A cocycle h G fi^(Af;C) induces a representation 

repi, : a G 7ri(£(M);£o) ^ exp( / b) G C*, 

where Ca : S*^ x S*^ — > M is the mapping corresponding to the loop a in C{M). 
Then we can consider Floer complex of the Hamiltonian system with coefficients in 
the local system corresponding to repf,. If b(0) and b(l) are cohomologous, the cor- 
responding local systems are isomorphic, hence Floer cohomology with coefficients 
in these local systems are isomorphic. Here we gave the isomorphism / directly 
without dealing with the isomorphism of the local systems. 

28. Proof of Proposition 120.61 

The purpose of this section is to prove Proposition 120.61 and Lemma 120.81 In 
this section we fix ^-independent J . 

28.1. Pseudo-isotopy of filtered Aoo algebra. In this subsection, we review 
the notion of pseudo-isotopy of filtered Aoo algebra, which was introduced in |Fu3] 
Definition 8.5. We consider L x [0, 1] and use s for the coordinate of [0, 1]. We put 
C = n{L) and _ 

C°°([0,1] xC) = n{[0,l] xL). 
An element of C°°{[0, 1] x C) is written uniquely as 

x{s) + ds A y{s) 

where x{s), y{s) are smooth differential forms on [0, 1] x L that do not contain ds. 
For each fixed sq we have x{sQ),y{so) £ C. 

Suppose that, for each s e [0,1], k,£, f3 £ tt2{M;L) we have operators 

xny:Bk{C[l])^C[l] (28.1) 

of degree — -I- 1 and 

4^ :Sfe(C[l])^C[l] (28.2) 

of degree —fi{/3). 

Definition 28.1. We say ^ is smooth if for each xi, . . . , Xfc G C we may regard 

miji{xi, ...,xk) 

as an element of C°°([0, 1],C) without ds component. The smoothness of ^ is 
defined in the same way. 

Suppose that there exists a subset G of H2{M, L; Z) such that {ui (3 \ /S E G} 
is a discrete subset of ffi.>o- Let G be the monoid generated by this set. We assume 
that we have Tn|^^, c|_^ for /3 G G only. 

Definition 28.2. We say (C*, {m| {c^ ^}) is a pseudo-isotopy of G-gapped fil- 
tered algebras if the following holds: 

(1) m^_^ and c^^^ are smooth. 

(2) For each (but fixed) s, (G, {m| ^}) defines a filtered Aoo algebra. 
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(3) For each Xi £ C[l] 
-^mlp{xi,...,Xk) 

fc-fc2 + l 

+ H 51 H (-l)*4i,/3i(a;i,---,<2,/32(^*'---),---,2:fc) 

fci+fc2=fcft+/32=/3 i=l (28.3) 

^ ^ ^ ^ Wl, ,3i (2^1: Cfe2, ft (^*' ■•■)'■•■ i^^fc) 

fci+fc2 = fcft+ft=/3 i=l 

= 0. 

Here * = deg' xi + . . . + deg Xi-i. 

(4) tn|^|^ is independent of s, and c|_^^ = 0. Here /3o = € H2{M; L; Z). 

We consider Xi(s) + A ^^(s) = e C°°([0, 1], C). We define 

mfe,/5(xi,...,Xfe) =a;(s) +dsAy{s), (28.4) 

where 

a;(s) = mfc^^(xi(s), . . .,Xk{s)) (28.5a) 
^(•s) =cl^pixiis),...,Xk{s)) 



- ^{-^)*''^k,pixi{s), ■ ■ . ,x,,_i(s),2/j(s), x^+i{s), Xk{s)) 
1=1 

if (fc,/3) ^ (l,/3o) and 



(28.5b) 



yis) = -^xiis) + mloiyiis)) (28.5c) 

if (fc,/3) = {1,Pq). Here *i in (128. 5b|) is *i = deg'.Ti + . . . + deg'xi_i. 

Lemma 28.3. The equation i28.3^ is equivalent to the filtered Aoo relation ofmk,[3 
defined by (fM?|l . 

The proof is a straightforward calculation. 

Definition 28.4. A pseudo-isotopy (C, {m^ {c^ ^}) is said to be unital if there 
exists e e C° such that e is a unit of (C, {m| ^}) for each s and if 

CM(---,e,...)=0 

for each fc, /3 and s. 

In our situation the unit e is always e^, the constant function 1 on L. 

Theorem 28.5. // (C, {m| {c| ^}) is a unital pseudo-isotopy, then there exists 
a unital filtered A^o homomorphism from (C, {m^^}) to (C*, {nx^^}) that has a 
homotopy inverse. 

Proof. The cyclic version of this theorem is |Fu3| Theorem 8.2. Since we do not 
require cyclic symmetry here, the proof of Theorem l28.5l is easier. In fact, it follows 
from [FOOOlj Theorem 4.2.45 as follows. We have a filtered Aoo homomorphism 

Eval.=.„ : (C-([0, 1] x C), {mlf,}) ^ (C, {m^°^}) 

defined by 

(Evals=so)i(a(s) + ds A h{s)) = a(so) 
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and 

(Evals=so)fc = 

for /c 7^ 1. Then using |F000l) Theorem 4.2.45 we can show that it is a homotopy 
equivalence. Theorem 128 . 51 fohows. □ 

28.2. Difference between m-'" and m. We will construct a pseudo-isotopy be- 
tween two filtered Aoo structures {m.^'^} and {m^ ^} on C = r2(L). Here the first 
one is defined in Section [20] and the second one is defined in Section [171 We note 
that the difference of these two constructions are roughly as follows: 

(1) We represent b by a T" invariant cycle Da that is a submanifold to define 
{ra^'^}. In other words, in the definition of {m^'^}, we use that current 
which may not be smooth. On the other hand, we represent b by a smooth 
differential forms to define {m^ ^}. 

(2) In the definition of {tn^'^} we first take the fiber product (|20.9p and then 
use a multisection to achieve transversality. On the other hand, to define 
{m^_^}, we first perturb (by a family of multisections) the moduli space 
A4k+i-i{/3) then pull back the differential form representing b to the zero 
set of the multisection. In other words the perturbation to define {m^ ^} is 
independent of the ambient cohomology class b. 

Remark 28.6. Wc note that there are various reasons why, when we construct 
{m^'^} in the toric case, we need to take cycles and multisections (rather than 
taking a family of multisections). The most important reason is Proposition 120. lOl 
This is related to point (1) above. The reason why we first need to take the fiber 
product (|20J| is explained in |F0002| Remark 11.4. 

On the other hand to develop the theory of spectral invariant with bulk deforma- 
tion in the general setting, it seems simplest to always use de Rham representative. 

We will construct a pseudo-isotopy of filtered Aoo structures interpolating {m^'^} 
and {m^ ^} . Below we handle the above (1) and (2) separately. We construct the 
pseudo-isotopy resolving (1) in Subsection 128.31 and construct the pseudo-isotopy 
resolving (2) in Subsection 128.51 

28.3. Smoothing T"-invariant chains. Let Da — Di^ n • • • n Di^ be a transver- 
sal intersection of k irreducible components of the toric divisor, NDa its normal 
bundle, and exp : NDa M the exponential map with respect to a T"-invariant 
Riemannian metric. Let Ua C T{NDa) be a finite dimensional submanifold of the 
space of smooth sections of NDa such that ii u E Ua and p G [0, 1] then pu E Ua- 
We assume that it has the following properties. 

Properties 28.7. (1) The exponential map Exp : Da xUa ^ M defined by 

Exp(u, x) = exp(u(a;)) (28.6) 

is a submersion. 

(2) ||u(a;)|| < e, where e is a sufficiently small positive number determined later. 
We put da ~ dimUa- 

Let p : {1, . . . , ^} — ^ B be as in the beginning of Subsection 120.21 We put 

e e 

2=1 i=l 
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The map (|28.6|) induces 

Exp : p{U) ^ M^. (28.8) 
For k,£ E Z>o and (3 E H2{M, £(u); Z) we define a fiber product 

XExpP(Z^), (28.9) 

where A4k+i:e{L{u.); (3) is a moduli space defined in Definition 117.21 and Proposition 
117.31 (Compare (|20.9I) .) We can define an evaluation map at the boundary marked 
points: 

ev^ = (ev?, . . . , evf ) : Mk+vAHu); 13; piU)) ^ L(u)"+i 
in an obvious way. We also have a projection 

:Xfc+i;f(i(u);/3;p(Z^))^Z^(p) 

to the Z//a-factors. By definition we have 

7T^\0) - Xfe+i;,(i(u); /?; p). (28.10) 

Lemma 28.8. (1) Aii^^i.i{L{u); j3;p{U)) has a Kuranishi structure with cor- 
ners. 

(2) It coicides with the Kuranishi structure in Lemma \20.4\ on 7r^^(0). 

(3) Its boundary is described by the union of fiber products: 

Alfci + l;#Li(i(u);^i;Pl(Z^))ev9 ^cvf >'fc2 + i;#L2(i(u);/32;P2(^)) (28.11) 

where the union is taken over all (Li,L2) G Shuff(i?), fci, k2 with fci + fc2 = k 
and I3i,l32 e H2{M,L{u);Z) with (3 ^ (3i + (32 . W'e pui Split((Li,L2), p) = 

(Pl,P2)- 

(4) The dimension is 

dimA^fc+i;,(i(u);/3;p(W)) 



n + Ml(u) (/3) + fc - 2 + 2^ - V 2 deg i:>p(,) + V dp(,) . 



(28.12) 



/ y o— ' / y 

i=l i=l 



(5) The evaluation maps evf at the boundary marked points of A4k+i-£{L{u); (3) 
define maps on A^fc+i.£(i(u); /3; p(Z^)), which we denote by evf also. They 
are compatible with (3). 

(6) We can define an orientation of the Kuranishi structure so that it is com- 
patible with (3). 

(7) cvq X TTy is weakly submersive. 

(8) The Kuranishi structure is compatible with the action of the symmetry group 

(9) The Kuranishi structure is compatible with the forgetful map of the \st, 2nd, 
. . . , k-th boundary marked points. (We do not require that it is compatible 
with the forgetful map of the 0-th marked point.) 

The proof is the same as that of Lemma [20.41 We note that (7) is a consequence 
of (2) if we take e in Properties 128.71 (2) to be small enough. 

Lemma 28.9. There exists a system of multisections on A^^+i.^ (L(u); /3; p(Z^)) 
with the following properties. 

(1) They are transversal to 0. 

(2) They coincide with the multisection in Lemma \20.5\ on 7r^^(0). 
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(3) They are compatible with the description of the boundary in Lemma \20.4\ 
(3). 

(4) The restriction of cvq x ttu to the zero set of this multisection is a submer- 
sion. 

(5) They are invariant under the action of &i. 

(6) They are compatible with the forgetful map of the 1st. 2nd, . . . , k-th bound- 
ary marked points. 

The proof is mostly the same as the proof of Lemma [20.51 We only observe that 
(4) is a consequence of (2) if e is sufficiently small. 

For each a = 1, . . . , B we choose a compactly supported smooth differential form 
Xa of top degree on Ua such that Xa — 1- For p : {1, . . . ,£} ^ B_we put 

e 

1=1 

Let hi, . . . ,hk S ri(i(u)). We then define a differential form on L{u) by 

fc.^(p; hi,..., hk) = {ev^Uevf, . . . , ev^ ttu)* (hi A • • • A /ife A Xp), (28.13) 

where we use the evaluation map 

{evl evf , TTu) : Xfc+i;,(L(u); /?; p{U)) ^ L(u)'=+i x U{p) 

and (evp)! is the integration along the fiber. Here the superscript S stands for 
smoothing. By Lemma 128.91 (4) integration along the fiber is well-defined. By 
Lemma 128.91 (5) the operators qf^,.^ is invariant under the permutation of compo- 
nents of p. Therefore by the C-linearity we define 

ql,.^p : Ee{H[2]) ® i?fc(f)(L(u))[l]) ^ l^(L(u))[l]. (28.14) 

We use it in the same way as in Definition ll7.7l to define m^'^ for b — (bo, h2-i, b+, &+)■ 
Thus we have obtained a filtered Aoo algebra (CFdR(L(u); Aq), {mf '''I^q). Here 
we recall 

CFdR(L(u);Ao) = ri(i(u))gAo. 

Lemma 28.10. The filtered A^o algebra (CFdR(i(u); Aq), {mf '''I^q) is pseudo- 
isotopic to {CF(m{L{u); Aq), {m^'^y^^o) as a unital filtered Arx, algebra. 

Proof. Let (5q be the distributional da form on Ua supported at and satisfy 
j 5q — 1. (Namely it is the delta function times the volume form.) We also 
take a distributional da ~ 1 form on Ua with the following properties. 

Properties 28.11. (1) dtia = Xa - 5^- 
(2) Kq is smooth outside the origin. 

We put 

Xl = sxa + (1 - s)5l (28.15) 

and 

1=1 

that is a distributional ^ d-p(i) form on U{p). We then define 

q,%(p; hi,..., hk) = (evi^),(ev?, . . . ,evf )*(/ii A ■ ■ ■ A h^ A Xp)- (28.16) 
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Note that Xp is a distributional form so the existence of puU back is not automatic. 
However we can show that the pull-back exists and the right hand side of (|28.16|) 
is a smooth differential form by Lemma [28.91 (4). 
The map '^.^ induces 

.S,s 



<fc;/3 : ^^(^[2]) <^ BkiniL{u))[l]) ^ r!(i(u))[l]. (28.17) 

s, 

k 



We use it to define mf''*''^ in the same way as in Definition 117.71 Then it is smooth 



(with respect to s coordinate) in the sense of Definition 128.41 

Sublemma 28.12 

Moreover we have: 



Sublemma 28.12. (CFdR(L(u); Aq), {mf ''*''^}^q) is a unital filtered A^o algebra. 



S.O.b _.T,b ™S,l,b S,b 

=^k ^ ^k =^k ■ 

The proof is easy and omitted. 
We next denote 

<P = Xp(i) A • • • A Xpi-,-1) A Kp(j) A Xp{^+l) A • • • A Xp(£) 

and define 

(28.18) 

= $](-l)*(^)(ev^)!(ev?, . . .,evtnh, A ■ ■ ■ A A <p). 

1=1 

See Remark 128.161 for the sign. In the same way as the operator '^.^ defines 

mf the operator qc|:| j, induces an operator, which we write c^'*'"''. It is easy to 
see that 

(CFdR(L(u); Ao), {mf ■nr=o, {cf '''}r=o) 
is the required pseudo-isotopy. The proof of Lemma [28. 101 is complete. □ 

28.4. Completion of the proof of Proposition 120. 6i In this subsection, we 
construct a pseudo-isotopy between (CFdR(i(u); Aq), {tTif''^}^o) (which is defined 
in Subsection l28.3p and (CFdR(L(u); Aq), {tn^l^o) (which is defined in Definition 

[1L71) 

Together with Theorem 128.51 and Lemma 128.101 this will complete the proof of 
Proposition 120.61 

In Section [571 we already proved that the homotopy equivalence class of 

(CFdR(L(u);Ao),{m^}r=o) 
is independent of the choice of de Rham representative b. We make this choice 
more specifically below. 

Let Da be as in the beginning of Subsection 128.31 We put 

b„ = Exp,(^^^Xa), (28.19) 

where we use (Exp, tth) : Da xUa — > MxUa- Clearly is a de Rham representative 
of the Poincare dual to [Da]- The de Rham cohomology classes {[faa]}^=i form a 
basis of ®j,-^o H''{M; C). We use them to specify the de Rham representatives of 
the elements of ®j,-^o H'^{M; A). (We represent the 0-th cohomology class by the 
constant function.) 

We next review two Kuranishi structures and two families of multisections on 
Xfc+i;,(i(u);/?;p(Z^)). 
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(Kuranishi structure and multisections 1) Consider the natural projection 

TT : Xfe+i;,(L(u); /3; p{U)) ^ A^fc+i;,(L(u); /3). (28.20) 

We have chosen and fixed a Kuranishi structure on Aik+i-e{L{u); j3) in Proposition 
117.31 We pull it back by the map (|28.20l) . It defines a Kuranishi structure ICi. 

In Lemnia ri7.4l we took and fixed a continuous family of multisections on Aik+i;e{L{u); /3). 
We pull it back by the map ()28.20p and obtain a continuous family of multisections 
of the Kuranishi structure /Ci. We denote it by Si = {si^w}wew- We also took a 
top degree differential form of compact support xw on W satisfying J xw = 1- We 
use them to define c\l\.p by 

q5.^(p; hi,...,hk) = (ev^)! ((ev?, . . . ,evtTru)* (hi A ■ ■ ■ Ahk AXp) /\Xw), (28.21) 

where we use the evaluation map 

{evl . . . , evf , TTu) : Mk+iAH^); P("))'^ "> L{xxf^^ x Z^(p), 

from the zero set of the family of multisections Si. 

Lemma 28.13. q^^^..^ — <^i.k\p, where the right hand side is l \ 17.91 . 

This lemma is obvious from the definition and (|28.19|) . 

(Kuranishi structure and multisections 2) In Lemma r28.81 we took a Kuran- 
ishi structure on Mk+i;e{L{u)', p(^))- We call it the Kuranishi structure IC2. In 
Lemma [28.91 we took a multisection of IC2. We call it the multisection S2. They 
determine the operators qf^.^ by (|28.13l) . 

Thus we have described two systems of Kuranishi structures and multisections. 
We next define a system of Kuranishi structures and multisections on [0, 1] x 
Aik+i-e{L{u); P;p{U)) which interpolate them. 

We define 

evf : [0, 1] X Mk+iAL{n); /3; p{U)) ^ [0, 1] x i(u) 

by evf = (7rs,evf) where tTs is the projection to [0,1] factor. (We use s as the 
coordinate of this factor.) 

Lemma 28.14. (1) [0,1] x (3;p{U)) has a Kuranishi structure 

with corners. 

(2) It restriction to {0} x A^fc+i.^(i(u); /?; p(Z//)) coincides with K-i and its re- 
striction to {1} X Mk+i;£{L{u); f3;p{U)) coincides with JC2. 

(3) Its boundary is described by the union of 

a([0, 1]) X Xfc,+i;#Li(i(u); Pi(W)). 
and the union 0/ fiber products 

([0,1] xXfe,+i;#L,(i(u);/3i;Pi(W))) 

^ ^ (28.22) 

ovg Xcvf ([0>1] X Xfc2 + l;#L2(i(u);/32;P2(W))j 

where the union is taken over all (Li,L2) G Shuff(£), fci, k2 with ki + k2 = k 
and /3i, ^2 e -ff2(Af,i(u);Z) wt/i /3 = /3i + /32 . M^e ptit Split ((Li,L2), p) = 

(Pl,P2)- 
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(4) The dimension is 

dim A^fc+i;<.(i(u); /3; p{U)) 

(28.23) 

= " + Ml(u) + fc - 1 + 2£ - 2^ 2 deg Dp^,) + ^ dp(,) . 

1=1 1=1 

(5) The evaluation maps evf at the boundary marked points of Mk+i;i{L{u)] j3) 
define a map on A^fe+i;^(L(u); /3; p(Z^)), which we denote by evf also. It is 
compatible with (3). 

(6) We can define an orientation of the Kuranishi structure so that it is com- 
patible with (3). 

(7) evQ X TTu is weakly submersive. 

(8) The Kuranishi structure is compatible with the action of the symmetry group 

(9) The Kuranishi structure is compatible with the forgetful map of the 1st, 2nd, 
. . . , k-th boundary marked points. (We do not require that it is compatible 
with the forgetful map of the 0-th marked point.) 

The proof is the same as in Lemma 120.41 and is omitted. 

Lemma 28.15. There exists a system of families of multisections of the Kuran- 
ishi structure on [0, 1] x A4k+i-e{L{^), P] p(^)) Lemma \28.14\ with the following 
properties. 

(1) They are transversal to 0. 

(2) It restriction to {0} x A^^+i^^ (i(u); /3; p(W)) coincides with Si and its re- 
striction to {1} X A^fc+i;^(L(u); /3; p(W)) coincides with 52. 

(3) They are compatible with the description of the boundary in Lemma \28.14\ 
(3). 

(4) The restriction of evp x ttu to the zero set of this multisection is a submer- 
sion. 

(5) They are invariant under the action of &£. 

(6) They are compatible with the forgetful map of the l.st, 2nd, . . . , k-th bound- 
ary marked points. 

The proof is the same as the proof of Lemma 120.51 and is omitted. 
We now define operators 

■■ ^dnm) ^ B.inmum) ^ o([o, 1] X i(u))[i] 

as fohows. 

Cfc™(P; hi,...,hk) = (evi^)!((evf , . . . ,evf A - • - A/ifc Axp) Axv^), (28.24) 

where we use the evaluation map 

(ev^,...,evf,^w) :Xfe+i;Ki(u);/3;p(Z^))^ ([0,1] xX(u))^^+i xZ^(p) 

and (evo): is the integration along the fiber. 

We divide it into the sum of the form which does not contain ds and one which 
contains ds and write: 



para _ para,l , J . gPara,2 
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Now we put 
ml{xi,...,Xk) 



ng exp(b2;i n (3) 



1^ 1^ 1^ ■■■ 1^ ^ J\ (28.25) 

I3£H2(M,L:1) 1=0 mo=n mfc=0 



c^(xi,...,a;fc) 

■■■ ^ £] (28.26) 

I3£H2{M,L:Z) i=0 mo=0 mk=0 

para,2 Ih0i.l<g>mo T<S>mi ,0mk-i L«imfe \ 

They define maps from i?fc(f2(L(u))§A) to (ri([0, 1] x L(u)))§)A. By Lemmas 
l28.14|28."T5l and define a unital pseudo-isotopy between {CFdR{L{u); Ao), {'<^k'^}kLo) 
and (CFdR(L(u); Ao), {m^l^p). Tlie proof of Proposition 120.61 is now complete. 

□ 

Remark 28.16. Tfie way to handle the sign in the argument of this section is the 
same as in }F0002| . (See the end of Appendix C }F0002) .) 

28.5. Proof of Lemma 120.81 In this subsection we prove Lemma [20.81 Let 

m^;'' : Bk{{n{[0,l] X L(u))§A)[l]) ^ (1^([0, 1] x L(u))§A)[l] 

be the filtered Aao structure induced from the pseudo-isotopy in the proof of Lemma 
128.101 Let 

m^'^ : Bk{{n{[0, 1] X L(u))gA)[l]) ^ {n{[0, 1] x L(u))§A)[l] 

be the filtered Aqo structure induced from the pseudo-isotopy in Subsection 128.41 
They induce chain complexes 

imo, 1] X i(u))gA), m}-'^), imo, 1] X L(u))gA), m^'^). 

We have chain homotopy equivalences 

EvaUo : ((^^([0,1] x L{u))^A),m\^^) {n{L{u)^A),m^'^), 

EvaUi : ((r!([0,l] x L(u))iA), m}^^) ^ (0(L(u)§A), mf ^), 

and 

EvaUo : ((^^([0,1] x L{u))i§)A),ml^^) (l](L(u)iA), mf"), 

EvaUi : {{^{[0,1] x L{u))iE)A),ml^) (l](L(u)§A), m?), 
that are defined by p7.3p . 

Therefore to prove Lemma 120.81 it suffices to construct chain maps: 

: n{M)^A -> n(L(u)§A;mr'^), 

: n{M)^A^imO,l] X i(u))iA);m^''), 



such that 



z2^,b : niM)^A ^ ((r!([0, 1] X i(u))gA); m?'*'), 
Eval,=o o iq,„,b = *qm,b: Eval^^i o = J,, 

Evals=o ° «qm,b = *qin,b: EvaU=l O = iqin^b 
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We can construct such «qj,j]-,, *qmb' *qm b by modifying the definition of iqm,b 
(I17.17P in an obvious way. The proof of Lemma [20.81 is complete. □ 

29. SeIDEL HOMOMORPHISM with BULK 

In this section we generalize Seidel homomorphism [Sej to a version with bulk de- 
formation. We then generalize, in the next section, the result by Entov-Polterovich 
[EPlj section 4 and McDuff-Tolman |MTj on the relationship between Seidel homo- 
morphism and Calabi quasimorphism. These generalizations are rather straightfor- 
ward and do not require novel ideas. 

29.1. Seidel homomorphism with bulk. In this subsection, we present a version 
of Seidel's construction jSej that incorporates bulk deformations. 

Let H he a. one-periodic Hamiltonian such that (j)H '■ [0, 1] — )■ Ham(Af, uj) defines 
a loop, i.e. satisfies ipH = id. Such a loop is called a Hamiltonian loop. For such 
H, there is a diffeomorphism Per(iJ) = M. We fix this diffeomorphism by putting 

= ^h{p)- (29.1) 

Then the map p i— > is a one-to-one correspondence M — > Pci{H). 

Let V -.R X M he a continuous map. We define u : M x S*^ — > M by 

u(r,i)=0*,(«(r,t)). (29.2) 

Lemma 29.1. Let p^, p+ e A/. Then 

lim 7/(T,t) = zf (t), liin u{T,t) ^ z"{t), 

if and only if 

lim v(T,t)=p^, lim w(t, i) = 

r— f — oo r— f+oo 

The proof is a straightforward calculation. For a map u satisfying the above 
conditions, we define [u] € H2{M;Z) by [u] = [v]. (Note v extends to a map from 
52 so [v] e H2{M-'L) is defined.) 

We define a symplectic fibration 

with fiber isomorphic to (M, w) as follows. Let D± he two copies of the unit disc 
in C. Set C/i = x M, t/2 = (M x S^) x M and U^^D+y. M. We glue them by 
the gluing maps 

/_ : (-00,0) X X M -^D^\ {0} X M, I_{{T,t),x) = (e2"(^+^*), x) 
(where we regard = M/Z,) and 

/+ : {l,cx.)xS'xM^D+\{cx.}xM, /+((r,i),x) = (e-^-^^-^+v^*), (</>*,)-i(x)). 
We thus obtain 

= U1UU2UU3. 

The projections to the second factor induce a map 

t: : D_U(Rx S^) U D+ ^ CP\ 

This defines a locally trivial fiber bundle and the fiber of tt is diffeomorphic to M. 

In fact, E^^ — 7> CP^ becomes a Hamiltonian fiber bundle. See jGLS] for the 
precise definition of Hamiltonian fiber bundle and its associated coupling form f2 
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that we use below. We also refer to |Sc2[ IE} I01i4) for their applications to the Floer 
theory and spectral invariants. 

Lemma 29.2. The fibration E^^j — CP^ is a Hamiltonian fiber bundle, i.e., it 
carries a coupling form 17 on Eip^ such that 

(1) il is closed and ^\e^^ ~, = 

(2) Trirj"^^ = where tti is the integration over fiber and 2n = dimM. 

Proof. On each of Ui, i = 1, 2, 3, wc pull back uj by the projection to M and denote 
it by LOi. We put = 1^2 + d{xHdt). Then we find that cji on C/i, on U2 and 
UJ3 on U3 are glued to a closed 2-forni D, on i?^^ . The normalization condition on 
H then gives rise to the condition 7riri"+i = 0. □ 

Let u : R X S*^ — Af be a continuous map. We denote the associated section 
M : K X S"-^ — >• by the formula 

uiT,t) ^ iiT,t),u{T,t)). (29.3) 

Lemma 29.3. Let u : ]S. x ^ M be a continuous map. The following is 
equivalent: 

(1) There exists some p-, p+ G M such that 

lim u{T,t)—p-, lim u{T,t) — z^(t). 

r— > — 00 ' r— >-+oo ^+ 

(2) The map u extends to a section s.^ ■ CP^ — > E^j,^ . 

The proof is obvious by definition of E^^. Let ui,M2 satisfy the condition (1) 
above. We say that ui is homologous to U2 if 

[ui] = [U2] e H2{E^„;Z). 

Let 112 (Af; H) be the set of the homology classes of such u. We note that 

[ui] - [U2] e Ker{H2{E^^;Z) ^ H2{CP';Z)). 

Therefore 112 (Af; H) is a principal homogeneous space of the group ¥^eT{H2{E^^ ; Z) — > 
ff2(CPi : Z)). 

We also have a natural marking M ^ -B{o} of the fibration E^^ — )■ CP^ via the 
map 

A/ X {0} C X C C E^„ 
which we will fix once and for all. Then the natural inclusion induces a map 
iJ2(M;Z) ^ Ker(iJ2(£^,^„;Z) ^ H2iCP^ : Z)). Therefore there exists an action 

H2{M; Z) X U2{M; H) ^ 02 (A/; H) (29.4) 

of the group H2{M:Z) to n2(Ar;i7). 

Remark 29.4. Theorem 129.91 which we will prove later implies that 

i/2(A/;Q) - Ker(i/2(£^0„;Q) ^ i/2(Cpi;Q)). 

We however do not use this fact. 

Let Jo be a compatible almost complex structure on Af. For t G S^, we define 

Jf = ((/.^)* Jo. (29.5) 

Since 0^ is a symplectic diffeomorphism, is compatible with to. We denote by 
J^ — { j/^}fg5i the above ^^-parametrized family of compatible almost complex 
structures. 
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We take x G ^ and consider as in p.l2|) . We also take an (M x S^)- 
parametrized family of almost complex structures such that 

po T < 0, 

J^{T,t)^hp r>l, (29.6) 
I Jo t is in a neighborhood of [0] G . 

o 

Definition 29.5. For a e W2{M\H) we denote by Mi{H^, ; z^; a) the set of 
all pairs (u; z^, . . . , z'^) of maps u : M. x ^ M and z^ , . . . , z'^ E M. x , which 
satisfy the following conditions: 

(1) The map u satisfies the equation: 

(2) The energy 





du 


2 


du 


Hi 


dr 


+ 

■■'x 


at 



J" 



dt dr 



is finite. 

(3) The map u satisfies the condition that there exists p+ e M such that 

lim u(t, t) = z^ (t). 

(4) The homology class of u in 112 (M; H) is a. 

(5) z^ are all distinct. 

By our construction, the map 

u-.RxS^^M, u{T,t) {(p*Hy^u{T,t) 

is Jo-holomorphic on [l,oo) x on M. Therefore we can apply removable singu- 
larity theorem to u which gives rise to a section u mentioned in Lemma 129.31 
We denote by 

o 

ev±oo : Mi{H^, j" ; *, zf ; a) M 

the map which associates to u the limit limT-_>.±oo u{t, 0). We define the evaluation 
maps at zt : 

o 

ev = (evi, . . . ,ev£) : Mi{H^, j" ; zf ; a) -> {E^^Y 

by 

evi{u; zi, . . . , Zi) = {zi,u{zi)) G U2 C E^^. 

O 

Definition 29.6. For a e i?2(M; Z) we define Me{H, j"; , ; a) as the set of 

all pairs (u; z^ , . . . , z^) of maps u : M. x ^ M and z^ , . . . , € M x 5'-'^, which 
satisfy the following conditions: 

(1) The map u satisfies the equation: 

du f du \ 

^ + J"[^-Xh{u))=0. (29.8) 
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(2) The energy 
is finite. 

(3) There exist points p± e M such that 





du 


2 


du 




dr 


+ 


'at 



dt dr 



Um u{T,t) = z^_, hm u{T,t) = 



(4) The homology class of u is a. 

(5) are all distinct. 

o 

There is an M-action on Aii{H, ; z^ , z^ ; a) that is induced by the transla- 
tion of R direction (namely t t + c). The action is free if a 7^ or ^ 7^ 0. 

o 

We denote its quotient space by M{H, ; z^ , z^ ;a). If a = = £, we define 

o 

Me{H, J^;z^, z^; a) to be the empty set. 

o 

We define evaluation maps ev±oo : Me{H, ; z^ , z^',C() M by 

ev±oo(u)= lim (0^)-i(u(r,t)). (29.9) 

r— ^±00 

o 

Here we would like to point out that for any u E A4i{H, ; , z^; a) the right 
hand side of (|29.9[) converges to p± E M that is independent of t. Therefore the eval- 

o 

nation map is well-defined. The maps ev±oo factor through A^^(iJ, ; z^ , z^ ; a). 

o 

We define ev = (evi, . . . , ev^) : Mi{H, j";z^ , z^; a) M'^ as follows. 

ev,(u; zt, .■.,z+) = ^H'{u{zt)) (29.10) 

o 

where z^ = (t, t). It factors through A4e{H, ; z^ , z^ ; a) also. 

o o 

We consider the case = in A4e{H, ; z^ , z^ la) and write it M.p[H = 
0, Jo; *, *; a). (Note that jf = Jo if = 0.) 

o o 

Lemma 29.7. Me{H, J^; z^ , z^;a) is isomorphic to Me{H = 0, Jo; *, *; a). The 

isomorphism is compatible with evaluation maps and M actions. 

o 

Proof. Let {u; z^ , . . . , z^) G Me{H, J^; z^ , z^; a) we put 

o 

Then {v; zf, . . . , z^) e Mi{H = 0, Jo; *, *; a). The assignment (u; z^, . . . , z~^) i-> 
(v; z'^' ^ . . . , 2^') gives the required isomorphism. □ 

o o 

We can prove that Me{H, ; z^ , z^; a) and Me{H = 0, Jo; *, *; a) have com- 
pactifications MeiH, J^; z^ ,z^; a) and M.t{H — 0, Jo; *, *; a), respectively. They 
have Kuranishi structures which are isomorphic. We can define an action on 
Me{H = 0, Jo;*,*;a) by using the 5"-^ action on R x 5^. We then use the iso- 
morphism to define an action on A4i{H, ; z^ , z^ ;a). Evaluation maps are 
compatible with this action. The isotropy group of this action is always finite. 
(We note that we have a 7^ or £ 7^ by definition.) 
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o 

Lemma 29.8. (1) The moduli space A4i{H^, ; *, ; a) has a compactifica- 
tion Aig{H-^, ; *, z^; a) that is Hausdorjf. 

(2) The space A4i(H^, ; *, z^ ; a) has an orientable Kuranishi structure with 
corners. 

(3) The boundary of Aie{H^, J^; *, z^; a) is described as the union of the fol- 
lowing two types of fiber products. 

\jM#i.,{H^,J^;*,z^;a,),,^^ x M#i.,{H, j" ; z^ , z^ ; a^) (29.11) 

where the union is taken over all a\^ai with ai + a2 — a and (Li,L2) G 
ShufT(£). Here a\ + 012 is as in \29.^\ . The fiber product is taken over M . 

|jAl#Li(-ff = 0, Jo;*,*;ai)e«+„ y~ev_^ Mif.i^^{H^,j";*,z^]a2) (29.12) 

where the union is taken over all ai,a2 with ai + 02 = a and (Li,L2) G 
ShufT(^). The fiber product is taken over M . 

(4) We may choose ao € Il2{M;H) such that the (virtual) dimension satisfies 
the following equality l\29.13\i . 

diniA^f(iJ^, J^;*,zf ;ao + a) ^ 2ci{M) (1 a + 2n + 2£. (29.13) 

(5) We can define orientations of Aie{H^, z^ ;a) so that (3) above are 
compatible with this orientation. 

(6) Evaluation maps extend to A4i{H^, ; *, z^ ; a) in a way compatible with 
(3) above. 

(7) The map ev+00 becomes a weakly submersive map in the sense of |F000l] 
Definition Al.13. Here ev+co is defined in the same way as in (I29.9p . 

Here the compatibility with evaluation maps claimed in (6) above is described 
as follows. Let us consider the boundary in (|29.1ip . Let i e L2 be the j-ih element 
of L2 . We have 

ev, : MeXH^, J^; *, zf ; a) -> 

and 

evj : M#u (H, J"; , ; a) ^ M. 
Denote by t the second coordinate of the marked point in Mx S^. Then {4'h)~^ 
is equal to second factor of the ev^ with respect to U3 = x M. 

The proof of Lemma r29.8l is the same as the proof of Proposition l3.6l and is omit- 
ted. (Note the end of Me{H^, J^; *, z^; a) where an element of M{0, Jo; *, *; a) 
(that is the case when = in M{H^, J^; *, z;^; a) ) bubbles at r — > — 00 may 
be regarded as codimension 2 because of symmetry. 

To define operators which include bulk deformations we need the following result 
due to Lalonde-McDuff-Poherovich ILMPj . 

Theorem 29.9 (Lalonde-McDuff-Polterovich). There exists a section 

H*{M;C)^ H*{E^„;C) 

to the C linear map H* {E(j,^]C) — ?> iJ*(M;C) induced by the inclusion. 

Remark 29.10. (1) Theorem [213] is |LMP) Theorem 3B. We give a proof of 
Theorem 129.91 in Subsection 129.31 for completeness. The proof we give in 
Subsection 129.31 is basically the same as the one in |LMP] . 
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(2) The proof by as well as our proof in Subsection 129.31 uses the con- 

struction which is closely related to the definition of Seidel homomorphism. 
We use Theorem 129.91 to define Seidel homomorphism with bulk. How- 
ever the argument is not circular by the following reason. We do not use 
Theorem 129.91 to define Seidel homomorphism in the case when the bulk 
deformation b is zero. The proof of Theorem 129.91 uses the construction of 
Seidel homomorphism without bulk only, that is the case b = 0. 

Consider a system of continuous families of multsections of A4e{H, Jh', , ; a) 
and of A4e{H = 0, Jo; *,*;«) which are transversal to 0, 5 ^-equi variant and is 
compatible with the isomorphism in Lemma 129.71 Moreover we may assume that 
it is compatible with the identification 

dM,{H, J";z^,z^;a) 

(29 14) 

^\jM#LAH,J";z^,z^;ai),,^^ x,,_^ M#l,{H, ; z^ , z^ ; 

of the boundary. Furthermore we may assume that the evaluation map ev+oo is a 
submersion on the zero set of this families of multisections. 

Then, there exists a system of continuous families of multisections of the moduli 
space Aie{H^, z^ ; a) such that they are transversal to 0, compatible with 

the description of the boundary in Lemma l29.8l f3) and that ev+oo is a submersion 
on its zero set. 

Let b = bo + b2 + b+ be as in (|5.5|) . We use Theorem l29.9l to regard them as de 
Rham cohomology classes of i?^^ and denote them as b2, b+. 
Now we define 

as follows. Let h e ri(M). We put 

5(V.,7.);«(M - E ^^^^^f^evH.oo!(ev*(b+, . . . , b+) A ev*_^h) 
i=o ' ^ ' 

where we use 

(ev;ev_oo,ev+oo) : Mi{H^, ^a) E^^ x 

We define b2 as follows. Let u e MQ{H^,J^;*,zl^-,a). It induces a map u : 
^ E^^ . We put 



U*b2. 

It is easy to see that it depends only on a and is independent of the representative 
u. 

o 

Let u e Mq{H^,J^;* ,z^;a) and p = ev_|-oo(u). Then [z^,u ] e CfitiAH)- We 
put 

Ania) ^ AH{[zp,u]). 

We then define 

Lemma 29.11. w4//([z^,w]) is independent of u but depends only on a. 
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Proof. Recall that I+{t, t, x) = (e-27r(r-i+v^t)^ is the map : U2 U3. 

It is easy to see that 

= uj 

where ui is the pull back of the symplectic form of M to 1/2,1/3 and 51 is as in 
Lemma [2121 
We have 

Ju*n^ J u*uj + J Ht{z^{t))dt = -A„{[{z^,w)]). 

The lemma follows from Stokes' theorem. □ 
Lemma 29.12. 

^{H^J^) °d^do S^H^jHy 

The proof is immediate from Lemma 129.81 (3). Thus we obtain 

^{H^J^).* ■■ H{M- A^) ^ H{M- A^). (29.15) 
Theorem 29.13. (1) S^^ ^ is independent of the family of compatible al- 

'x 



most complex structures and other choices involved such as multisection. 



(2) S^^ jH-j ^ depends only on the homotopy class of the loop t i— > 0^ in the 
group of Hamiltonian diffeomorphisms. 

(3) We have 

(4) Let Hi , H2 be two time periodic Hamiltonian such that — '>pH2 = 
identity. Then we have 

We define 

: 7ri(Ham(M,cj)) ^ H{M,A^) 

by 

Here iJ is a time dependent Hamiltonian such that i/jh = 1- [4'h] is the homo- 
topy class of the loop in Ham(M;cj) determined by t 1— >■ ^Jj- 1 is the unit of 
H{M;A^). (Note that 1 is also the unit with respect to the quantum cup product 
on QHt,{M; A^) with the bulk.) 

The proof of Theorem 129.131 will be given in Subsection 129.21 for completeness. 

Corollary 29.14. S'^ is a homomorphism to the group QHb{M; A^)^ of invertible 
elements of QH^iM; A^) . 

Definition 29.15. We call the representation 

5'' : 7ri(Ham(M;w)) ^ QHt,{M;A^Y. 
Seidel homomorphism with bulk. 

Remark 29.16. As mentioned before the homomorphism is obtained by Seidel 
[Sej in the case b = under certain hypothesis on the symplectic manifold (Af, w). 
Once the virtual fundamental chain technique had been established in the year 1996, 
it is obvious that we can generalize [Sej to arbitrary {M,lu). The generalization to 
include bulk deformations is also straightforward and do not require novel ideas. 
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Proof. We prove Corollarv l29.14l assuniing Theoreni l29.13l Let [(pHi] G tti (Ham(M; oj)). 
We have [4'Hi#H2] = [(f>H2][4>Hi]- Then using Theorem 129. 131 (3).f4) we have: 



Thus iS^ is a homomorphism. It imphes in particular that the elements of the image 



are invertible. 



□ 



29.2. Proof of Theorem [MUSl The proof of Theorem HHS] (1), (2) is similar to 
the proof of Theorem 17.71 and hence is omitted. 



The proof of Theorem l29.13l f3).(4) is similar to the proof of Theorem 111.101 and 
proceed as follows. 

Let S be as in Subsection lll.il We use also the notations ft, : S — > M, (3 C S etc. 
in Subsection lll.il We define a E parametrized family of almost complex structures 



. We assume that {Hi)t = (-^2)* = if i is in 



a neighborhood of [0] e ^ R/Z. Let i/*^ : E x M ^ M be a function as in (fTTel) . 

Definition 29.17. We denote by Mi{H-^ , J"'-"^; z^^ , z"^*"' ; a) the set of 
all pairs {u; z^ , . . . , z'^) of maps u : E — > Af and z^ e S, which satisfy the following 
conditions: 



(1) The map u = u o ip satisfies the equation: 

XhAu)] =0. 



Xh'p (u) 





du 




/du 






Vdt 


The energy 










du 


2 


du 




Ot 


+ 


'dt 


is finite. 








There exist p- 


i,P- 


-,2,p+ e 


M i 



(29.16) 



jHl,H2 



dt dr 



asymptotic boundary conditions. 



lim u{^iT,t))^z^^*"-{t). 



lim u((f{T^ t)) = 



r— — 00 




t < 1/2, 

(2t-l) i>l/2. 



(4) The homology class of u is a, in the sense we explain below. 

(5) z+, . . . , are mutually distinct. 

Here the homology class of u which we mention in (4) above is as follows. We put 



^<0,0<t<l/2 
■^-f )-i(^(r,t)) r<0,l/2<t<l 
^H,#H2r\<r,t)) r>0. 



(29.17) 



It defines a map E — M which extends to a continuous map v : ^ M . (Note 
that E is S''^ \ {3 points}.) The homology class of u is by definition v*([S'^]) e 
ff2(M;Z). 

We denote by 



(ev_oo,i , ev_oo,2, ev+00) : Mi{H^ , j"'^"' ; zf ^ , zf ^ , z^'*"^ ; a) 



M 



,t3 
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the map which associates (p_,i,p_,2,P+) to {u; , . . . , z^'). We also define an 
evaluation map 

ev = (evi , . . . , evi) : Mi{H^ , j"' "^ ; zf ^ , zf ^ , z^'*"^ ; a) ^ 
that associates to {u;z^,..., z^) the point {u{zi), . . . , u{z^)). 

Lemma29.18. (1) The moduli space Mi{m , J"^^"^\ z^\z^\z"'*"^] a) has 
a com^pacfJficafAon Mt{Hf , J^^'^^ ; z^\ z^'' , z^'*"'' : a) that is Hausdorff. 

(2) The space MiiH"^ , J^^'"^; z^^ , z^'*"- ;a) has a.n orientahle Kuran- 
ishi structure with corners. 

(3) The boundary of Mi{H^ ,J"^^"^;z^\z^\z"^*"^;a) is described by the 
union of the following three types of fiber products. 

A1#L, {Hi , J"' ; z"' z^' ; ai) ev+^ x ev_ ^ (i?'", J"' ; zf ^ , zf = , z^'*"' ; aa) 

(29.18) 

where the union is taken over all ai,a2 with ai + a2 = a, and (LijLa) G 
Shuff(£). 

M^i^AHi, J"';z"'z^';ai) ev+^ Xev.^,,M#^,iH'^ , j"''"'; z^\ z^\ z^'*"';a2) 

(29.19) 

where the union is taken over all ai,a2 with ai + a2 = a, and (Li,L2) € 
Shufr(£). 

M^^.iH'^, J^-^- S ^ ai)) 

where the union is taken over all ai,a2 with ai+ a2 = ct, and (Li,L2) € 
Shuff(£). 

(4) The (virtual) dimension satisfies the following equality: 
dimMe{H'^,j"''"^;z^\z^\z^'*"^;a) = 2e + 2ci{M)[a]+2n. (29.21) 

(5) We can define orientations ofMe{H'^, J"^'"^;z^\z^^,z"^*"'';a) so that 
(3) above is compatible with this orientation. 

(6) ev_oo,i7 ev_oo,27 ev+oo, ev extend to strongly continuous smooth maps on 
Me{H'^,J^^'^^;z^^,zP^,z^'^'^^^;a), which we denote also by the same 
symbol. They are compatible with (3). 

(7) ev+oo is weakly submersive. 

We take a system of families of multisections on Mi {H'^, J"^ '"^ ; , z^^ , z^''*"^ ; a) 
that are transversal to 0, compatible with (3) above and such that the restriction 
of ev+oo to its zero set is a submersion. 

We define 



mf.f^ : n{M) ® n{M) n{M) 



by 

mt:^-'"\huh2) 



= Y] -iev+oo! ( evl^ i/ii A ey*^^^h2 A ev* (b+, . . . , b+) 1 , 



(29.22) 



where we use M.i{H'f , J^^'^^; z^^ , z^^ , z*^'^^^;a) and evaluation maps on it to 
define the right hand side. 
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We put 



It is a chain map, since the contribution of the boundaries described in (3) above to 
the cor 
a map 



the correspondence are aU zero by the S-^ equivariance. Therefore m^'^'^ defines 



m 



,cl,b;// 
2 



Lemma 29.19. 



clib://"^ /oil ^ c 



is chain homotopic to 



Proof. For S eR we define H"^^ : E x M ^ M by 

Hl^i^iT,t),x) ^ X{r + S){H,#H2Ux). (29.23) 

Note that is the M x S"^ parametrized family of almost complex structures as in 
(|29.6p . For 5* G M we define a E parametrized family of almost complex structures 

Js'x''"^^^^^^)) = Ji"'*"'\r + S,t). (29.24) 
Letaen2(M;i/i#i/2). 

Definition 29.20. For G M, we denote by Mi{H^.^, J^l^"^-^^^ z"'*"^;a) the 
set of all pairs {u; , . . . , z^) of maps u : S — >• M and z^ € S, which satisfy the 
following conditions: 

(1) The map u = u o tp satisfies the equation: 

dr 

(2) The energy 



dr 



9m 



Xij¥> lu) 

dt "s-^^ ' 



2 



dtdr 



2 

is finite. 

(3) There exist p_^i,p_^2,P+ G -^^ such that u satisfies the following three 
asymptotic boundary conditions. 

hm u{ip{T,t))^z;^;*"-{t). 



lim u{(p{T,t)) 



\p-A t<l/2, 
[p_,2 i>l/2. 

(4) The homology class of u is a, in the sense we explain below. 

(5) z^ , . . . , z'^ are mutually distinct. 

Here the homology class of u which we mention in (4) above is as follows. We 
consider S x Af and glue M at the two ends corresponding to r — > — 00 by {4>h^)~'^ 
< t < 1/2 and i<pH^^)^^, 1/2 < i < 1, respectively. At the end corresponding 
to T — > +00 we glue M but with twisting using the map (j)Hiif^H2 in th^ same way 
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as the definition of Eh'p ■ We tlien obtain Eh-p ■ Actually this space together with 
projection to S"-^ = E U {3 points} can be identified with Eff,^^^^^ . We define 

u{t, t) = ((r, t), m(t, t)) £ Eh. . (29.26) 

It extends to a continuous map u : 5*^ — > Eh. ■ The homology class of u is well 
defined as an element of n2(M; Hijj=H2). 

By Theorem [im we obtain 62 G H'^{Ehv;C} from 62 G H'^{M;C). 

We denote by 

(ev_oo,i,ev_oo,2,ev+co) J^;^'^^;**,zfi#^^;a) ^ 

the map which associate (p_.i,p_^2,P+) to {u; , . . . , z^). We also define an eval- 
uation map 

ev = (evi, . . . , ev,) : Me{Hl^, J^^f^ ; z^'*"- ; a) ^ {Eh. Y 
that associates to (u; zj**, . . . , z^) the point (u(Zj^), . . . , We put 

Al,(para; 77^^, '^^ zf a) = (J {5}x7W,(ff|^, jj'i'''^ zf^#^- a). 



The above evaluation maps are defined on it in an obvious way. 

We can define a compactification A4i{para;H!^,J^^'^'^;**,zi^^'^^^;a) of the 

moduli space Miijpara; H!^, J^^'^^ ; **, z^^'^^^ ; a) and a system of Kuranishi struc- 
tures on it, that are oriented with corners. Its boundary is a union of the following 
five types of fiber products. 

M#hi{H = 0, Jo;*,*;ai) 

cv+^ Xev_^,i>'#L2(para;i/^, J^i'^^**,zfi#^^;a2), ^^^'^^^ 
where the union is taken over all ai, 02 with ai -|- 0:2 = a, and (Li,L2) G Shuff(£). 
M#hi{H = 0,Jo;*,*;ai) 

ev+„ Xev_^,. A^#L.(par-a;£r^, J^i'^^;**,zfi#^^a2), ^^^'^^^ 
where the union is taken over all ai, 02 with ai + a2 = a, and (Li, L2) G Shuff(£). 
7W#Li(para; i/^, J^i^^^ **, zf ai) 

ev+00 ^ev_oo ■'^'#L2 l^lff ^27 1^* I ^* j"2jj 

where the union is taken over all ai, a2 with ai + 0,2 — ct, and (Li, L2) G Shuff(£). 

>'#Li+3(«l)cv3 Xev_X#L.((i7l#i?2)x,^x'''*''"*'^f'*''""2), (29.30) 

where the union is taken over all ai, a2 with ai + a2 ~ a, and (Li, L2) G Shuff(£). 

A^#L,((i/i)x; J^^*,^f^;ai)) xX#L.((i?2)x;^;f^*,^f^;«2)) 

where the union is taken over all ai, a2, 013 with ai + a2 + a3 = a and 'triple shuffle' 
(Li,L2X3) o f {!,. .. , 

Note that (|29.27p . (|29.28l) . (|29.29p are the ends which appear while S is bounded. 
(|29.30p and (|29.3ip correspond to the case S — —00 and S — -l-oo, respectively. 

We next take a system of continuous families of multisections on the moduli 
space MeXpara; H'^, J^^"^^^; **, z^^^^^ ; a). We take our continuous families of 



164 



KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, AND KAORU ONO 



multisections so that it is transversal to and the evaluation map ev+oo is a sub- 
mersion on its zero set. Moreover we assume that it is compatible with the above 
description of the boundary. We remark that the first factor of (|29.27l) , (|29.28p and 
the second factor of (|29.29l) have actions so that the isotropy group is finite. 
So we may take our families of multisections so that it is equivariant on those 
factors. Then the contribution of (|29.27p . (|29.28p . (|29.29|) becomes zero when we 
consider the correspondence by our moduli space. 

We use Me{para; H'^, J^^"^^^; **, z^^'^^^ia) and evaluation maps in a way sim- 
ilar to (|29.22p to obtain an operator 

Jo : {n{M)i§)A^) (g) (f](M)gA^) ^ n{M)^A^. 

We have 

d o + o d 

In fact, (|29.30p and (|29.3ip correspond to the first and second term of the right 
hand side. The proof of Lemma [29T9] is complete. □ 

Theorem [2nT3](4) follows from Lemma [211111 

To prove (3) we apply (4) to the case Hi = Q, H2 = H. Then using the fact that 
S^, , H, —id we have 

'5((o#i/);,,j«*«),*(^ U%) = x 5(H^,jH),*(y) (29.33) 

in cohomology. We note that 0#iJ is the same as H up to change of the coordinate 
of 5^. Therefore * — ^{h^.jh)^* can be proved by using homotopy 

between them. (|29.33p now implies Theorem 129. 131 f3). 

Therefore the proof of Theorem 129. 131 is now complete. □ 

29.3. Proof of Theorem 129.91 As we mentioned before, we did not use Theorem 
129.91 in the definition of S'^^j or the proof of Theorem l29.13i in the case b = 0. 

We will use that case in this subsection. 

We consider the moduli space Mi{H^, J^- *,z^;a) to define 

as follows. Let h e ri(A/). We put 

= evi,!(evl^(/i)) 

where we use the evaluation maps evi : A4i{H^, J^; *,z^;a) —?■ E^j,^ and ev_oo : 
MiiH^,J^:,*,z^;a)^M. We then put 

a 

We consider the inclusion map : M ^ i?^^ to the fiber of 00 G CP^. By 
definition it is easy to see that it^ o TZi^h^.j") is chain homotopic to jh), 
where (0ff)*(7(i)) = (0/f)~"^(7(^))- Note that, if "f{t) is a one-periodic orbit of (j)*^, 
{4'h)* {lit)) is a constant. Therefore 

C ° T^(H^j^),* = S(H^jH)„ (29.34) 



(29.35) 



SPECTRAL INVARIANTS WITH BULK, QUASIMORPHISMS AND LAGRANGIAN FLOER THEOH5» 

in homology. It follows that for a e H{M; A^) we have 

= aU'^ SiijH) U'^ S{^h)~^ = a. 
Thus 

a^a = 7^(H^,,/^),*(a U'^ 5(V'ff)"^) 
is a required section. The proof of Theorem 129.91 is complete. □ 

30. Spectral invariants and Seidel homomorphism 

In this section we study the relationship between Seidel homomorphism and 
spectral invariants. 

30.1. Valuations and spectral invariants. The next theorem is a straightfor- 
ward generalization of the result Theorem 4.3 |0h2) and Proposition 4.1 |EP1] . 

Let H he a, time-dependent normalized Hamiltonian such that ipH — id and, let 
tpH be an associated element of 7ri(Ham(M;<:i;)). 

Theorem 30.1. For each a E QHit{AI; A^) we have 

Proof. The proof is similar to the proof of Theorem 19.11 Let Hk be a sequence 
of normalized time dependent Hamiltonians such that ^pHk ^re nondegenerate and 
linife_j.oo Hk — H in C° topology. We put 

F^{T,t,x) = Hk{t,x)+x{T){H{t,x) - Hk{t,x)) -.Rx X M ^R. (30.1) 

We fix Jo and define j" , as in (|2931) and ^9^ . Let be an 

M X 5^ parametrized family of almost complex structures such that 

''^ ' [J^" T < -2. 
Let [j,w] e Crit{AHk) and a G U2{M;H). 

o 

Definition 30.2. We denote by A4e{F^, Jp^ ; [7, w], *; a) the set of all pairs (u; , . . . , z^) 

of maps u : R X ^ M and z^ eR x which satisfy the following conditions: 

(1) The map u satisfies the equation: 

(2) The energy 

2 

is finite. 

(3) There exists p such that the following asymptotic boundary condition is 





du 


2 


/( 




+ 



1. 



dt dr 



satisfied. 



lim u(T,t)=^{t), lim u{T,t) = {t). 



(4) The homology class of is a, where # is the obvious concatenation. 

(5) zf are distinct to each other. 
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o 

The spa.ce MeX^k ^ '^fc ! [7; ''w]: *; Q^) has a compactification J^; [7, w],*;a), 

on which there exists a system of oriented Kuranishi structure with corners which 
is compatible at the boundaries. There exists a system of multisections of this 
Kuranishi structures so that the map (u; , . . . , z^) 1-^ hmT-_i.+oo u{t, 0) defines an 
weakly submersive map Me{F^, J^i [l^ *i ^) ~^ 

We use it in a way similar to the argument we did several times to define a map 

^(F.^jj) : CF{M,Hk,J;A^) ~> n{M)^A^. 

Here we identify fl{M) ® and the Floer chain module CF{M, H, J; A^) of Bott- 
Morse type using the Hamiltonian loop {(/"If }. 

Lemma 30.3. V^'r^x tx\ oV^ h is chain homotopic to S^rr ,h\ 

The proof is similar to the proof of Lemma 19.61 and is omitted. 



Lemma 30.4. 

V^px^jx-^ {F^CF{M,Hk,J;A^)) c n{M)^q^+^'^"-"^^Ai 

The proof is similar to the proof of Lemma 19.81 and (|9.18p and so it omitted. 
Lemmas 130.41 implies 

^liS'^H^Jx)^^)) < p'{Hk;a) + E-{H- Hk). 
Taking the limit A; — > 00 we have 

p\H-a)>t>,{SlH,^j^){a)). (30.3) 
We can prove the opposite inequality by using 

Q) X jx . ■■ n{M)^A^ ^ CF{M,Hk,J;A^) 

that can be defined in a similar way as Dcfinition l26.7l (Sec the proof of Proposition 
[26T0l also.) 

By Theorem 129. 131 (3) with x = a,y = 1, wc find that 
'5[W,,j-),*(«) = aU''5''(V^ff). 
The proof of Theorem 130. II is now complete. □ 



Let 77 be a time dependent periodic Hamiltonian such that ipn — id. We do not 
assume that H is normalized. Let e S QHh{M; uj) with eU^ e = e. We assume that 
eA^ is a direct product factor of QHh{M ; ui). 

Corollary 30.5. We put e U*" S^{tPh) = xe with x € A^. Then 
Proof. We put 



voL(M) Jm 



It is a normalized Hamiltonian and ipH = V'ff- By Theorem 130. II we have 

p'{H;e) = 0,{eU'S'{^jH)). 
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On the other hand, 



voL(M) 1] Jj^j 

Therefore we have 



C(iJ;e) = - 

fe^oo k voL(Af) J[o,i] A/ 

voL(M) 7[o,i] 7m 

as required. □ 

30.2. The toric case. In this section we generahze a resuh by McDuff-Tolman 
[MTj to a version with bulk and apply the result for some calculation. Our discus- 
sion here is a straightforward generalization of |MTj . 

Let if be a time independent normalized Hamiltonian. We assume that ipn = id. 
We put 

H^in = M{Hiy) \yeM} 

and 

Anin = {xe M I H{x) = 

Since Dmin is a connected component of the fixed point set of the S*^ action gener- 
ated by Xh^ it follows that I?min is a smooth sumanifold. We assume that I?min is 
of (real) codimension 2. We also assume the following: 

Assumption 30.6. Let p E -Dmin and q E M \ Dmin be sufficiently close to p. 
We consider the orbit z^{t) = 4>^h^i) and a disk w : {D^,dD^) ^ {M,z^) which 
bounds . If w is sufficiently small, then 

[Anin] =+1. 

Let b = bo + ^2 + &+ as before. 

Theorem 30.7. We have 

SWM) = g-^-e'^^^^-Pi^([i^„,in]) mod g-^-"Ai. 

Remark 30.8. In the case b = this is Theorem 1.9 jMT| . Our generalization to 
the case b 7^ is actually straightforward. 

Proof. We start with the following lemma. 

o 

Lemma 30.9. If A4q{H^, z^ ; a) is nonempty, then 

Ah (a) < -i?mi„. (30.4) 
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dtdr ^ j uj + x{t)Xh^ dtdT 



Proof. Let u £ A4o{H^, J^; *, z^; a). Then we have 

'du du\ , f f du ^fjdu 

>-J X{r) ' dtdT 

>- j H{z^{t j)dt + J x{t){H ou)dtdT 

> - [ H{z"{t))dt + 

Lemma 130.91 follows . □ 



We remark that the equality holds only when 
du ^fjdu 



du 



2 

dtdT = 

J" 



L/LL U W Uj \ 

TT^'^d-T)'''^- 

and so 

OT 

Therefore u must be constant. Moreover since u(t, t) — > [t) as r — >■ oo, the image 
of u must lie in the zero locus of Xh . Thus 

Lemma 30.10. If the equality holds in Lemma {30. 9[ Aio{Hy^, J^; *, z^; a) consists 
of constant maps to -Dmin- 

Let ao be the homology class such that Lemma [30.91 holds. 

Lemma 30.11. The moduli space A^o(^x' '^x ' *' ' "^o) transversal and 

evi#{MoiH^, ; z^ ; ao)) = [D^in]- 

Proof. We consider Dmin x 5*^ c Ecf,^^ . Its tubular neighborhood is identified with 
a neighborhood of zero section in the line bundle Dmin x 0{—l) Dmin x S^. Here 
we identify = CP^ and 0(— 1) is a line bundle with Chern number —1. (We use 
Assumption [30]6] here.) The moduli space A4o{H^, J^; *, z^; uq) then is identified 
to the moduli space of the sections to the bundle. Dmin x 0(— 1) ^ S"^. The lemma 
follows easily. □ 

Theorem [3071 now follows from Lemmas l30:9l 130.101 130.111 □ 

We now specialize Theorem 130.71 to the case of toric manifold. Let (M, ut) be 
a compact Kahler toric manifold. Then T" acts on {M, uj) preserving the Kahler 
form. Let tt : M — >■ P C M" be the moment map. Let Dj = Tr~^ (djP), j — I, . . . ,m 
be the irreducible components of the toric divisor. As in Section [20] we have affine 
functions £j : -J> R such that 

d,P = {ueP\£,{u)=0}. 

We put 

d£j — (fcj^i, . . . , kj^n) 

where kj,i, ■ ■ ■ , are integers which are coprime. Let Sj be a subgroup of T" 
such that 
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where we identify T" = M"/^"- We note that if we put H = Ij then ijjH — 
identity. The next resuh is a corollary to Theorem 130 .71 determines an element 
of 7ri(Ham(M, w)), which we denote by [5'j]. 

Theorem 30.12. 

SWS]]) = /p^^'**e^^"^^FI?([i^,]) mod q--o\(P)-' J^i,d<i^i__ 

Proof. We note that — Vol(P)^^ Jp is the normalized Hamiltonian which gen- 
erates [5*1]. (This is because the push out measure 711(1x1") on P is the Lebeague 
measure.) Its minimum is attained at Dj. Therefore Theorem 130.121 follows from 
Theorem [30J1 □ 

Let Ucnt e P be the center of gravity and e G QH\^{J\l:h.^) the idempotent, 
which corresponds to u € P by Theorems 120. 171 120.181 and Proposition 120 . 221 

Theorem 30.13. 

Me'([5l])=Vol(P)(^,(u)-^,(u,„t)). 

In 'particular, fi^ = on the image o/7ri(T") — > tti (Ham(Af, w)) if and only if 

U = Ucnt • 

Proof. Let 1) be the critical point of ^O^, that corresponds to L(u). (Namely 
u(t)) = u.) By (|20.35p . Theorem [2023l (|20.39p and Theorem [20] we have 



qn.,(b,K„))(^^([^.])) = 



= e^^ Zj mod 



Here zj is as in (|21.1I) . By Lemma [21.21 

*qm,(b,fc(t)))(6l)) — 1- 

We put b{\)) = J2 ^i^i E^'^d d/3j = ^ kjiCi, where is a basis of ff(L(u), Z). Then 
we get 

n 

Therefore we have 

where c e C \ {0}. We note that Vol(P)-i Jp Ijdq = ^j(ucnt)- 

Let us assume that X) is nondegenerate. Then using also the multiplicativity of 
(1F0006] Theorem 9.1) we have 

U" SWS]]) = g^^(")-^^("-')ce„ mod g^.(")-^.("c„t)A^_ 

Therefore by Corollarv 130.51 we obtain 

^il{[S]]) ^Yo\{P){l,{n) - t,{n,,,,)). 

In the general case we recall that Jac(*pD[, ; f)) is a local ring and the kernel of the 
homomorphism Jac(*pD[,; f)) — > A defined by ^] 1— > ^(tj) is nilpotent. Therefore 

e„u''5^([5j]) = ae„ + & 

with a G A, 

a = ^f.(u)-f,(u„«)c mod g^.(u)-^.(uc„t)A^ 
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and b is nilpotent. We use it to show 



hm ; = - £j(Uc„t). 



The proof of Theorem 130. 131 is now complete. 

Remark 30.14. Theorem 130. 131 also follows from Theroems 121.11 and 125.11 



□ 
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